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Preface 


This new edition is a second revision of Freshman Maihematics by 
H. L. Slobin and W. E. Wilbur. The original plan of presenting algebra, 
trigonometry, and analytical geometry as a tandem course — to permit 
adequate preparation in each subject, to permit the use of arithmetic and 
algebra in trigonometry, and of arithmetic, algebra, and trigonometry in 
analytical geometry — is maintained in this revision. Further, the general 
aim is still to present these subjects so that the student may have a real 
understanding of the fundamental principles and processes involved and of 
the values of these subjects vocationally and culturally. It is hoped that 
the book will give the student an adequate foundation in mathematics, 
irrespective of his educational objectives, and that it will prove even more 
useful as a teaching instrument than previous editions. 

The second edition of Freshman Mathematics has been almost entirely 
rewritten in this revision. Special attention has been given to the reada- 
bility of the material, and many expositions have been revised to make 
them more lucid. Although the tradition of content and treatment of 
the earlier editions has been maintained, new trends and emphases have 
been recognized. 

In Book I, Algebra, the chapter on infinite series appearing in the 
previous edition has been deleted, and a brief chapter on inequalities has 
been added. Book I contains nearly 1,200 exercises for the student. 

Book II, Trigonometry, has been revised in line with the growing 
trend toward analytic trigonometry. Book II contains about 500 exercises 
for the student. 

Book III, Analytic Geometry, continues to treat more than the conic 
sections. The general equation of the second degree and curve fitting are 
covered extensively. Book III contains about 800 exercises for the student. 

The reviser and publishers express their appreciation of the many 
helpful suggestions that have come to them from the users of the previous 
edition. Especial recognition is due Professor J. S. Taylor of the Uni- 
versity of Pittsburgh and Mrs. Ruth Smyth of Wooster College, who have 
made noteworthy contributions to the present revision. 

Tables I to IV are taken from the Rinehart Mathematical Tables by 
Harold D. Larsen. 

C. V. Newsom 

Albany, New York 
January, 1949 
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1. MEASUREMENT 

The concept of measurement is most important in the life of every 
person and especially in the career of the scientist. Quantities which are 
measurable are frequently called magnitudes; among them are lengths, 
areas, volumes, speeds, pressures, and temperatures. Obviously not all 
lengths are the same, nor all areas, nor all pressures. In order to be precise 
in our description of the extent or size of such magnitudes, it is important 
that we devise ways of measuring them. 

S. UNITS OF MEASUREMENT 

To measure a magnitude, it is essential first to select an appropriate 
amount of the quantity as a unit of measurement. Thus, a length may be 
expressed in terms of the foot as a unit; an age may be expressed in terms 
of the year as a unit; and a personas wealth may be expressed in terms of 
the dollar as a unit. 

3. DIRECT MEASUREMENT 

When a magnitude is measured by direct comparison with the amount 
adopted as the unit, the method of measurement is described as a direct 
measuremenL 

4. INDIRECT MEASUREMENT 

To measure the area of a rectangle, it is convenient to make direct 
measurements to determine the length and width and then find the area 
by a simple computation. So the measure of the area is determined in- 
directly and is spoken of as an indirect measuremenL Obviously, such meas- 
urements as the radius of the earth, or the weight of the earth, or our dis- 
tance from the sun are obtained as indirect measurements. Indeed, most 
measurements are of this kind. Indirect measurements always depend 
upon direct measurements. 

5. MEASUREMENT AND NUMBER 

The measure of a quantity is expressed by means of a number. Thus, 
the age of a person is designated by a number of years and the weight of a 
person by a number of pounds. 
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If a chosen unit is contained an integral number of times in some 
quantity under consideration, the desired measurement is obtained by 
merely counting the number of times that the unit is contained in the 
magnitude being measured. In such a case, the measure is given by a 
whole number, which we shall call a positive integer. The positive integers 
may be represented consecutively by points equally spaced on a straight 
line, beginning with some arbitrary starting point denoted by zero, as 
shown in Figure 1. The distance between any two points corresponding 



Fig. 1 


to consecutive integers is the unit of measurement upon the line. 

It often happens that a specified unit is not contained an integral 
number of times in a quantity being measured. For example, let us assume 
that we are measuring the length of a line ABm terms of a unit CD (Fig- 
ure 2), and it happens that CD is contained seven times in A B up to the 


Fio. 2 

point X and that the segment XB is less than CD, Obviously, the length 
of AB is more than 7 units and less than 8 units. 

If XB is less than one half of the unit (77), then 7 is said to be the length 
of AB to the nearest integer. If, on the other hand, XB is greater than 
one half of the unit CD, then 8 is said to be the length of AB to the nearest 
integer. If XB is just one half of the unit CD, then 8 is usually considered 
to be the length of A B to the nearest integer; the number 8 is selected 
instead of 7 because, in case of a choice between an odd or even integer, the 
number that is even is usually chosen. 

If we wish to get a closer approximation to the length of AB, we may 
divide the unit CD into any number of equal parts and proceed to measure 
the segment XB. For illustrative purposes, let CE be one of the 5 equal 
parts of CD. If the part CE is contained in XB an exact number of times, 
say three times, then the total length of AB is 7f units, or ^ units. If it 
happens that CE is not contained exactly in XB, but is contained twice and 
the remainder is less than one half of CE, we say that the length of AB is 
7f or to the nearest fifth of the unit. It is apparent that this process 
may be continued to any desired precision. 

6. RATIONAL NUMBERS 

It is evident that the length of a line segment, measured in terms of any 
linear unit, may always be expressed, either exactly or approximately, as 



IRRATIONAL NUMBERS 


3 


the quotient of two integers. Of course, each integer may be regarded as 
a quotient in which the divisor, or denominator, is 1. A q uotient of two 
integers is called a rational number, 

7. IRROTONAXnFJ^^ 

We must not assume that ultimately it is possible to express exactly 
the measurement of any quantity in terms of a given unit by means of a 
rational number. For instance, the length of the hypote- 
nuse AB oi the right triangle given in Figure 3 cannot B 

be measured in terms of the unit AL by writing down a 
rational number; that is, the ratio AB/AL cannot be ex- y/ 1 
pressed as a rational number. / 

This may be proved as follows: Assume that the AIL 
length of AB can be expressed by a rational number p/g, Pjq 3 

where p and q are integers that have no common integral 
divisor other than 1. Hence, at least one of the numbers p and q must 
be odd. Since = Al} + = 1 -f 1 = 2, it follows that 


The last equation shows that p^ is an even number since it is equal to 
the product of 2 and an integer. It is demonstrable that if p^ is even, p 
must be even; so p may be written in the form 2m ^ where m is an integer. 
After replacing p by 2m, it follows that 

Am^ — 2q^f 


The last equation shows that q^ is an even number; hence, q is an even 
number. Thus, p and q are both even numbers, which is contrary to the 
hypothesis which implied that at least one of the numbers p or g is odd. 

Since the assumption that the length AB can be expressed by a rational 
number p/q leads to a contradiction, it follows that the assumption is 
false.* 

In order to have a number that corresponds to the length AB when 
measured in terms of AL, a special symbol must be created. The length 
is designated by V2. When we assign the symbol V2 to AB, we merely 
mean that its length x satisfies the equation = 2. 

The number V2 is an irrational number. By m "^Tilrrmnl 

nu mber is any number q£ arithmetic which is not action al number. It 
can be shown that the nth root of any number which is not a perfect nth 


• This type of argument is described as “reduction to an absurdity.” 
frequently in mathematical analysis. 


It is used 
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power of a rational number is an irrational number. Also, the number v 
and many other numbers met in mathematical analysis are irrational. 

In elementary geometry it is shown that the segment AB, corresponding 
to V 2 , may be constructed exactly with the aid of ruler and compasses 
and, hence, may be laid off on the line AF (Figure 4). In general, however, 





1 V2 2 

Fig. 4 


the segments corresponding to irrational numbers cannot be constructed 
by using a ruler and the compasses. Although we are unable to construct 
exactly the segments corresponding to most irrational numbers, we shall 
assume that to every line segment measured from A on AF there corre- 
sponds a positive number (rational or irrational), and, conversely, to every 
positive number there corresponds a line segment measured from A on AF. 

EXERCISES 1 

1. The number ir is sometimes given as 3 ^. If it is known that tt is irrational, 
can this value be correct? 

2. Is 16.3 rational or irrational? Justify your reply. 

3. Show that 3 V2 is irrational. 

Suggestion: Assume that Sy /2 is rational, and then show that this assump- 
tion leads to a contradiction of the statement that V2 is irrational. 

4. Show that \/2 + 5 is irrational. 

Note the suggestion in Exercise 3. 

5. Designate the numbers in the following list which are irrational: 

3; I/V2; 31/47; VlS; «• + 7; 6.16; VE 

6. If the radius of a circle is a rational number, is the area rational? 

8. THE DECIMAL NUMBER NOTATION 

The student is already familiar with the common number notation that 
employs a base of 10; since the base is 10, the notation is called the decimal 
notation. Thus, the numeral 325 denotes 3(100) + 2(10) + 5(1). In 
fact, the 3 is said to be the hundreds* digit; 2 is the tens* digit; and 5 is 
the units* digit. Similarly, 243.652 denotes 2(100) + 4(10) + 3(1) + 
+ HtM + 2(-nftnr)- 

Scientists and businessmen, in solving problems resulting in either 
rational or irrational numbers, frequently find it convenient to express the 
answers in the decimal notation. The student will recall that the decimal 
equivalent of a common fraction may be obtained, at least approximately. 
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by dividing the numerator by the denominator. Thus, the numbers i, 
TH-, i, and when converted into the decimal notation to the nearest 
thousandths, are, respectively, 0.333, 0.143, 0.273, 0.800, and 1.875. It 
will be noted that ^ expressed as a decimal to the nearest thousandth is 0.143 
rather than 0.142. Conversely, the numbers 0.125, 0.346, and 0.028 in 
the decimal notation may be expressed, respectively, as Tinftr> a^^d 
upon simplification these fractions become i, and 

Irrational numbers may be expressed in the decimal notation to any 
desired degree of approximation. Frequently this requires the use of 
various tables. More will be said about these tables when they are needed. 

9. APPROXIMATE NUMBERS 

It is usually assumed by the scientist that any measurement can be 
made only approximately. Thus, he does not regard a weight of 27.2 lb 
as having been determined exactly; rather, he thinks of the measurement 
27.2 lb as being closer to the true weight than 27.1 lb or 27.3 lb. If the 
weight could be measured to a greater degree of precision, the result might 
be 27.1836 lb or 27.1836275 lb. 

Rational numbers that represent measurements belong to the class of 
approximate numbers. Frequently, it is important to be able to round off 
such numbers to some desired degree of precision. When the number 
27.1836275 is rounded off to tenths, it is 27.2; when rounded off to four 
decimal places, it is 27.1836. In general, when rounding off a number to 
some desired precision, the last digit retained is unchanged if the portion of 
the number to be dropped is less than one half a unit in the last position 
retained; the last digit retained is increased by 1 if the portion of the 
number dropped is more than one half a unit in the last position retained. 
In the special case when the part of a number to be dropped is exactly 
one half a unit in the last position retained, the last retained digit is 
unchanged or increased by 1, whichever will make it even. It is apparent, 
therefore, that 27.1830275 rounded off to three decimal places is 27.184 
since the part to be dropped, namely, 0.0006275, is more than one half a 
unit in the third decimal place. When rounded off to six decimal places, 
the result is 27.183628; the last digit is increased by 1 to make it even 
since the part discarded is exactly one half a unit in the sixth place. 

In dealing with numbers representing measurements, or with approxi- 
mate numbers generally, it is frequently necessary to speak of significant 
digits. The digits 1, 2, 3, 4, 5, 6, 7, 8, 9 are always significant. All zero 
digits are significant, except for any consecutive zeros immediately adjacent 
to the decimal point in the case of a decimal fraction less than 1 and prob- 
ably in the case of an integer. Thus, all digits in the numbers 23.06 ft, 
1.008 in., and 0.860 lb are significant. On the other hand, the first two 
zeros in 0.0060 ft are not significant. Also, the last two digits in the 
number 80,600 miles would usually not be regarded as significant. Any 
zeros involved in the writing of an integer are significant if they are the 
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result of accurate determination; they are not significant if they are used 
merely to locate the decimal point. 

10. NEGATIVE NUMBERS 

We often have occasion to measure a quantity in a definite direction. 
For example, temperatures are measured above and below the starting 
point, zero. The temperatures above zero are distinguished from those 
below zero by designating the former by positive numbers and the latter 
by negative numbers. In general, if positive numbers designate the meas- 
urement of a quantity in a certain direction, then negative numbers are 
used to designate the measurement of the quantity in the opposite direc- 
tion. 

11. REAL NUMBERS 

The positive and negative, r ational and irrational, num bers and zero 
constitute the^eal numoers, and they may be rep resented gf^hically by 
points on 'a line as typified by the integers in h’igure 5. Those to the right 
of the origin 0 are usually designated as positive and are marked + (or 
are unmarked), and those to the left of the origin are usually designated as 
negative and are marked — . 

— I 1 1 1 1 1 1 1 1 I — 

-4 -3 -2 -1 0 1 2 3 4 5 

Fig. 5 

18. MAGNITUDE OF REAL NUMBERS 

Of two numbers indicated on a horizontal scale with positive direction 
to the right, thaTt one which lies to the right of the other is said to be the 
greater, and the one which lies to the left is said to be the less. Thus, by 
reference to Figure 5, 4 is greater than 1; also —3 is greater than —4. 

EXERCISES 2 

1. Arrange the follomng numbers in ascending order of magnitude. 

2; T*; -V2; 0; -1; 5^; -3ir; Vs 

2. Round off the approximate number 62.630255 (a) to four decimal places; 
(6) to five decimal places; (c) to thousandths; (d) tenths; (e) units. 

3. List the significant digits in each of the following: (a) 93,000,000 miles; 
(b) 620.6 ft; (c) 0.01 in.; (d) 20.004 kg; (e) 5001b. 

4. Arrange the following numbers in descending order of magnitude: 

4ir; 3i; -3.1; 12.3741; -fH 

5. (a) When rounded off to two decimal places, which of the following 

approximate numbers can be written in the form 15.647 15.641? 
15.638? 15.6349? 15.645? 15.635? 15.6465? 

(b) Describe the permissible range to the measurement denoted by 15.64 ft. 

6. Round off each of the following approximate numbers to two decimal 
places, and list the significant digits originally appearing in each number: 

3.00625 kg; 0.0051 ft; 32.075 mi; 1.004 yd; 0.0150 m; 0.0219 g 
* The number x is approximately 3.14159265. 



The Fundamental Operations Ap- 
plied to Literal Number Symbols 


13. LITERAL NUMBER SYMBOLS 

The student already knows from his knowledge of elementary algebra 
that it often is convenient to use letters in addition to the numerical symbols 
of arithmetic to designate numbers. We shall assume that he already has 
some knowledge of the operations of addition, subtraction, multiplication, 
division, and the finding of powers and roots as they apply to literal number 
symbols. However, some very fundamental topics involving the use of 
algebraic symbols are reviewed in the sections which follow in this chapter. 

14. DIVISION BY ZERO 

When we consider the division of a by 6, where 6 0, we seek the 

number a; such that 6a; = a; that is, division is the inverse of multiplication. 

However, if 6 = 0 and a 0, it is impossible to find a number x such 
that hx = a, since the product of any number multiplied by 0 is 0. Con- 
sequently, division by zero when the dividend is not zero is impossible. 

If, when 6 = 0, a is also 0, then we have bx — a for all values of x. In 
this case, x is said to be indeterminate. In general, therefore, division by 
zero is excluded. 


EXERCISES 3 

Th 9 Substitution of Numbors in Litoral Exprossions 

Find the values of the following expressions: 


1 . + 25 J - 2a6, if a = 6, 6 = 2 

Solution: After substituting the given values for a and b in the original 
expression, we have 




2 - 6-2 



15 

4 


2 . 


- 26 
a + 6 


if a = 3, 6 = 1 


if a 


4 . (a - 2)(a + 2)(a - l)(a + 1), 


= 3, 6 = 2 

if a = 3 

7 
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6. - + r + ifa = 2, 6 = 3, c = 4 
a 0 c 

ifa=l,6 = ic = i 

7. + 2ab + 6^, if a = 5, 6 = 7 

8. Va^ + if a = 12, 6 = 5 

9. + 3a26 + 4. if a = 3, 6 = 2 

10. + 2a6, if a = 2, 6 = 14 

“■f +1+1' 


12 . 


a — b 


+ • 


a + 6 


\/a^ +6^ — 2a6 + 

a 3a 


> if a = 4, 6 = 3 


18. - + ^ . if a = 5, 6 = 2, 2, ei = 3 

c 4c 

4'7rr^ 

14. Find the value of 7 if F = -^ . if ir = 3.1416, r = 3. 

O 

15. Find the value of iS if <S = iirr^y if tt = 3.1416, r = 6. 

16. Find the value of C if C = 27rr, if tt = 3.1416, r = 6. 

In the problems which follow, obtain any required roots by referring to 
Table 4 in the Appendix, 

17. Va^ + 6^ if a = 12, 6 = 4 

18. v'o’ + if a = 3, 6 = 2 

19. V' s(» — a)(s — 6)(s — c), if a = 3, 6 = 5, c = 6; 

j o + 6 + c 
and s = r 


20. if s = 71, ? = 32 

15. ABSTRAa NUMBERS, DENOMINATE NUMBERS, DIMENSIONS 

We have already observed that in making a measurement a number n 
is employed to express the ratio of a quantity q and some chosen unit u of 
that quantity. This fact may be expressed by 


n = 


Q 

~ • 

u 


The number n is referred to as an abstract number j while nu, the number 
of units of the quantity under consideration, is referred to as a denominate 
number. Thus, 2 is an abstract number, but 2 ft is a denominate number. 
As already indicated, the measurement implied by a denominate number is 
usually to be regarded as approximate. 
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If a length d contains n units of length L, we may write 

d = nL, 

In this relation, n is an abstract number, and nL is a denominate number 
(a length) by virtue of the factor L. 

If an area A contains n square units, we may write 

A = nL\ 

where L® represents a square unit. In this relation n is an abstract number, 
and nL^ is a denominate number (an area) by virtue of the factor L*. 

If a volume V contains n cubic units, we may write 

V = nL^ 

where // represents a cubic unit. In this equality, n is an abstract number 
and nlJ is a denominate number (a volume) by virtue of the factor L*. 

If a time t contains n units of time T, we may write 

t = nT, 

Thus, n is an abstract number, and wT is a denominate number (a time) 
by virtue of the factor T. 

If a body of mass m contains n units of mass ilf , we may write 

m = nM. 

In this relation, n is an abstract number, and nM is a denominate number 
(a number of units of mass) because of the factor M. 

The symbols L, L“, L^, Tj and il/, as employed above, are referred to 
as the dimensions (dimensional symbols) of length, area, volume, time, and 
mass, respectively. Similar symbols have been introduced for dealing 
with virtually all the magnitudes with which man is concerned. 

By means of the dimensional symbols associated with magnitudes 
that are measured directly, it is possible to construct dimensional symbols 
to be associated with magnitudes measured indirectly. Thus, if the sides 
of a rectangle are 2 ft and 3 ft, the area is (2 ft) (3 ft) = 6 ft^, that is, 6 sq ft. 

Similarly, if we designate s/t by v, where s represents a distance and t a 
time, we note that since 5 is of dimension L and t is of dimension T, then 
the dimensional symbol to be associated with v is L/T (unit of length per 
unit of time). 

If we designate m/F by p, where m represents a mass and V a volume^ 
we observe that since m is of dimension M and V is of dimension L®, then 
the dimensional symbol for p is M/L^ (unit of mass per unit of volume). 

If a body of weight 6 lb is lifted through the distance 4 ft, the work 
involved is (6 lb) (4 ft) = 24 ft-lb. 

Dimensional S3anbols are employed to considerable advantage by the 
physical scientist in converting denominate numbers from one system of 
units to another. 
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Thus, the denominate number 6 yd may be converted to feet or to 
inches as follows: 

5(yd) = 5(3 ft) = 15 ft - 15(12 in.) = 180 in. 

Similarly, the denominate number 5 sq yd, or 5 (yd) may be converted 
to square feet or to square inches as follows: 

5(yd)2 = 5(3ft)2 5(9)(ft)2 = 45(ft)2 = 45(12 in.)^ 

= 45(144)(in.)2 = 6480(in.)2. 

The denominate number 5 days may be converted to hours, minutes, 
or seconds as follows : 

5 days = 5(24 hr) = 120 hr = 120(60 min) = 7200 min 
= 7200(60 sec) = 432,000 sec. 

It is important to note that formulas or equations involving denominate 
numbers cannot have any valid significance unless each term is expressed 
in the same units and has the same dimensions. Thus, a formula such as 
V = 5h + where F is a volume and h a length, has no significance, 
since the terms F, 5/i, and 3/i^ are of dimensions Uy L, L^, respectively. 
The volume F of a frustum of a pyramid is 

V = iHB + b + Vm), 

where h is the altitude and B and b are the areas of the two bases. The 
terms F, ^hBy ^hby \hy/l^ are each of dimension U, but the formula has 
significance only when each term is expressed in the same cubic units. 

16. TRANSFORMATION OF SIMPLE FORMULAS 

The simple formula (1) A = LH may be written in the forms (2) 
L = A/H and (3) H = A/L. If we are given the numerical values of 
L and H to obtain A\ the form (1) is most useful. If we are given the 
numerical values of A and H to obtain L, the form (2) is most serviceable; 
and if we are given the numerical values of A and L to obtain H, the form 
(3) is most useful. It is evident that the ability to transform a given 
formula into various other forms is important for the scientist’s needs. 
Furthermore, practice in making the transformations provides excellent 
drill in the use of the fundamental operations of algebra. 

A particular transformation of a formula may be impossible or may 
involve more advanced mathematics than is at the command of the student. 
So at this time we shall confine ourselves to those simple transformations 
that depend upon the following six axioms: 

(1) If equal numbers are added to equal numberSy the sums are equal. 

(2) If equal numbers are subtracted from equal numberSy the remainders 
are equal. 
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(3) If equal numbers are multiplied by equal numbers^ the products are 
equal, 

(4) If equal numbers are divided by equal numbers {exclusive of zero), 
the quotients are equal, 

(5) The same powers of equal numbers are equal, 

(6) The same roots of equal numbers are equal. 

Axiom 6 means that in the case of the extraction of the square root, 
for example, the positive numbers that are the roots of equal numbers are 
equal, and the negative numbers that are the roots of equal numbers are 
equal. 

In later chapters we treat the general theory of exponents, radicals, and 
the solution of equations. We shall assume at this point, however, that the 
student is already familiar with enough algebra to apply the six axioms to 
the exercises that follow in this chapter. 

Illustration 1 : Let us obtain an explicit formula for each of the letters if 



t 



Given: 

T Mt - g 

L = 

t 


(1) 

Hence, multiplying each member of (1) by ^ (Axiom 3), 



Lt = Mt — g. 


(2) 

Also, subtracting Mt from each member of (2) (Axiom 2), 



1 

II 

1 


(3) 

Therefore, 

1 

li 

1 



and dividing each member of (3) by L — ilf (Axiom 4), 



II 

1 I 


(4) 

From (3), 

1 

II 

1 

«Q 

1 

(Why?). 


So, 

1 

(Why?). 


Also, 

g = Mt — Lt 

(Why?). 



Illustration 2: Let us obtain a formula for each of the letters involved 
in the equation, 

I = Vr2 + P^ + L\ 

where all the quantities designated by the various letters are positive. 
Squaring each member of the given equation (Axiom 5), we have 

/2 = r2 + + 2,2^ 
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from which the student can readily obtain the following: 

r — VP — (Axioms 2 and 6); 

P 
L 


x/jr 


L* 


VP -r^- 


(Why?); 

(Why?). 


( 1 ) 

( 2 ) 

(3) 


Illustration 3: Let us obtain a formula for each of the letters appearing 
in the relation 

R n r2 

After multiplying each member of the given equation by Rrir 2 (Axiom 3), 
we have 

rir2 = Rr2 + firi, 

from which the student can readily obtain 

rir2 




n 


r2 = 


n + r* ’ 

Rvi 

H-R' 

Rn 

Ti — R 


( 1 ) 

( 2 ) 

(3) 


Illustration 4: If x* + 3x*j/ = 5, it is comparatively simple to show that 

y >= - - — 9 but it requires a considerable mastery of algebraic processes 

to obtain a formula for x. This illustration is cited as an example which 
requires knowledge of mathematics beyond elementary algebra. 

EXERCISES 4 

Obtain an explicit formula for each of the letters involved in the following 
relations. The symbols > and < appearing in several problems are the symbols 
of inequality; the symbol always points toward the smaller quantity; thus, 
a > 0 is read “o is greater than zero,” and a < 0 means “a is less than zero.” 


1. a;4-y = tt+v 

3. x^y = nh\ x > 0, n > 0 

6. A = 4Tr*; r > 0 

2d 


2, xy m 

4 . 

3 


6. K 


Wv^ 
64.4 * 


v>0 


7. V 


di — (h 
BP 




9. 


10 . F 


M1M2 

cP 


; d> 0 
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; L> 0 


§171 

11 . 

18. + 2/ = €f*4-4; d>0 

16. 

17. 

19. 

21 . 


K 1 

El ^ R 

p-^^z>0 

p-(ml + l)d 

Rt^ Ri+R2(^J * 

N2>0 


p 

A 


S 




; Z > 0, d > 0 


12. t; = c V2^; g > 0fh> 0 
»»2 


mir 

r 

EJ0 

I 


14. C = ^ ; t; > 0 

16. T 


ms.^i.>o,d>o 


20. E = 


(l>PNm 


(p)10« 

22. i; = Vo a/i + cd; i > 0, a > 0 


24. n = 


n — (n — l)r 2 


26. If <S = P(1 + i)", where n is a positive integer, obtain formulas for P 
and i. 

17. THEOREMS AND FORMULAS FROM GEOMETRY 

For purpose of reference we give the following formulas and theorems 
from geometry: 

(1) If the sides and the hypotenuse of a right triangle are a, 6, c, respec- 
tively, then, 

This is known as the Pythagorean theorem. 

(2) The area of a parallelogram (including a rectangle or a square) is 
the product of the base by the altitude; that is, 

A - bh. 


(3) (a) The area of a triangle is half the product of the base by the 
altitude; thus. 


A = ibh. 


(6) The area of a triangle is V s(s — a)(a — b)(s — c), where a, b, 
and c are the three sides and s is half the perimeter. 

(4) The area of a trapezoid is equal to the product of the altitude by 
half the sum of the parallel sides. So, if the parallel sides are designated by 
b and P, and the altitude by hj 

. h(B + b) 

A 


(5) The area of a circle of radius r is irr*, and its circumference is 2Trr. 

(6) The area of a sector of a circle is equal to half the product of its 
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radius by the arc length of the sector; that is, where s is the arc length, 

A - irs. 

(7) The volume of a rectangular parallelopiped is equal to the product 
of its three dimensions. 

(8) The volume of a prism (or a cylinder) is equal to the product of its 
base by its altitude; that is, 

V •Bh. 

(9) The volume of a pyramid (or a cone) is equal to one third the 
product of its base by its altitude; that is, V = JBh. 

(10) The lateral area of a regular pyramid (or a cone) is equal to one 
half the product of its slant height by the perimeter of its base. 

(11) The volume F of a frustum of a pyramid (or a cone) is 

V - \h{B + b + VbS), 

where h is the altitude, and B and h are the areas of the two bases. 

(12) If r is the radius and h is the altitude of a right circular cylinder, 
then. 

Lateral area « 2irrh, 

Total area = 2'irr(/i + t)} 

Volume « irr^h. 

(13) If r is the radius, h is the altitude, and s is the slant height of a 
right circular cone, then. 

Lateral area *= irra, 

Total area « irr(a + r), 

Volume « 

(14) If r is the radius of a sphere, then, 

Surface area - iirr*, 

Volume » lirr*. 

EXERCISES 5 

(Any square roots needed in the solution of the following problems may be 
obtained by reference to Table 4 in the Appendix.) 

1. From the statement of the Pythagorean theorem, obtain a formula for 
one side of a right triangle in terms of the hypotenuse and the other side. 

2. Find the length of one of the equal sides of an isosceles triangle whose 
base is 10 cm and whose area is 76 sq cm. 

3. Determine the area of an equilateral triangle whose sides are each 8 in. 

4. The area of an isosceles triangle is 96 sq in. Its height is 8 in. Find the 
length of the equal sides. 

6. A square and an equilateral triangle have the same perimeter. How 
do their areas compare? 
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6 . (a) Obtain a formula for the radius of a sphere in terms of its surface area. 

(6) Obtain a formula for the radius of a sphere in terms of its volume, 

7 . The length of the hypotenuse of a right triangle is 74 ft. One leg is 31 ft. 
Find the other leg. 

8. A box (rectangular parallelepiped) has the inside dimensions 3 ft, 4 ft, 
and 6 ft. What is the longest steel rod that can be placed inside the box? 

9. In an isosceles triangle the equal sides are each 16 ft. The base is 10 ft. 
Find the height. 

10 . The diameter of a circular opening is 50 in. Find its circumference in 
feet and its area in square feet. 

11 . Find the area of a sector of a circle if the central angle of the sector is 72° 
and the radius of the circle is 6 in. 

12 . Determine the area of the largest square that can be inscribed in a circle 
of area 225t sq ft. 

13 . Find the volume of a right prism whose base is a regular hexagon (six 
sides) if the altitude of the prism is 3 ft and one side of the base is 8 in. 

14 . A conical pile of sand is 300 ft in circumference at the base and is 40 ft 
high. Find the number of cubic yards of sand that it contains. 

16 . Find the number of cubic yards of concrete required for a concrete pier 
in the form of a frustum of a pyramid if the bases are squares 30 in. and 20 in. on 
a side, respectively, and the pier has an altitude of 12 ft. 

16 . Show that the formula for the area of a sector of a circle gives the area of 
the complete circle when the arc length of the sector is taken as the circum- 
ference of the circle. 

17 . A water tank consists of a cylinder with a hemispherical base. Find the 
volume of the tank in cubic feet if the altitude of the cylinder is 25 ft and the 
diameter of the base of the cylinder is 12 ft. 

18 . The tank in Exercise 17 is covered with a conical roof whose altitude is 
6 ft. Find the total surface of the tank. 
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18. FAQORS 

When two or more quantities are multiplied together to form a product, 
each of the quantities is called a factor of the product. Any factor is called 
a coefficient of the product of the remaining factors. Thus, the factors of 
2ah are 2, a, and h) moreover, 2 is the coefficient of ah. Also, (a — h) 
and (a + h) may be described as the factors of ~ 6^, since the product 
of (a — h) and {a + h) is — 6^. 

In elementary arithmetic, when we speak of the factors of a positive 
integer, we refer to the positive integers which are its exact divisors. It is 
evident that a restricted definition of the term factor is being employed. 
In accord with this restricted definition, a positive integer which has no 
factors other than itself and the number 1 is called a pr ime number , 

19. SPECIAL PRODUaS 

Certain combinations of algebraic factors are met so frequently in 
practice that it is a convenience to know the forms of their products. 
Likewise, if a given algebraic expression is in a form identified as a special 
product^ it is frequently desirable to know its factors. In anticipation of 
either case, the student will find it advantageous to memorize the follow- 
ing equalities. Every algebraist should be able to write immediately the 
right member of each of the following relations if the left member is given. 
'Conversely, he should be able to write immediately the left member if the 
right member is given. 


(a + h){a — b) = 

(1) 

(a + 6)* = 0* + 2o6 + 6* 

(2) 

(a - by = o* - 2oft + 

(3) 

(a + by = a» + Za^b + Sob* + 6* 

(4) 

(a - by = o» - 3o®6 + 3o6» - y 

(5) 

(o - 6)(o* + ai + 5») = a’ - 

(6) 

(o + 6)(a* — o6 + 6) = a* + 6* 

16 

(7) 
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(a + b + cy=a^ + h^ + c^ + 2ab + 2ac + 2bc (8) 

(x + a)(x + b) = x^ + (a + b)x + ab (9) 

The previous products may all be verified by actual multiplication. 
Moreover, it is evident that the left member of each equality will reduce^ 
to the same numerical value as the corresponding right member for any 
set of numbers that may be assigned to the literal symbols; such equalities 
are known as nlfiphrai.^.. . 

In the previous identities, each of the various letters may symbolize 
any expression. Thus, in 

(3a; + 2y)(8x - 2y), 

we may consider 3x = a and 2y = b. 

Hence, (3a; + 2?/)(3x — 2y) = (3a;)2 — (2yy [by identity (1)]; 

that is, (3a; + 2?/) (3a; — 2y) = — Ay^. 

Also in (3a; -f 52/)^ 

we may consider 8x = a and 5y = b. 

Hence, by identity (4), 

(3a; + 5yy = (^xY + S(Zxn5y) + 8{Zx){5yy + (5y)«; 
that is, (3a; + byY = 27x^ + 135a;2y + 225x7j^ + 125y». 

In considering the product 

(2a; + Sy + 5z)(2x -f 32/ - 5^), 
we may take 2a; + 32 / = a and 5z = b. 

Therefore, by identity (1) 

(2a; + 32/ + 5z)(2x + 32/ - 5z) = (2a; + SyY - (5z)^ 

But by identity (2) 

(2a; + 32/)2 = 4x“ + \2xy + 92/-. 

So, in conclusion, 

(2a; + 32/ + 52)(2a; + 32/ - 5z) = 4a;2 + I2xy + 9y^ - 25z*. 
EXERCISES 6 

Special Products of the Form (a 4 - h)(a — h) 

Obtain each of the following products directly by reference to identity (1), 
listed in Section 19: 

1. (x + 2y){x - 2y) 2. (16 - 8)(16 + 8) 

3. (3a; + 7y)iSx - 72/) 4. (a - b - c)(a - 6 + c) 

Suggestion: First write the product of Exercise 4 in the form 
[(a - 6) ~ c][(a - 6) + cj. 
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7. (a 4- 6 4- c) (a — 6 — c) 

Suggestion: Note that — 6 — c may be written as —(6 4* c). 

8. (x 4- 22/ 4- 2)(3: 4-2 — 22/) 9. (x - 2/ - — 2/ + «) 

11. Verify the identities obtained in the exercises above by multiplication. 


EXERCISES 7 

Factors of Exprtsiions of the Form a* — 6* 

The algebraic expressions listed in this section may all be regarded as resulting 


from the multiplication of two factors i: 
case, what are the factors? 

1. — 4 

3. 1662 _ 4^2 

6. (x 4- yy - 16(x - yy 

7. -ly - 26c - c2 

9. 16x2 4- 24x2/ + ^2/2 — 144^2 


the form (a 4- 6) and (a — 6), In each 

2. a2 - 4x22/2 

4. 49x^ - 362/^ 

6. TTTi)" -{y- 3)® 

8. X* — 2xy + ^ 

10. 81 - 4x< 


*0. EXPANSIONS OF THE FORM (a ± W* 

As already observed, t he square of an algebraic expression of t wo 
ter ms, called a binomial, fol lows the law (a ± ± d- 6^. Thus, 

(2a: + ZyY +^2x)(3y) + {ZyY 

= + I2xy + 9y“. 


Also, {w - 2v)* = w* - 2{w){2v) + (2t;)=' 

^ yy — ^wv -h 4y2. 


EXERCISES 8 


Expand each of the following: 


1. (2x - 3yY 

2. i2w 4- vy 

3. (2« - 50* 

‘d+O’ 

»■ («-!)■ 

6. (6 - x)* 


8. (98)* = (100 - 2)' 


21 . FAaORS OF EXPRESSIONS IN THE FORM a*±2ab + b* 

From our experience with the previous section, it is apparent that 
a trinomial^ an algebraic expression of three terms, is a perfect square when 
it appears in the form a* + 2a6 + 6* or a2 — 2o6 + b*; the factors of the 
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EXPRESSIONS REDUCIBLE TO THE FORM a* - b* 

former are (a + 6)2 and of the latter are (a - by. Thus, - 6xy + 9y^ 
is a perfect square, since —6xy is in the form — 2a6, where a is the positive 
square root of x^ and b is the positive square root of 9y^i consequently, 
its factors are (x — Syy. The following exercises may be factored in the 
same manner. 


1. -f 2x^y^ + y* 

3. 16 - 24a; + 9a;2 

6. 9 + 12a; + 4a;2 

^ ^ 

9 6 16 

9. a;2 + ixy + 4y“ 


EXERCISES 9 


2. 1 — 4xy H- 4 a; 2 y 2 
4. 4 — 4a; + a;2 

"•i+f +*■ 


8. 4a;2 — 9xy + ^ 
4 

10. aV -f 2ahx + 


22. EXPRESSIONS REDUCIBLE TO THE FORM a* - {>* 

“Si 

Many expressions to be factored may first be reduced to a difference of 
two squares. The following illustrations represent some typical situations. 
Illustration 1 ; Factor a* + + b*. 

By adding and then subtracting a^b\ there results 

a* + = {a* + + b*) - a^b’‘ 

= (a^ + b^y - iaby 

= (a* + ¥- ah) (a* + b^ + ab). 

Illustration 2: Factor o* — + 16b‘. 

By adding and then subtracting 9o*6*, we have 

a* — + 166^ = (o^ + 8a^b^ + 166^) — 9a*6® 

= (a2 + 46")* - (Baby 
= (a* + 46* - 3o6)(a* + 46* + 3a6). 

Illustration 3: Factor o‘ + 46^. 


a< + 46‘ = a* + 4o*6* + 46< - 4a*6* 

= (o* + 26*)* - (2a6)* 

= (o* + 26* - 2o6)(a* + 26* + 2o6). 

EXERCISES 10 


Factor the following expressions: 


1. X* + 4x* + 16 
3. X* + 4a:*y* + 

3. 81 + 9x* + X* 

7. X* - l7xV + 

«. 9t* + 21<*s* + 25«^ 

11. Verify by multiplication the factors 


2. 1 + o* + o< 

4. X* + 4x*j/* — I2y* 

6. X* - 7x* + 81 
8. 25x< + 24 x*3/* + 36y* 

10. X* + 64^* 

obtained in the previous exercises. 
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EXERCISES 11 

Expansions of tho Form (a =b b!)p 

Make the following expansions by reference to the appropriate standard 
forms in Section 19: 


1. (x + 2yy 

*•('+ 0 ' 

KM)‘ 

7. (4 - *)» 

11. Verify by multiplication the identities obtained in the exercises above. 


2. (3* - y)» 
4. (2y - 3x)* 

-(»-!)• 

8. (ar - 2y)» 


EXEKISES 12 

Factors of Expressions in tho Form a* ± b* 

Factor the following expressions by reference to the forms in Section 19 for 
the sum or the difference of two cubes: 


1. (2*)* + y* 

3 . 1 - 27xY 

6. o« + 8 

7. xV- I 

9. X* — o*j/* 


2. 27 + 8x» 
4. 8x» + o»i>* 
6. 2^ - 8 
8 . 125 - c« 
10. 1 - 27»« 


EXERCISES 13 


Expansions of tho Form (a + b + c)S 

Expand the following squares of trinomials after reviewing standard form 8, 
Section 19: 


1. (x + 2y + z)* 
3. (x + 2y + 3z)* 

6. (4 - X + yy 

7. (3x - y - 2z)* 


2. (x - y - zy 
4. (2x — 3y + z)* 

*•('+ 1 + 1 ) 

^(i+i+-:)’ 


23. FAaORS OF EXPRESSIONS OF THE FORM x* + (a + b)x+ab 

The trinomial + (a + 6)a; + ab has the factors (x + a) and (x + b). 
Thus, to factor — 7a: + 12, we may consider ab = 12 and a + h = —7. 
It is then necessary to determine two numbers a and b whose product is 
12 and whose sum is —7. If this can be done by inspection, the factors 
are readily found. In the particular problem under consideration, the 
two numbers are evidently —3 and —4. Hence, a:* — 7a: + 12 possesses, 
the factors (x — 3) and (a: — 4). 
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EXERCIXS 14 


Factor each of the following expressions: 


I. X* - 3® - 10 

8. X* + (3 + \/3)x + 3X^3 
5. X* - 7x - 30 

7. x^ + ox - 2a* 

9. X* — (a + b)x + ab 

II. ~ 6x + 9 


2. x^ - Jx — i 

4. X* + (V^ -l)x-V2 


6. x^ — fx — f 
8. x*+-x+- 
10. x2 - 6x ~ 7 


24. FACTORS OF EXPRESSIONS OF THE FORM ax* + 6x+c 

Expressions of this general type, when a 1, may frequently be fac- 
tored by trial. 

For example, to factor 2x^ + x — 15, let us attempt to find two x coeffi- 
cients whose product is 2, and two other numbers whose product is — 15, 
which may then be arranged within two factors so that the sum of their 
cross product is 1. Thus, the above trinomial factors into (2x — 5)(x + 3). 


EXERCISES IS 

Factor the following trinomials: 


1. 10x2 « 13a. _ 3 

3. 15x2 + 73x - 10 

6. 15x2 + X — 2 

7. 10 + 3x - x2 

9. 3x2 _ + 202/2 


2. 3x2 lOa; -f 3 
4. 15x2 - 7x - 2 
6. x2 - 7x 4- 10 
8. 10 -f- 2 - 222 
10. 12x2 - 13x2/ - 42/2 


25. FAaORS OF EXPRESSIONS OF THE FORM ax+ay+bx+by 

Such expressions are readily factored by grouping the terms in such 
a manner as to show a common binomial factor; thus, 

ax + ay + bx + by == a{x + y) + b{x + y). 

Since each of the two terms now appearing contains the factor (x + y) 
the given expression factors into (x + y)(a + 6). 


EXERCISES 16 


Factor the following expressions: 

1. a2x 4" a^y ““ 

3. X* — 3x22/ 4- 32/ - X 

6. 1 - X 4- - a;* 


2 . xyz — abz 4 - cxy — abc 
4. cd2 + c62 — c262 — c*d* 

6. 2 Vs - 20x H- ^ y - 5xy 
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Factor the following expressions: 


1 . - 7* + 12 

2 . x‘ + 2 x* - 8 

3. ** — 3xy + 2y'^ 

4. lOx* - 40x + 30 

6 . ** + 4a: - 21 

6 . x* 2 / + 23xy — 50y 

7. a:* - 4» - 12 

8 . a* - 17o» + 70 

9. 4y® + 40y + 36 

10. 6 x* + 17x + 12 

11. 5j/* 4- 14» + 8 

12 . 9 x* + 6 x — 8 

13. 9x* - 6 a: - 8 

J4.f +f -3," 

16. 9a:* + 12 x 2 ^ + 4j2* 

16. 92 /* + 37 x 2 / + 4x* 

17. 6 s/* + 22y + 12 

18. 9x* + 18x2/ - 272 /* 

19. 16x< + 8 x* - 3 

20. x^ — 3x* + 4x* — 12x 

21 . 2 cd - c* - <f* 

22. 18a*x* — 24a*x — 10a* 

23. a* - o< - o» + o* 

24. 5d* - Serf - 10c* 

26. x« - 17x*s/* + 

26. X* - 28 x * 2 /* + IQy* 

27. 2o*x* — 6 x 2 / — 3%* + a^bxy 

28. 24a» - 816* 

29. 4x* + %vz - 2 /** - 9a* 

30. X* — 8 x*^* + 162 /* 

31. 128 + 54x* 

32. 27a* - 54a*6 + 36o6* ■ 

33. 39x*2/* - 9x« - 252/‘ 

34. a* - 26a* - 27 


35. — 4xy -f 42 /^ — 3 x 2 + 61/2 


26. SPECIAL CASE OF BINOMIAL THEOREM 


We have seen that 

(a + by = a^ + 2ab + hS 
and (a + by = + 3a^b + 3a6^ + 

Similarly, we can show by actual multiplication that 

(a + by = + 4a®6 + 6a^b^ + 4a6« + b\ 

and (a + by = a« + 5a^6 + + 5a¥ + 6 ®. 

The previous identity for (a + h)* may be written 


(a + 6 )‘ = o‘ + j a*b + + j + 

5 : 4 ^ 3 ^ 

^ 1 •2-3-4-6 


54-3-2 
1 •2-3-4 


a¥ 


A product of consecutive positive integers, starting with 1, is known as 
a factorial 'prodvjct; for instance, 1 • 2 • 3 • 4 is known as factorial 4 and is 
written |4 or 4!. (We shall not use the exclamation sign, however.) 
Similarly, 1 • 2 • 3 • 4 • 5 is called factorial 6 and is written [ 6 . Of course, 
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1 may also be written as [l- Consequently, we may write 
(a + 6)» = a‘ + 

, 5-4-3-2 ,, , 5-4.3-21„ 

+ —^ab< + ^ 6 .. 

A general formula similar to this expansion for (a + 6)® may be found 
for (a + b^y if n is a positive integer. In fact, 

(„ + 6 ). . + 


, n(n - l)(w - 2) • • • 1 

H j 6". 

E 

This formula, known as the binomial theorem for positive integral 
powers, will be accepted at this point without proof. The student should 
test the formula for n = 2, 3, 4. 

Illustration: Expand {2x — 3yY by the binomial theorem. 

(2x - ZyY = (2x)« + (2xy(-Zyy + ^ (2zy(-Zy)^ 

+ {2xn-Zyr + ^ (.2x)H-Zyy 

6-5-4-3-2 , 6-5-4 -3 -2-1 „ 

-1 p- (2xy(-Zyy H (-3y)« 

[5 |() 

= 64x® — 57Qx^y + 2lQ0x^y^ — 4320^;^^® 

+ 48G0a:2|/* — 2916x^* + 729y^. 


EXERCISES IS 


Obtain each of the following expansions by the binomial theorem: 


1. {x -f 2yy 
3. (3a + bby 



7. (y + 2xy 
9. (1 + 0.04)^ 


2. (a + 1)' 

4. (tt + by 

6. (x + yy 

8. (10 - ly 

10 . (1 + 0 . 02 )® 


27. DEGREE OF A POLYNOMIAL 

Although the terms binomial and trinomial have been employed in 
previous discussions, a definition has not yet been given of the more 
general term, polynomial. A polynomial in certain variables, for example, 
Xy 2 /, 2 is a sum of terms of the type kx^yh'^, in which A; is a constant and 
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a, 6, and c are positive integers. A monomial is a polynomial of one term; 
a binomial is a polynomial of two terms; and a trinomial is a polynomial 
of three terms. 

The degree with respect to certain variables of a single term of a poly- 
nomial is the sum of the exponents of the designated variables occurring 
in the term. The degree of a polynomial with respect to certain variables 
is the maximum degree associated with any single term of the polynomial. 
Thus, 

Sx^ + 7xy^ -t- 

is a polynomial of three terms, that is, a trinomial. The first term is of 
third degree with respect to the variables x and y, the second is of sixth 
degree, and the third is of third degree; so the polynomial is of sixth 
degree with respect to x and y. Similarly, the same polynomial is of 
second degree with respect to x, and is of fifth degree with respect to y. 

28 . HIGHEST COMMON FAaOR AND LOWEST COMMON MULTIPLE 

The highest common factor (HCF) of two or more polynomials with 
integral coefficients is the polynomial of highest degree with integral 
coefficients that can be divided into all of them without a remainder. In 
practice, an HCF of two or more polynomials with integral coefficients 
can be determined by resolving each expression into its polynomial factors 
of lowest degree that have integral coefficients and then writing the prod- 
uct of all common factors. If a common factor is repeated two or more 
times in all the given polynomials, it should appear in the HCF to the 
lowest power to which it appears in any expression. 

A lowest common multiple (LCM) of two or more pol 3 momials is the 
polynomial of lowest degree which contains each of the given expressions 
as a factor. In practice, an LCM of two or more polynomials may be 
found by factoring each expression completely, as explained in the case 
of the HCF, and then taking the product of all of their different factors, 
using each factor the greatest number of times that it occurs in any of 
the polynomials. 


EXERCISES 19 

Find an HCF and an LCM for each of the following collections of poly- 
nomials: 

1. + xyj x^ -f and x^ — Zxy — Ay^ 

Suggestion: The factors of the three given polynomials are 

x^ -hxy = x{x + y)j 

+ 2 /* = (a; -f- y){x^ — xy y^, 
and x^ — Zxy — Ay^ = (a: + y){x — 4y), 

Therefore, the HCF is (x + y), and the LCM is x{x + y){x^ — xy + y^){x — Ay), 

2. 6m*n, ~4mwa;^, and 12mn*a: 



§291 


ALGEBRAIC FRACTIONS 


25 


3 . ox — ay + — 5 y, a* + a6 4 - 6^, and 0^+06 

4. 4- 8, Sa* 4- 6a — 2 , and a^ — 4 

6. 1 — X, X — 1, and x® — 1 

6 . 4- 2ab 4 - 6 ^ — and a^ — 6 ^ — 26 c — 

7 . 6 x 2 _ 54^ 7(3. _ 3)2^ and Sx^ - 6x - 9 

29. ALGEBRAIC FRACTIONS 

An algebraic fraction is the indicated quotient of two algebraic expres- 
sions. Thus, a/h implies that a is divided by 6 , where a and 6 may denote 
any algebraic expressions. 

Throughout this text, in all expressions involving denominators, no 
denominator is permitted to be zero. Thus, in dealing with each of the 

3 

following fractions there are restrictions on x as indicated: ( 1 ) - > x 5*^ 0 ; 

X 

^ 2 ; ( 3 )-^.X 5 ^± 3 ; ( 4 )^,a^ 6 . 

In simplifying and combining fractions we make use of the following 
principles which should already be familiar to the student. 

I. T'he value of a fraction is not changed by multiplying or dividing both 
the numerator and the denominator by the same number, excluding zero. 
Such an operation upon a fraction is equivalent to multiplying it by 1. 

II. Changing the sign of either the numerator or the denominator of a 
fraction is equivalent to changing the sign of the fraction. Thus, 

— a a a 


Exercise: Justify that = — - by employing Principle I, given above. 
b —0 

III. The algebraic sum of two fractions with a common denominator is 
a fraction whose numerator is the algebraic sum of the numerators of the given 
fractions and whose dejiominator is the common denominator, 

IV. Two fractions that do not have a common denominator may be changed 
to equivalent fractions having a common denominator through the use of 
Principle 7 , and their sum may then be found as in III, The lowest common 
denominator of two or more fractions is the LCM of their denominators, 

V. The product of two fractions is a fraction whose numerator is the 
product of the numerators and whose denominator is the product of the de- 
nominators, 

VI. To divide one fraction by another, invert the divisor and multiply. 
This is equivalent to the multiplication of numerator and denominator by the 
reciprocal of the denominator, 

VII. The expression a/b is in its lowest terms if a and b do not contain 
any common factors. To reduce a/b to its lowest terms, we divide both numer- 
ator and denominator by their highest common factor. 
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lUrntration 1: Perform the following indicated operations and reduce 
the result to the simplest form: 

2 2 

— Sx + 2 x^ — X — 2 x^ — 1 

Solution: After factoring the denominators, we have 

2 2 1 

(x - l){x - 2) (x - 2)(x + 1) (x - l)(x + 1) 

Since the last fraction may be regarded as 

(x - l)(x + 1) ^ 

the desired sum becomes 

2(x + 1) 2(x - 1) 

(X ~ l)(x - 2)(x + 1) (x - l)(x - 2)(x + 1) 

(x - l)(x - 2)(x + 1) 

^ 2(x + 1) + 2(x - 1) - (x ~ 2) 
(x - l)(x - 2)(x + 1) 

3x -f* 2 

(x - l)(x - 2)(x + 1) 

Illustration 2: Perform the following indicated operations and reduce 
the result to the simplest form: 

6x2 ^ _ 2a2 X — a 2x + a 

ax — a^ 9x2 _ 4^2 • 3^ ^ 2a2 

In accordance with the principles previously stated, we have 
6x2 _ ^ _ 2a2 X — a 3ax + 2a2 

ax -- a^ 9x2 _ 4^2 2x + a 

_ (3x — 2a) (2x + a) (x — a) o(3x + 2a) 

a(x — a) (3x — 2a) (3x + 2a) (2x + a) 

Since the factors in the numerator are the same as the factors in the 
denominator, the product is 1. 

Illustration 3: Perform the following indicated operations and reduce 
the result to the simplest form: 

16x2 _ 9ct2 743. — 3a X + 2 \ 
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After inverting the fraction appearing within the parentheses, we have 
16x^ - 9a" (x - 2) (4a; + 3a) 
x^ — 4 (4a; — 3a){x + 2) 

_ (4a; ~ 3a) (4a; + 3a) (x - 2)(4x + 3a) 
(x - 2)(a; + 2) ’ (4a; - 3a)(a; + 2) 

(4a; + 3a)2 
(a; + 2)2 ‘ 

Illustration 4: Perform the following indicated operations and reduce 
the result to the simplest form: 

/16a;2 — 9a2 ^ 4a; — 3a\ a; + 2 

\ a;2 — 4 / a; — 2 / 4a; + 3a 

In this case we have 

/ 16x® — 9a^ a;--2\a; + 2 _4a; + 3a a; + 2 

\ a;2 “ 4 4a; — 3a/ 4a; 4- 3a a; + 2 4a; -f 3a 

In Illustrations 3 and 4 the use of parentheses determines the sequence 
of operations to be performed. Unless parentheses are used, some arbi- 
trary rule is required to define the sequence of operations. 


EXERCISES 20 

Reduce each of the following expressions to lowest terms: 
2aV ^ X + 1 


1 . 

3. 

5. 


12ax^ 


xy 4- 2/ 


2 . 

4. 


X + 1 -f (X + 1)2 
X^ - 1 


x® + 1 


2a^x^ 


- 6a^ 


X® — 3ax2 2a^x 

Perform the following indicated operations and reduce to lowest terms: 


6. 


4a 


a2 -1- 2a + 1 a2 — 1 
X +1 


8. X — 2 — 

5 


10 . 


12 . 


x2 ~ 2 
8 


7. 


9. 


X + 1 

3 

X H- y 


X - 1 
2 


X 4-3 
. X - y 


3x — 3 6x — 15 
3a 9a2 - 4 
3a -2* 9a2 


11. + 


(x + vY (x + i/Y 
a* - 2® - 17 


13. 


X — 2 ' x^ — 5x + 6 

(a -by o»-6» 
a + 6 a* + 
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17. 




18. 


X - 1 


- 1 


X 

X 


1 + 


1 — X 


111 /"l ^ ^ ~ 

V - 06 + 6V V a* + 2o6 4- 62/ ‘ o* + 6* 

g +6 /1 _ IX _ fc +c /l _ IN 

ab \a bj be \c bj 
a+c /l IN 
ac \a c/ 


24. 

25. 

26. 

27. 

28. 
29. 


X 

. y 

, **+!/* 

X — y X 4- 2/ 


1 

3 

2a 

O — X 

o 4- X 

- 0* 

/2x* - 3® + 1> 

1/1 2N 


(y - 5x)2 
(x - 2)(2x - x2) . 2x2 

(x - 2)2 ‘ X - 2 

2x(x — 2) — (x — 4)[2x 4- 2(x — 2)] 

4x2 (x — 2)2 

(2x ~ o)2[2o2(x — o) 4- 2o2x] — 8o2x(x — o)(2x — a) 
(2x - ay 

— 2o*(a — 3x) 2a2(x — o) 

(2x - ay (2x - 0)2 

S2 ~ ^ ^ - 4o \/ o 4-2 _ o - 4 \ 

‘ Vo - lj\a - 2 o ~ 5/V3a - 5 o 4- 1/ 
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30. CONSTANTS, VARIABLES, AND FUNCTIONS 

A variable is a symbol which may represent any one of a collection of 
numbers. Thus, r, the radius of a circle, is a variable, for it may stand for 
any positive number. A symbol which denotes only one number is given 
the special name constant. Thus, <, the temperature of the air throughout 
an experiment, is a constant if the air temperature is maintained at 72®. 
Also, TT is a constant when it is employed in the usual sense as the ratio of 
the circumference to the diameter of a circle. It is important to note, 
therefore, that since letters may be either constants or variables, it is 
frequently necessary to know just what they are in any particular formula 
or equation. 

When we assign different values to the variable r, the radius of a sphere, 
we see that V”, the volume, assumes different corresponding values. Thus, 
F is a variable; it is a variable related to r by means of the particular 
formula V = ^Trr^. When two variables are so related that the choice of 
a particular number to be assigned to the first variable determines the value 
or values of the second variable, the second variable is said to be a function 
of the first variable. By means of the formula V — we may assign 
a value to r and thereby determine F; so, F is said to be a function of r. 
This fact may be denoted symbolically by F = /(r). Of course, in the 
special formula under consideration, we may first assign values to F and 
determine r; then r would be a function of F. Symbolically, this could be 
written r = /(F). 

The variable to which we assign numerical values is said to be the 
independent variable; the other variable is said to be the dependent variable, 
or function of the independent variable. 

The symbols, /(x), F{x), 0(x), are commonly used to represent functions 
of the variable x. Hence, if y is a function of x, we may write 

y = Kx). 


Similarly, 
write w = 
If 


if w is so intimately related to u that w is a function of u, we may 
• /(u), or perhaps w = F{u). 


y = 


x + l* 


S9 
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y has a value corresponding to each number that may be assigned to x, 
except X = —1; so we write 


y = fix) 


x+l' 


X 5 *^ -1. 


When X = 1, we say 


/( 1 ) = 


- 3 
1 + 1 




when X = 2, we write 


/( 2 ) = 


2^ -- 3 
2 + 1 


5 

3 ' 


and when x = a, the value of the function is 


fia) = 


a" - 3 


a + 1 


Definitions: (1) A function of x of the form 

Ax” + + Cx”~2 + • • • + Kx + L, 

where n is a positive integer and A, 8,0, * • •, K, L are any real numbers, 
is defined as a rational integral function of x, or as a polynomial in x. 

(2) Every function which can be expressed either as a rational integral 
function, or as a quotient of two rational integral functions, is called a 
rational function, 

EXERCISES 21 

1. Given /(x) = x^ + 3x + 5, find /(O), /(I), /(-I), /(a + 5). 

2. Given 0(x) = (j. Z 1)^(3;" 2) ’ 4>iy + 2). Why 

can you not find <^(1) or <^(2)? 

3. Given F(x) = x* + 2x + 1, find F(l), F(2), F(a), F{w - 1). 

X +- 

4. Given /(x) = — — » find /(I), /(—I), /(3). Why can you not find /(O)? 

For this function show that/(x) = /(l/x). 

6. Given /(x) = x* + 3x, show that/(x + h) --fix) = 3(x* + l)h + Sxh^ + h^. 

6. If F(x) = x’‘, show that ~ =6+0. 

0 — a 

7. Any value of x for which /(x) = 0 is defined as a zero of the function /(x). 
Show that X = 1, X = 2, and x = 3 are zeros of the function 

y = fix) * (x - i)(x - 2)(x - 3). 

8. Assuming that every rational integral function of x of nth degree may be 
resolved into a constant times n factors of the type (x — c), how many zeros does 
the function possess? 
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31. GRAPHICAL REPRESENTATION 

We have already observed that a functional relationship involving two 
variables may be given through the medium of a formula. Another 
important method of displaying a relationship between a variable x and 
the variable where y = /(a;), is through the use of a graph. 

The type of graphical representation treated in this book is based on 
two perpendicular lines X^X and F'F, intersecting at 0 (Figure 6). The 
lines are called the axes of reference, or, if the variables under consideration 
are x and y, they may be designated as the x axis and y axis, repectively. 
The point of intersection 0 is called the origin. We adopt a convenient 



scale of measurement upon the horizontal axis. Then, corresponding to 
'positive numerical values of a variable x, we locate points on X'X measured 
from 0 in the direction OX, and, corresponding to negative numerical 
values of x, we locate points on X'X measured from 0 in the direction OX'. 

Similarly, we adopt a convenient scale of measurement upon the 
vertical axis, and, corresponding to the positive numerical values of the 
function (dependent variable) y, w^e locate points on F'F measured from 
0 in the direction OF, and, corresponding to negative numerical values of y, 
we locate points on F'F measured from 0 in the direction OF'. 

Thus, relative to such a system of axes and the scale of measurement 
adopted upon each axis, the two numbers assigned respectively to the in- 
dependent variable and the corresponding value of the function may be 
employed to locate a point in the plane. To be more specific, if the value 
of an independent variable x is represented by the segment OAy, and the 
corresponding value of the function y is denoted by OBi, the point Pi is 
determined as shown. That is, through the point Pi on the y axis we draw 
a. line parallel to the x axis, and through the point Ai on the x axis we draw 
a line parallel to the y axis, then the intersection of the pair of lines de- 
termines the desired point in the plane. The lengths OAx and OBx (or 
AiPi) are called the coordinates of the point Pi, and Pi may be designated 
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by the ordered pair of numbers (OAi, AiPi). Similarly, the lengths of OA 2 
and A 2 P 2 are called the coordinates of the point P 2 , and P 2 may be denoted 
by (0A2i A 2 P 2 ). The value of the independent variable is called the 
abscissa of the point, and the corresponding value of the function is called 
the ordinal of the point. In designating a point by its coordinates, the 
abscissa is always written first, and the ordinate appears second. 

This system of representing points by coordinates is called the reo- 
tangvlar, or Cartesian^ system. For purposes of illustration, four points 
possessing the indicated coordinates have been located in Figure 7. 



Fig. 7 

EXERCISES 22 

1. Draw two perpendicular axes and locate the following points: (0, 0), 
(1, 0), (0, 5), (-1, -2), (-10, 2), (5, -3), (-7, -1), (-3, 0), (2.5, -4.5). 

2. Determine the numerical distance between the two points designated by 
(3, -2) and (7, 1). 

3. Show that the followingpoints are all located upon the same circle: 
( —3, 4), (4, —3), ( — 5, 0), (1, V^), (0, —5). What is the center, and what is the 
radius of the circle? 

4. Determine the length of a diagonal of the rectangle having the vertices 
(5, 1), (-6, 1), (-5, -2), (5, -2). 

The following examples should indicate to the student further important 
uses of the type of graphical representation now under consideration. 

Example 1 : The statistics in the following table pertain to the number 
of students (y) who study a certain course in the various years (x). 
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X (Year) 

y (Students) 

X (Year) 

y (Students) 

1913 

3 

1922 

14 

1914 

7 

1923 

15 

1915 

5 

1924 

16 

1916 

6 

1925 

18 

1917 

0 

1926 

22 

1918 

0 

1927 

26 

1919 

5 

1928 

32 

1920 

7 

1929 

50 

1921 

6 




If we represent these data graphically, we obtain Figure 8. 



For purposes of visualization, the points corresponding to the given 
data have been connected by the dotted straight lines. By referring to the 
graph, it may be observed that there was an uninterrupted annual increase 
in the enrollment from 1921 to 1929; that there was an increase during the 
period from 1918 to 1920; that there was a period of fluctuation from 1913 
to 1917; that there was no enrollment during the period of the First World 
War; and that there was a slight loss from 1920 to 1921. 

Example 2: If in a vacuum a body falls from rest, the distance s (ft) 
covered in the corresponding time t (sec) is given approximately by the 
following table: 


t (Sec) 

5 (Ft) 

1 

16 

2 

64 

3 

144 

4 

256 

5 

400 

6 

576 
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^ A consideration of the numbers designating the distances indicates 
that they may be written as 16(1)^ 16(2)2, 16 3)2, 16(4)2, and so on. Con- 
sequently, the scientist observes that the relationship between s and t, as 
indicated by these particular measurements, may be indicated algebraically 
by s = 16^2. We may therefore assiime this law as a hypothesis and then 

subject it to further verification at various 
^ p heights and for various other distances and 

■ y also for bodies of various sizes. In general, it 

400 • P jg found that close to the surface of the earth 

300 ‘ ^ holds true, regardless of the size of the 

200 - body. 

If we now graph the data given in the prev- 
^ 123456 t ious table and any additional pairs of values 

g (t, s ) , where t is positive, that satisfy the equation 

s = 16^2^ we have the continuous curve given 
in Figure 9. If a sufficiently large number of points corresponding to 
values of t and s that satisfy the equation s = 16f2 are determined, an ac- 
curate curve corresponding to the equation s = 16^2 may be drawn; then 
the curve may be used to determine s corresponding to any given t or to 
determine t corresponding to any given s. 

Example 3: Graph the function given by the algebraic formula 
2/ = 2a: — 3. 

If we assign arbitrary numerical values to a:, such as 1, 2, 3, 4, • • • , 
we may tabulate the number pairs, corresponding in each case to the 
independent variable and the associ- 



The points A(l, —1), 5(2, 1), Fig. 10 

C(3, 3), D(4, 5) corresponding to 

associated values of the variable x and the function 2a: — 3 are repre- 
sented in Figure 10. The points A, B, C, Dj ••• j are joined consecu- 
tively by line segments. The totality of all points whose coordi- 
nates satisfy the equation is called the graphical representation of the 
Junction. 



§ 321 FIRST-DEGREE FUNCTIONS 35 

32. FIRST-DEGREE FUNCTIONS 

A function which is of the form 

p = mx + b, 

where m and b are constants and m 0, is defined as a general function 
of the first degree in x. 

If y - 0, X = --blm] so x - —him, m 0, is described as the zero 
of the function y = mx + b. It is apparent that the coordinates ( — 6/m, 0) 
represent the point of intersection of the curve y = mx + b and the x axis. 


EXERCISES 23 


Locate carefully a few points upon the curve that is the graphical representa- 
tion of each of the following first-degree functions, and determine the zero of 
each function. In your arbitrary selection of numbers for x, choose positive and 
negative integers and fractions. 


1. 2/ = 3x — 6 
3. 2/ = 6x 

6. 2/ = — 3x 

7. 2/ - j - 8 
9. 2/ = 4x — 6 

11. 2y = 3x- 1 


2. 2/ = 5x — 1 

A ^ 

4. 2/ = - 


6. 2/ = — 3x — 6 

A 3x * 

8 - 2 / = 7 - 6 

10. 2/ = 5x — 4 


If the student has performed the previous exercises carefully, he must 
have noticed that for every given function the points seem to lie on some 
straight line. We shall now show that if we graph the general function 



2 / = mx + 6, the points will always lie on a straight line. Hence, we shall 
have shown that any function of the first degree has a definite straight line 
as its graph. It is for this reason that the function y = mx + 6 is fre- 
quently referred to as a linear function. 

Let us consider the function y = mx + 6. Let us assign to x the values 
0 and Xi. Then, the corresponding values of the function are 6 and 
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mxi + b, respectively. If we indicate the number pairs (0, 6) and (xi^ 
mxi + h) as the points Po and Pi, respectively, and pass a straight line 
through the two points, we have the line in Figure 11. 

We shall now show that any other pair of corresponding values of the 
variable x and the function y = mx + h determines a point on the same 
straight line. 

Thus, let us assign to x any value X 2 t then the corresponding value of the 
function is mx 2 + b. Let (x 2 , mx 2 + b) be the point P 2 in Figure 12; it 



is not known at the present moment that P 2 is necessarily on the line 
PoPi. Draw the straight lines PoPi and P 1 P 2 . 

From the figure we see that 


QPi _ mxi + b — b 

PoQ xi 


and 


RP2 _ mx2 + 6 — (mxi + 6 ) _ mfa — Xi) 
PiR X2 — Xi X2 — Xi 


Consequently, 


QPi _ RP2 
PoQ PiP’ 


and the triangles PoPiQ and P1P2R are similar. Therefore, angle QPoPi 
= angle RP1P2. Since PoQ is parallel to PiR, it follows that line P 0 P 1 P 2 is 
straight; that is, the point P 2 lies on the straight line through Po and Pi. 

The number m is called the slope of the line y = mx + b and the 
number 6, which is the ordinate of the point where the line cuts the y axis, 
is called the y intercept. 


33. EQUATIONS OF THE FORM >^x+By+C=0 

Equations in the form Ax + By + C — 0, such as 3x — 4y + 6 = 0, 
fix + 2y — 3 = 0, 3x — 4y = 0, may be rewritten in the form y — mx + b. 
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Thus, the equation 


3a; — 4y + 6 = 0 


may be written 

—4y = —3a; — 6 (subtracting 3a; + 6 from 
both members). 


This may be transformed further into 


y = 


3a; 3 

T + 2 ' 


(Dividing each member by —4) 


Similarly, 6a; + 2 ^/ — 3 = 0 may be written blq y = —3a; + f, and 
3a; — 4i/ = 0 may be written y = 3a;/4. 

If A = 0 in the equation Ax + By + C — Uy and B 9 ^ Oy then 
y = -‘Cl By irrespective of the value chosen for x; thus, the graph of the 
equation is a line parallel to the x axis and at a distance — C/B from that 
axis. The slope of this line is 0, since m = 0 when the equation is put in 
the form y = mx + 6. 

If = 0, A 0, then x = —C/A, for any value of y. The graph of 
the equation x = —CIA is a straight line parallel to the y axis and cutting 
the X axis in { — Cl Ay 0). 

We have thus shown that the graphical representation of any equation 
of the first degree is a straight line; so, any equation of the form Ax 
+ By + C = Ois called a linear equation. 

It is evident that the lines representing equations of the form x — Ki 
and x = K^y Ki 9 ^ /C2, are each parallel to the y axis and, hence, are parallel 
to each other. The lines representing y = mx + 6 and y = mx + c, 
where h 5*^ c, may be shown to be parallel to each other as follows: 

If we draw the lines y = mx + b and y = mx + c, h 5*^ c (note Figure 
13), the distance OAi = b and OA2 = c. If distance AiBi is chosen equal 



to A 2 B 2 and designated by Xiy then Ci has the y coordinate mxi + 6, and C* 
has the y coordinate mxi + c. Consequently, BiCi = B 2 C 2 = mxi. There- 
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fore, the right triangles AiBiCi and A 2 B 2 C 2 are congruent; hence, the two 
lines are parallel. If 6 = c in the equations y = mx + b and y — mx + c, 
the lines are identical. 


EXERCISES 24 


Write each of the following equations in the form y = w® H- 5, and graph 
each equation. Which lines of the set are parallel? 


1. 3x - 42/ 4* 6 = 0 
3. 5a5 + 22/ — 7 = 0 

6 . 32 / = 4x 

7. y = X 

9. 2 / = —2a; + 7 


2. 3a; — 42/ 4- 8 — 0 
4. 5a; 4- 22/ — 15 = 0 
6 . 32/ = 4a; + 10 
8 . 2 / = a; 4- 5 
10. 32/ 4- 6a; 4- 14 = 0 


11. Find the area of the parallelogram determined by 2 / = 2a; — 4, 


2 / = 2a; — 12, y = 1, and 2 / = 8. 

12. Determine the equation of a line passing through the point (0, 3) and 
having the slope f . 

13. Show that the line representing y — x + 3 is inclined at an angle of 
45 degrees with the horizontal. 
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34. ROOTS OF AN EOUATION 

An equation of the form f(x) =0 is called a conditional equation if 
f{x) does not equal zero for all values of x. If f{x) = 0 for all values of x, 
the equation is called an identity. By definition, the values of x which 
cause /(x) to become zero are the zeros of the function /(x). These values 
of X are also said to satisfy the equation /(x) = 0 and arc described as the 
roots of f{x) = 0. Thus, the roots of — 7x + 12 == 0 are x = 3 and 
X = 4, since x = 3 and x = 4 cause the function x^ — 7x + 12 to have 
the value zero. 

The equation mx + 6 = 0, m 5*^ 0, is an equation of the first degree- 
The function mx + 6, m 5*^ 0, has the value zero when x = —hlm\ hence, 
— 6/m is a root of mx + 6 = 0. 

Theorem. An equation of the first degree mx + 6 = 0, m 5*^ 0, has only 
one root, namely, x = —him. This may be proved as follows: 

Assume that xi and xi are two roots of mx + 6 = 0, m 7*^ 0; then 

mxi + 6 = 0 and mx2 + 6 = 0. 

Hence, (mxi + 6) — (mx2 + 6) = 0 or m(xi — X2) = 0. 

Since m 0, it follows that Xi — X2 = 0 and Xi = X2. Thus, the 
assumption of two different roots is impossible, and the only root of the 
equation is the one already described. 

35. EQUIVALENT EQUATIONS 

The functions y = x — 3 and y = bx — 15 are different functions. 
Moreover, they have different graphs (Figure 14). However, x = 3 is 
the only root of each of the equations x — 3 = 0 and 5x — 15 = 0. Con- 
sequently, the two equations are said to be equivalent. 

The functions 1/ = x — 3 and y = x^ — 4x + 3 are different functions. 
They have as their corresponding graphs the straight line and the para- 
bolic curve, as shown in Figure 15. 

The only root of x — 3 = 0 is x = 3. There are two roots of 
x^ — 4x + 3 = 0, namely, x = 3 and x = 1. These two equations are 
said to be nonequivalent, even though they have one root, x = 3, in 

39 
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common. In general, two equations that have all their roots in common 
are said to be equivalent; otherwise, they are said to be nonequivalent. 

If we consider the equation, 

a; = 2a; + 3, (1) 

and square both members, we have 

= 4x2 + 12x + 9. (2) 

It can readily be verified that the root of Equation (1) is x *= —3, 
while the roots of Equation (2) are x = — 3 and x = —1. 



Fig. 14 Fig. 15 


Hence, Equations (1) and (2) are not equivalent even though Equa- 


tion (2) was obtained by squaring the members of (1). 

Again, if we square both members of the equation 

Vx + 1 = X — 1, (3) 

we have x + 1 = a^2 — 2x + 1. (4) 

It can readily be verified that x = 0 and x = 3 are roots of Equation 
(4), but (3) has only the root x = 3, since x = 0 does not satisfy (3). 
Similarly, if we consider the equation 

x2 - 7x + 12 = 0 (5) 

and divide each member by x — 3, we have 

X - 4 = 0. (6) 

It can readily be confirmed that the roots of Equation (6) are x = 3 


and X = 4, while the only root of (6) is x = 4. Thus, Equations (5) and 
(6) are not equivalent. 

The purpose of the above considerations is to direct attention to the 
fact that when an equation is derived from another equation by algebraic 
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means the derived equation is not necessarily equivalent to the original 
equation. A general answer to the question as to the permissible oper- 
ations that may be performed upon the members of an equation f{x) =0 
to transform it into an equivalent equation F(x) = 0 will not be given in 
this course. It is important to note, however, that we do not divide both 
members of an equation in a; by a polynomial in a;, lest we lose possible 
roots of the original equation. As a general safeguard, all roots of a 
derived equation should be checked in the original equation, and the 
values of x that do not satisfy the original equation must be discarded. 

Illustration: The equation 

8a; + 23 5a; + 2 2a; + 3 

20 3a; + 4 "" 5 

reduces to 7a; — 84 = 0 after multiplying each member by 20(3a; + 4); 
hence, x = 12 is a root. This root checks in the original equation. 


EXERCISES 25 

Solve the following equations and check the roots. 

1 . 0.05a; + 0.02(a; - 20) = 28.40 

Note: The decimal point may be eliminated by multiplying each member 
by 100. 

2 . 0.03(a; - 10) - 0.04(50 - a;) = 17 

„ 10 15 2 

3. — + = Q 

X 2x 6 

Suggestion: First, multiply each member by the LCM of the denominators. 

3x - 11 5.C - 5 97 - 7x 

4. 21 H — ^ + 


6. a; + 


16 
3a; — 5 


6. 9a; — 


2 


2 ='2 3 

a; — 1 2a; — 2 


8 • 2 
2a; - 4 


= 12a; 


5a: - 7 


7. - = 6 + c 

X 


1 d 

8 . — 

X X 


3a; — 3 , 20 — a; 6a; — 8 4a; — 4 

9. a: ; — + 4 = — r = — + — z — 


a — X 4a — a; , 

10. — r a - h 

b c 

6a; + 7 7x + 13 _ 2a; + 4 

9 ^ 6x + 3 3 

2x 4- 8 13a; - 2 a; _ 7a; a ; + 6 

13. — g 17x - 3 3 “ 12 36 


_ 3a; X 

11. -r — m — c 

b c 


14 . 


a; — 1 
a; + 1 ” a; - 2 ' x 


® +^ = 0 
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X * I ^ A 

* o* — 2ax + a + a; ~ 

16. (a + x){c — 0 ?) — (a — x){c + x) = 2 

17 ^ 1 ^ +i 

i x-% 

23; + 5 a; — 1 5 — x 

* + 9a; + 14 a;^ — a; — 6 a;^ + 4a; — 21 

19 ^ 3 

a; + 3 9 - a;*-* 3 - a; 

20. If 4 = — + — +“ > solve for each letter in terms of the other letters. 

R n r 2 ra 

36. PROBLEMS INVOLVING EQUATIONS OF THE FIRST DEGREE 

The scientist is primarily concerned with mathematics as a tool by 
means of which he may solve problems arising in his profession. Many 
practical problems may be expressed mathematically as equations, where- 
upon the roots may be obtained and properly interpreted. In this chapter 
we shall consider problems of a practical type which may be expressed 
mathematically by equations of the first degree. 

Illustration 1 : How many gallons of a mixture containing 95 per cent 
alcohol must be added to 50 gal of a solution which is 15 per cent alcohol 
in order that the resulting mixture shall contain 25 per cent alcohol? 

In this type of problem it is first desirable to observe the equality that 
will become the basis for the equation which is to be solved. It is apparent 
in this particular problem that one important equality which is involved 
and which may be symbolized is 

Amount of alcohol 
in the tank at the 
start + amount of 

alcohol added = total amount of alcohol finally in the tank. 

The first term of this equality is obviously 0.15(50). The second term is 
not known immediately, since the number of gallons of mixture added to 
the tank is not known. 

Let X = number of gallons of mixture added to the tank. 

Then, 0.95a; = number of gallons of pure alcohol added to that 
in the tank. 

Since there must be (50 + x) gal of final mixture, it follows that 
0.25(50 + a;) = number of gallons of pure alcohol in final mixture. 

Hence, it is now possible to symbolize completely the equality under 
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consideration, thereby obtaining 

0.95a; + 0.15(50) = 0.25(50 + x), 

0.95a; + 7.5 = 12.5 + 0.25a;, 

0.7a; = 5.0; 

so a; = 7y gal. 

This result checks with the conditions of the problem as originally given. 

The following procedure will be helpful to the student in deriving an 
equation essential to the solution of a stated problem. 

(1) Read the problem carefully and reflect upon it. 

(2) Write down in words the fundamental equality that will form the 
basis for the construction of the equation which is to be solved. 

(3) Represent an essential unknown, usually the required quantity, by 
some letter, such as x, 

(4) Express other unknown but necessary quantities only in terms of 
X and the given quantities. 

(5) Completely symbolize the fundamental equality. 

Illustration 2: A water tank can be filled by an intake pipe in 3 hr and 
can be emptied by a drain pipe in 4 hr. How long would it take to fill the 
tank with both pipes open? 

In this problem the basic equality may be chosen as the statement 

The surplus of water to be piped 
into the tank over that drained 
out in the same time = one tank of water. 

It is apparent that the intake pipe can fill one third of the tank in 
1 hr, and the drain pipe empties one fourth of the tank in 1 hr. Conse- 
quently, the intake pipe gains (I — J) of a tank over the drain pipe in 1 hr. 

Let X = time to fill the tank under the conditions of the problem. 
Then, 

x{\ - i) - 1, 



and X = 12. 

EXERCISES 26 

Solve the following problems: 

1 . A number consists of two digits, the sum of the digits being 11. If the 
digits are reversed, the new number is 45 less than the given number. What is 
the given number? 

2. The second digit of a number of two digits is one third the first; and if 
the number is divided by the difference of its digits, the quotient is 15 and the 
remainder is 3. Find the number. 
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8. A train leaves a station and travels at 60 mph. Three hours later 
another train follows it, traveling at 80 mph. How long before the faster train 
will overtake the slower train? 

4. An airplane travels from A to ^ at the rate of 180 mph. After it has been 
gone for 30 min, a second airplane leaves A for B, traveling at the rate of 240 
mph, and reaches jB 1 hr and 5 min ahead of the first plane. Find the distance 
from A to B and the time taken by the first plane. 

6. A man invests part of a principle of $2300 at 3^% and the balance at 
5j% and obtains the same income as if he had invested the entire principle at 
4y%. How much does he invest at each rate? 

6. A has $1250 and B has $500. A spends twice as much money as B and 
then has three times as much left as B. How much does each spend? 

7. An estate of $1872 is to be divided among a mother, three sons, and two 
daughters. The mother is to receive three times as much as each daughter, and 
each son receives one half as much as each daughter. What sum will each 
receive? 

8. If two thirds of a given number is added to one half of it, the sum is 98. 
Find the number. 

9. A beam 28 ft long weighing 500 lb is balanced on a fulcrum by a weight of 
200 lb suspended from one end. How far must the fulcrum be placed from this 
end? 

Note: The weight of the beam may be assumed concentrated at its center. 
According to a principle of physics, the weight on one side of the fulcrum mul- 
tiplied by its distance to the fulcrum must equal the corresponding product 
obtained on the other side, if there is equilibrium. 

10. A beam 20 ft long is balanced on a fulcrum by a weight of 400 lb placed 
at one end. If the fulcrum is ft from this end when the beam is balanced, 
determine the weight of the beam. (See the note in Problem 9.) 

11. A crew has bread for a voyage of 50 days if each man eats only lb a 
day. After 20 days, 7 men are lost in a storm; this makes it possible for the 
remainder of the crew to have a daily allowance of for the balance of the 
voyage. Find the original number of the crew. 

12. Oil of two grades is to be mixed; one grade is worth 22 cents a quart, 
and the other is worth 30 cents a quart. The mixture is to be worth 25 cents a 
quart. How many gallons of each grade are required to make 500 gal of mixture? 

13. A vessel contains 10 gal of an 8 per cent solution of salt. How many 
gallons of water must be boiled off to make it a 12 per cent solution? 

14. A mass of tin and lead weighing 200 lb loses 18 lb when weighed in water. 
It is known that 50 lb of tin loses 4 lb, and 25 lb of lead loses 3 lb in water. Find 
the weight of tin and lead in the mass. 

, 16. A reservoir can be filled by one pipe in 30 min and by another pipe in 

45 min. A waste pipe empties it in 20 min. If both the filling pipes and the 
waste pipe are open, how long will it take to fill it? 

16. A man can harvest a field of grain in 10 days. He and his son can do it 
in 8 days. How long would it take the son to harvest the field if he were working 
alone? 

17. A man has three eighths of his money invested at 5% and the remainder 
at 6%. The total interest amounts to $180 for the year. What sums are 
invested at each rate of interest? 
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18 . A transcontinental airline finds that a trip across the country from west 
to east requires 12 hr, whereas a trip in the other direction requires 13 hr, because 
of the prevailing winds. If the normal speed of one of the planes in still air is 
240 mph, what is the average wind velocity? 

19 . A man shoots at a metal target, and he hears his rifle bullet strike the 
target 3 J sec after it was fired. If the bullet travels 2600 fps and sound travels 
at the rate of 1100 fps, how far away is the target? 



6 


Variation 


37. VARIATION 

When two variables y and x are so related that their ratio is a constant, 
y is said to vary directly as x. Of course, this statement is equivalent to 
the law 

y = mx, 

whe e m is a constant. When y varies directly as x, the word directly is 
often implied and not stated. The same relationship between y and x may 
be expressed by saying that y is proportional to x, since for any two pairs 
of values (xi, yi) and (x2, 2/2) obeying the law y = wx, 

2/1 = mxi and y^ = mx2; 

hence we have the proportion 

yi ^ ^ 

2/2 mx 2 X2 

When the variables y and x are so related that their product is a 
constant, y is said to vary inversely as x. From the algebraic statement 

yx = m, 

where m is a constant, we may obtain 

1 

y — m-* 

X 

Hence, we see that if y varies inversely as x, it varies directly as the variable 
1 /x. Also, any two pairs of values (xi, 2/1) and (x2, 2/2) obeying the law 
yx m satisfy the relation 

y\Xi = 2^2X2, 

yi X2 

or — ~ 

2/2 Xi 

Consequently, the same relationship between y and x may be described 
by saying that y is inversely proportional to x. 

46 
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A variable z is said to vary jointly as the variables x and y if 


or 


2 



z = mxy, 


where m is a constant. 

A variable z is said to vary directly as the variable x and inversely as^ 
the variable y if 



X 

or z — m- 9 

y 

where m is a constant. 

The concept of variation has practical value in many problems in both 
social and physical science. In practical situations it is frequently possible 
to discover the nature of the law of variation, if such a law is actually 
present, by the use of experimental methods. It is then possible to de- 
termine the constant m by obtaining a single set of related values of the 
variables involved in the formula. 

Illustration 1: It is determined experimentally that within certain 
limits the amount of elongation of a coiled spring produced by a force 
acting on one end varies as the amount of the force. If a force of 10 lb 
produces an elongation of 0.25 in., find m. How much elongation would 
he produced by a force of 43 lb? 

Solution: Let e = amount of elongation in inches, 

and P = the number of pounds of force. 

Then, since the variation is direct, it follows that 


e 

P 


= m. 


After substituting the given values of the variables, we have 

0.25 

10 - = ”*’ 

or m = 0.025. 


Therefore, 


I = 0.025, 


for all values of e and P when e is measured in inches and P in pounds. 

The amount of elongation produced by a force of 43 lb is determined 
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by substituting 43 for P in the formula just obtained. Hence, 

e = (0.025) (43) in. 

= 1.075 in. 

Illustration 2: The time required to fill a tank with water through a 
number of pipes of the same diameter, if there is no variation in the supply 
of water, varies inversely as the product of the number of pipes and the 
square of the diameter of the pipes. If three pipes 2 in. in diameter can 
fill this tank in 20 min, how long would it require five pipes, 3 in. in diameter 
to fill it? 

Solution: Let t == time in minutes required to fill the tank, 
n = the number of pipes, 
and d = diameter in inches. 

Then from the nature of the variation as described, 

tnd^ = m. 


After substituting the given values of the variables, we have 
(20)(3)(22) = m, 

or m = 240. 


Therefore, 


tnd^ = 240. 


Of course, the constant 240 is only appropriate when t is measured in 
minutes and d in inches. 

The time required for five 3-in. pipes to fill the tank is readily determined 
by substituting n = 5 and d = 3 in the formula just obtained. Hence, 


240 

5 ( 3)2 


240 

45 


= 5J min. 


EXERCISES 27 

1 . The variable u varies directly as v. Moreover, w = 10 when v = 4. 
Determine u when v = 7. 

2. The variable z varies directly as x and inversely as ?/. If 2 = 3, a; = 9, 
and ?/ == 8 are related values of the variables, determine y when 2 = 1 and x — 12, 

3 . The distance that a body falls from rest varies as the square of the time 
during which it falls. If a body falls 402 ft in 5 sec, how long will it take it to 
fall 1000 ft? 

4 . The horsepower required to propel a ship in still water varies as the cube 
of the speed. If the horsepower is 1000 when the speed is 10 knots, what horse- 
power will be required to produce a speed of 25 knots? 

5 . When electricity flows through a wire at constant temperature, the wire 
offers a resistance to the flow of the current which varies directly as the length 
of wire and inversely as the square of the diameter of its cross section. If a wire 
100 ft long and 0.1 in. in diameter has a resistance of 1 ohm, what will be the 
resistance of a wire 300 ft long and i in. in diameter? 
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6 . It is approximately correct that for an observer in an airplane the distance 
to the horizon varies directly as the square root of the distance of the observer 
above the ground. If, at a height of 100 ft, the horizon is 12.3 miles distant, 
what would be the distance to the horizon from a height of 5000 ft? 

7. If the temperature of a perfect gas is kept constant, its volume varies 
inversely as the pressure to which it is subjected (Boyle^s law). If 2 cu ft of 
gas under a pressure of 20 lb per sq in. is forced into a vacuum tank that holds 
5 cu ft and is allowed to expand to fill the tank, what will be its pressure? 

8 . The period of vibration of a pendulum is found to vary directly as the 
square root of its length. If a pendulum 1 m long ticks seconds, what will be the 
period of vibration of a pendulum 40 cm long? 

9. The strength of a beam having a rectangular cross section varies inversely 
as its length and directly as its breadth and the square of its depth. If a spruce 
beam 16 ft long, 6 in. wide, and 8 in. deep will carry safely 1000 lb at the 
middle, how much will a similar piece of spruce 10 ft long, 4 in. wide, and 6 in. deep 
carry at the middle when used in the same way? 

10. The force with which the earth pulls on a body outside of its surface is 
found to vary inversely as the square of the distance from its center. If the 
surface of the earth is 3960 miles from its center, and if a rocket weighing 1 ton at 
the surface is shot to a height of 100 miles above the surface, what would be its 
weight at that height? 

11. The illumination from a source of light varies inversely as the square of 
the distance from the source. A book held 20 in. from the source is moved closer. 
How far must it be moved so that it will receive twice as much illumination? 

12. The volume of a cube varies as the cube of the edge. Find the edge of a 
cube whose volume is double the volume of a cube with a 2-in. edge. 

13. The lateral surface of a right circular cylinder varies jointly as the height 
and radius of the base. Find the ratio of the lateral surface of a cylinder with 
altitude 10 in. and radius of base 10 in. to the lateral surface of a cylinder with 
altitude 15 in. and base 5 in. 

14. If two right circular cylinders of radius r and equal height are melted and 
cast into a new right circular cylinder with the same height as each of the original 
cylinders, show that the radius of the new cylinder is V2r. 

16. If the radius of a sphere is increased by 10 per cent, by what per cent will 
its volume be increased? 

16. If a plate is mounted in a wind tunnel with its surface at right angles to 
the direction of the air flow, the pressure varies jointly as the area of the plate and 
the square of the wind velocity for a given air density. If the pressure on a plate 
500 sq in. in area is 4.56 lb when the wind velocity is 30 ft per sec, how much pres- 
sure will be exerted on an area of 5 sq ft with a wind velocity of 50 mph? 
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38. SYSTEMS OF FIRST-DEGREE EQUATIONS 

Many practical problems require the determination of a set of two or 
more unknowns that satisfy a system of equations of the first degree. 
The following are illustrations of typical problems which may be solved 
in each case by setting up a system of first-degree equations; also, some 
well-known methods for the solution of such systems are presented. 

Illustration 1: A jeweler wishes to mix 10-carat gold with 18-carat 

gold to make 30 oz of 12-carat gold. How many ounces of each must 

be taken? 

Solution: Let x = number of ounces of 10-carat gold, 

and y = niunber of ounces of 18-carat gold. 

There are two fundamental equalities relating x and y] these are 

Number of ounces 
of 10-carat gold + 
number of ounces 

of 18-carat gold = 30 oz. (1) 

Number of carats in 
required amount of 
10-carat gold + num- 
ber of carats in re- 
quired amount of 18- 

carat gold , ' »= total number of carats. (2) 

lOx = number of carats in x 
ounces of 10-carat 
gold, : j 

18y = number of carats in y 
ounces of 18-carat 
gold, 

the two bade equalities just given may be symbolized as follows: 

a: + y = 30, 

10* + 18y = (30) (12) = 360. 

50 


Since 


and 



( 1 ) 

( 2 ) 
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We must now seek the pair of values of x and y that satisfy both equa- 
tions. 

Equations (1) and (2) may be solved in several ways. The first method 
given is frequently described as the addition or svhtraction method, 

10a; + \Qy = 300 Multiplying the members of (1) by 10 (3) 

10a; + ISy = ^ (2) 

Sy = 60 Subtracting the members of (3) from 
those of (2) 

Hence, y = 7^ oz. 

After substituting 7^ for y in Equation (1), we have 

X = 22§ oz. 

By multiplying the members of Equation (1) by 10 and then subtract- 
ing them from the corresponding members of Equation (2), we were able 
to eliminate the a;, leaving a simple equation in y to be solved. 

Similarly, we could have multiplied the members of (1) by 18 and 
have eliminated the y by subtracting the members of (2) from the corre- 
sponding members of 18a; + ISy = 540. 

A second method for the solution of the system is to solve one of the 
equations for either unknown in terms of the other, and to substitute the 
resulting expression in the second equation. This is usually known as 
the method of substitution. 

Thus, from (1), namely, a; + y = 30, we obtain 

2 / = 30 - a;. (4) 

After substituting this value for y in Equation (2), there results: 

10a; + 18(30 - a;) = 360. (5) 

Equation (5) may be simplified to 

-8x=-180. (6) 

Hence, x = 22^ oz, 

and, consequently, y = 7^ oz. 

The next chapter presents a third method for the solution of such a 
system as we have just considered. 

Illustration 2: Solve the following system of equations: 


4a; + 3y -h 9z = 53, 

(1) 

11a; — 2y + 8z = 75, 

(2) 

6a; + 2 / “f* Sz = 47. 

(3) 


Since the coefficients of y are small in each equation, it appears desir- 
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able to eliminate y first; hence, we have 


-j- 

% + 18z = 106 

Multiplying (1) by 2 

(4) 

33x - 

6j; + 24z = 225 

Multiplying (2) by 3 

(5) 

41x 

CO 

CO 

II 

+ 

Adding (4) and (5) 

(6) 

llx - 

2y+ 8z= 75 


(2) 

12a: + 

2y + lOz = 94 

Multiplying (3) by 2 

(7) 

23a: 

+ 18z = 169 

Adding (2) and (7) 

(8) 


Equations (6) and (8) may now be solved as a system for x and 
and then y may be found by substituting the values for x and z in any one 
of the original equations. 

This is left as an exercise for the student. The solution is a: = 5, 
2/ = 2, 2 = 3. 

Illustration 3: Certain equations that are not of the first degree in the 
given variables may be converted into equations of the first degree. The 
following problem results in such a system of equations. 

A cistern is filled by three pipes. The first and second will fill it in 
72 min, the second and third in 120 min, and the first and third in 90 min. 
How long will it take each of the pipes to fill it? 

Solution: Let x = number of minutes it will take first pipe to fill 
cistern, 

y « number of minutes it will take second pipe to fill 
cistern, 

z = number of minutes it will take third pipe to fill 
cistern. 

= fractional part of cistern filled by first pipe in 1 min, 

= fractional part of cistern filled by second pipe in 1 min, 

= fractional part of cistern filled by third pipe in 1 min. 

Hence, from the given conditions. 


— + — = 1, 

(1) 

X y 

120 120 

h — - = 1, 

(2) 

y z 

90 90 

1 = 1. 

x z 

(3) 



and 
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These equations are not of first degree. However, if we substitute 
u for l/x, w for l/z^ and v for I/ 2 /, we have the following equivalent linear 
system in u, v, and w: 

72u + 72v = 1, (!') 

mv + 120 m ; = 1 , ( 2 ') 

OOm + 90m; = 1. (30 

We may now solve this system for m, y, and w and, hence, know x, 
2 /, and z. 


720« + 720j; = 10. 

Multiplying (!') by 10. 

(40 

720« + 720«) = 6. 

Multiplying (2') by 6. 

(50 

720m - 720w = 4. 

Subtracting (5') from (4'). 

(60 

720m + 720w = 8. 

Multiplying (3') by 8. 

(70 

1440m = 12. 

Adding (6') and (7'). 



Hence, u = ; therefore, x = 120 min. Similarly, v and w can be 

found, and then we can determine y and z. 

Obviously, the given system, though not linear, can readily be solved 
by treating the equations as linear in 1/x, 1/y, and \/z. Thus, 


720 


Multiplying (1) by 10. 

(4) 

X 

y 

720 

+ 6 . 

Multiplying (2) by 6. 

(6) 

y 

z 


720 

720 _ ^ 

Subtracting (5) from (4). 

(6) 

X 

2 

720 

+ 

\s 

11 

00 

Multiplying (3) by 8. 

(7) 

X 

z 



= 12. 

Adding (6) and (7). 



X 


Hence, as before, x = 120 min. 

After substituting x = 120 in Equation (1), we have 

Z? = 1 - — 

y 120* 

The solution of this equation provides the result 

y = 180 min. 
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After substituting y = 180 in Equation (2), we have 

120 ^ 120 

2 180 ' 

or 2 = 360 min. 

Note: The student should check the solution in each equation of the 
original system. 


EXERCISES 28 

Solve the following systems of equations, and check your solutions: 


1. 39a; - St/ = 99 

2. 

8a: — 5?/ = 0 

52a; — I5y = 80 


13x -Hy = 1 

3. 2x 4- 2/ = 17 

X — 2y = 1 

4. 

3 ^_,,- 5 , 4.-3 

1(2. 5). 

0 o 

_ a; 4-1 1 

6. 

O.Sx 4- 0.17/ = 0.19 

» -3 


0.6x 4- 0.97/ = 0.39 

X 1 



1 

4- 


+ 6y = 9 

7. kh 4- m^y = 0 

8. 

kx my k m 


...in ... o 


7 / 4-9 __ X — 2 
10 3 


».|-12-«+8 

-t- 07/ 

10. =* y 

>+>+i 8-^-'+27 

0 o 4 


11. ^-^- = 6 

X y 


X y 

5a; 37/ ^ 

13. 2x - 52/ - 72 = 19 

14. -X - 137/ -f 52 = 3 

5x 4- 22/ — 32 = 33 

6a; 4- 27/ 4- 32 = —9 

3x — 72/ 4- 42 = —14 

3a; — 52/ — 22 = 15 
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Solve the following problems: 

16. Find the rational fraction such that if we add 2 to the numerator, the 
fraction equals but if we add 3 to the denominator, the fraction equals 

17. A man rows 30 miles and back in 12 hr. He can row 5 miles with the 
stream in the same time that he can row 3 miles against the stream. Find the 
time required to row up the 30 miles and down, respectively. 

18. A power boat whose speed is 30 mph in still water makes a trip of unknown 
length downstream in 45 min; another boat whose speed is 20 mph in still water 
makes the same trip in 65 min. Find the length of the trip and the rate of the 
stream. 

19. A and B together received $346 wages for working 25 and 16 days, respec- 
tively. If A had worked 20 days and B had worked 18 days, they would have 
received $308. What were the daily wages of ea(;h? 

20. A grocer offered to sell 50 lb of coffee and 100 lb of sugar for $23, or 10 lb 
of coffee and 5 lb of sugar for $2.95. Find the price per pound of each. 

21. A man receives $3000 yearly interest on his money. If he had loaned the 
same amount of money at I per cent higher interest, he would receive $300 more 
interest. Find the amount of money which w’as invested and the rate of interest. 

22. The sum of the three angles of any triangle is 180 degrees. If one angle 
of a triangle exceeds half the sum of the other two angles by 21 degrees and 
half their difference by 56 degrees, what are the angles? 

39. GRAPHICAL REPRESENTATION OF A SYSTEM OF TWO LINEAR 

EQUATIONS 

If we graph on the same set of axes the two straight lines which 
represent, respectively, the two equations of the following system 

X + 2/ = 30 

lOx + ISy = 360, 


we obtain Figure 16. 

Obviously, the associated values of 
X and y which satisfy both equations 
are the coordinates of the point com- 
mon to both lines. A careful construc- 
tion would show the coordinates of 
this common point to be x = 22^ and 
y — This same system of equations 
was solved previously in Illustration 1 of 
Section 38, and the same results were 
obtained. 

The method employed in this 
problem is general in its application; 

that is, the coordinates of the point of intersection of two straight lines 
representing a system of two linear equations in two unknowns are the 
values of x and y which satisfy both equations. 
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Solve graphically the first six problems of Exercises 28. 

40. CONSISTENT SYSTEMS OF LINEAR EQUATIONS 

We have just seen that the equations of Section 39 are satisfied by a 
single pair of values of x and y, and that the lines of the equations are a pair 
of intersecting lines. 

If we attempt to solve the system of equations 

Sx + 4y = 8 (1) 

6x + 81 / = 16, (2) 

we find that both x and y are eliminated, and the result is merely a state- 
ment that two equal numbers are equal. It is apparent that Equation (2) 
furnishes no information about x and y that is not given by Equation (1); 
for Equation (2) may be obtained from (1) by multiplying each member 
by 2. The actual equivalence of the two equations is made even more 
obvious by the fact that their graphs are the same straight line; thus, a 
pair of values satisfying Equation (1) will also satisfy (2). 

Whenever a pair of linear equations are satisfied simultaneously by 
one or more pairs of values of x and y, they are said to be consistent. If 
they are satisfied simultaneously by only a single pair of values of x and y, 
they are called consistent and independent. If they are both satisfied for all 
values of x and y that satisfy one of them, they are called consistent, but 
are dependent. In other words, whenever the lines representing a pair of 
linear equations intersect in one point or are identical, the equations 
are consistent. If the lines intersect in only one point the equations are 
consistent and independent. If the lines are identical, the equations are 
consistent and dependent. 

41. INCONSISTENT SYSTEMS OF LINEAR EQUATIONS 

If we attempt to solve the following system of equations: 

3x + 4y = 7 (1) 

Qx + Sy= 15, (2) 

we meet an unusual situation. 

After multiplying the members of (1) by 2, we have Equation (3) 
which is: 

6a; + 8y = 14. (3) 

Equations (3) and (2) cannot be true simultaneously, for that would 
require 14 to equal 15, which is impossible. Hence, we say the pair of 
Equations (1) and (2), or the equivalent pair of Equations (3) and (2), is 
an inconsistent pair of equations. 

If we attempt to solve an inconsistent pair of equations we always find, 
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as in the previous example, that both x and y are eliminated and the 
resulting equation requires the equality of two unequal numbers, which 
is impossible. Hence, there is no common pair of values of x and y that 
will satisfy both equations. 

The slope of each of the lines (1) and (2) is — but the y intercepts are, 
respectively, i and Hence, it is apparent that the lines are distinct 
and parallel. Whenever two lines are distinct and parallel, the two 
equations corresponding to the lines are said to be inconsistent. 


EXERCISES 30 


Solve each of the following systems of equations. In each case, state if the 
system is consistent and independent, consistent and dependent, or inconsistent. 


1 . 5a; - 3?/ = 7 
10a; -f 6?/ = 9 
3 . 4a; — 7 ?/ = 9 
10a; — 14y = 18 

6. 1 / = 2a; + 7 
y = 3x — 5 

7 . 2 / = 3a; — 7 
32/ = 9a; — 21 


5 4 


11. a; 4- ?/ == 0 
3a; - 8 = 0 


2. 5x — 32/ = 7 
lOx ~ 62/ = 18 
4 . 8x 4- 32/ = 5 
7x — 2y = 5 
6 . 2 / = 2x 4- 7 
2 / == 2x 4- 8 


8 . 5 +^ = 1 

5 4 

10 ^8 

10. 7x 4 - 82/ = 6 
8x - 32/ = 5 


12. 52/ 4- 6 - 0 
32 / - 11 = 0 


13. The perimeter of a triangle is 39 in. One side is 13 in. less than the sum 
of the other two; and one of these two is three times as large as the difference of 
the remaining two. Find the length of each side. 

14. A and B together can do a piece of work in 20 days; at the end of 12 days, 
B is called off and A finishes it in 20 days. Find the time in which each could 
have done the work alone. 

15. A and 5 do a piece of work in 12 days; B and C do the same piece of work 
in 20 days; A and C do the same piece of work in 15 days. How long will it take 
each to do the work alone? 

16. A gunner fires at a target 500 yd away and hears the bullet strike 2^ 
sec after he fires. An observer stationed 400 yd from the target and 300 yd from 
the gunner hears the bullet strike 1^ sec after he hears the report of the rifle. 
Find the velocity of sound in feet per second and the velocity of the bullet in feet 
per second. 

17. A and B run two quarter-mile races. In the first race A gives B 20 yd 
start and wins by 5 yd. In the second race A gives B a start of 5 sec and loses 
by 5 yd. Find the rates of A and B in yards per second. 
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18. An alloy of metal which weighs 50 lb loses 7 lb when weighed in water. 
If this alloy is composed of two metals, which we may call A and B; and if it is 
found that a 50-lb piece of A loses 5 lb when weighed in water, and a 50-lb piece 
of B loses 10 lb when weighed in water, how much of each metal is there in the 
alloy? 

19. A bar of metal contains 18.22 per cent pure silver, and a second bar 
contains 10.57 per cent. How many ounces of each bar must be used if, when 
the parts are melted together, a new bar weighing 100 oz is obtained, of which 
15 per cent is pure silver? 

20. A power boat whose speed in still water is unknown makes a trip of 
unknown distance in 75 min and the return trip in 1 hr and 40 min. The rate of 
the stream is 5 mph. Find the rate of the boat in still water and the distance. 

21. One half the distance from A to is level ; the other half is part uphill 
and part downhill. A messenger can travel 6 mph uphill, 12 mph on the level, 
and 18 mph downhill. If it takes him 2 hr and 40 min to go from A to B and 2 hr 
to return, what is the distance from A to B, and how much of it is uphill? 
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42. DETERMINANTS OF THE SECOND ORDER 

The square array of quantities enclosed within two vertical bars 

A 2 B 2 

is called a determinant of the second order and means, by definition, A 1 B 2 
— A2B\» 

Thus, the symbolic form 

8 5 

-7 -6 

means 8(— 6) — (—7)5 = —13. 

Similarly, the symbolic form 

(a + 6) c 
• 1 6 

means 5a + 5b — c. 

The solution of the system of equations 


Aix + Biy = Cl ( 1 ) 

A2X + B2y = C2, (2) 

when A 1 B 2 — A 2 B 1 0, leads to the system 

A\B2X + BiB2y = C\B2 (3) 

A 2 B 1 X + BiB2y = C 2 B 1 , (4) 


if each member of (1) is multiplied by B 2 and each member of (2) is multi- 
plied by Bi. When the members of (4) are subtracted from the cor- 
responding members of (3), the value of x is found to be 

^ C1B2 - C2B1 
A1B2 — A2Bi 

It also may be determined that 

A 1 C 2 — 

^ AiB2 — -^. 2^1 

59 
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These two results may be displayed in convenient form through the use 
of determinants; in fact, they may be written 


Cl Bi 

Ct 

and y = 

Cl 

At Cl 

Ai B, 

Ai Bi 

Az Bz 


Az Bz 


This method for the solution of a system of two linear equations may 
be applied in almost mechanical fashion. For instance, let us consider the 
system 

5z — Sy = 5, 

Sx + 9y= 11. 

The desired values of x and y may be written down immediately in symbolic 
form as follows: 


5 

-3 


5 

5 

11 

9 

and y = 

8 

11 

5 

-3 

6 

-3 

8 

9 


8 

9 


The evaluation of these forms leads to 

^ (5)(9) - (ll)(-3) ^ ^ 

® (5) (9) - (8) (-3) 23’ 

(5)(n) - (8)(5) 5 

^ (5)(9) - (8)(-3) 23' 

Attention is directed to the form of the general solution involving the 
determinants. It may be seen that the expressions for x and y have the 
same determinant as a denominator, namely, the determinant 

Ai B, 

A2 Bz ' 

which is made up of the coefficients of x and y in their natural order as 
they appear in the given equations. It is also seen that the numerator of 
the expression for x is obtained from the determinant of the denominator 
by replacing Ai, Az (the coefficients of x) by Ci, C 2 . Similarly, the numer- 
ator of y is obtained from the determinant of the denominator by replacing 
Bi, Bz (the coefficients of y) by Ci, Cz^ These observations should assist 
in setting up the desired determinants. 

We note that when the denominator determinant equals zero, the 
system of equations can not be independent. In this case one should 
consider the numerators of the expressions for x and y. If neither or only 
one of these determinants is zero, the pair of equations is inconsistent; 
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but if both of these determinants are zero, the pair of equations is con- 
sistent and dependent. 

Thus, for the equations 

3rc + % = 4 


3a; + 52/ = 11 

the required denominator is 

3 5 ^ 

The numerator of the value of x is 

L| I = 20 - 55 35 0, 


and the numerator of the value of y is 


3 4 
3 11 


33 - 12 = 21 0. 


Hence, the equations are inconsistent. 
For the equations 


3x + 0 • 2 / = 4 


6 a; + 0 • 2 ^ = 11 


the required denominator is 


3 0 
5 0 


= 0 . 


The numerator of the value of x is 

4 0 
11 0 


0 , 


but the munerator of the value of y is 


3 4 
5 11 


13 5*^0. 


So these equations are also inconsistent. 

For the system, 

3x + 62 / = 10 
6 x + I2y = 20 

both the numerator and denominator in the value of x and of y are zero. 
It follows that the equations are consistent, but dependent. 


EXERCISES 31 

Solve the first twelve problems of Exercises 28 by the determinant method. 
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The square array 

Ai Bx Cl 
A2 B2 C2 
A2 Bs Cz 

is called a determinant of the third order and means, by definition, 

A1B2C $ “h AzBzCi 4“ AzBiCz — AsBzCi — AzBiCz — AiBzCz* 
Thus, in the determinant 



8 

5 

6 



7 

9 

5 



6 

4 

2 


00 

II 


= 

5 

Cl = 6 

Aj = 7 


= 

9 

C 2 = 5 

A, = 6 


= 

4 

C, = 2. 


Hence, the value of the determinant is 

(8) (9) (2) + (7) (4) (6) + (6) (5) (5) - (6) (9) (6) - (7) (5) (2) 

- (8) (4) (5) = -92. 

However, it is easier to remember the evaluation of 

.4x Bi Cl 
A2 B2 C2 
Az Bz Cz 

as the sum of the first, second, and third products in the following diagram 
minus the sum of the fourth, fifth, and sixth product of the next diagram; 
that is, 

(A1B2C3 -}- AzBzCi -f- AzBiCz) — {AzBzCi -f" AzBiCz 4 " AiBzC^. 


Sfh product 
5th prdduct 
4th product 
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Thus, the determinant involving the following array of numbers, 



has the value 

[(8)(5)(-3) + (5)(9)(-l) + (4)(2)(0)J 

-[(4)(5)(~1) + (5)(0)(-3) + (8)(2)(9)] 

= (-120 - 45 + 0) - (-20 + 0 + 144) = -289. 

44. SOLUTION OF SYSTEMS OF THREE FIRST-DEGREE EQUATIONS BY 
USE OF DETERMINANTS 

By using methods that have already been discussed, the solution of 
the system of equations 


AxX 4 - Biy + Ciz = Di 

( 1 ) 

A 2 X 4 “ Bzy 4 " = D 2 

( 2 ) 

AzX 4 - Bzy + CzZ = Dz 

( 3 ) 


is found to be 

D1B2C z -f* DzBzOi -f" BzBiOz — DzBzCi — BzBiCz — BiBzCz 

A1B2C z -f- A2B3O1 + A3B1C2 — AzBzCi — A2B1C z — AiBzC^ 

AiDzCz 4" A2DzC\ 4" AzD\C2 — AzBzCi — A 2 -D 1 C 3 — A^DzC^ 

^ A1B2C/ z 4 " A2BZC1 4 " AzBiC'i — AZB2C1 — AzBiCJ z — A\BzC 2 

A 1 B 2 DZ 4 " A2BzB\ 4 " AzBiD2 — AzB2l)\ — AzBiDz — AiBzD2 

AiB^Cz 4 " AzBzCi 4 " AzBiCz — A3B2C1 — A2B1C3 — AiBzC 2 

If we compare the numerator and denominator of these values of 
Xy yy and z with the development of a determinant of the third order, and 
if we designate 

Ax Bx Cx 
A2 B2 O2 
Az Bz Cz 


by A and assume A 5 ^ 0, 
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the solution may be written 


A 


Cl Ar 

A 

Cl Ai 

A 

A 

A 

A 

Ct At 

A 

Ct At 

A 

A 



Cz Az 

Dt 

Ct At 

Bt 

Dt 


A 

jV — 

A 

,z — ■ 

A 



The rules for the formation of the determinants for the common 
denominator of the solution for x, y, z, and the different numerators of the 
solution are exactly as given previously for the solution of two equations 
in two unknowns. 

This same method applies to the solution of n first-degree equations 
in the same n unknowns, when the determinant of the common denominator 
of the solution is not equal to zero. It should be emphasized at this point, 
however, that no general method of expanding a determinant of any order 
has yet been discussed. 

lUustrationx Solve the following system: 

^ — 3y =7 
2x + y Zz = 8 
5a; — y + 9z = 14. 


It should be noted that in the first equation the unknown z does not 
occur; hence, the coefficient of z in that equation is 0. The required 
solution is 



384 128 

105 ” 35 ' 


- 117 ^ 39 ^ 

105 ” 35 " 


-63 ^ _ 21^ 
105 “ 35’ 
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EXERCISES 32 

Solve the following systems of equations by determinants, and evaluate the 
determinants. 


1. 3a; + 2y — 4« = 16 
6a; — 32/ + 22= 28 
—a; + 32/ + 42 = 24 
3. 4a; — 72/ + 2 = 16 
3a; + 2/ — 22 = 10 
6a; — 62/ — 32 = 10 
6 . 3a; — 2 = 0 
a? -f 52/ = 6 
2/ +2 = 7 



3 


a; 

4 

y 


2. 4a; + 62/ — 32 = 17 
a? + 72/ + 2 = 36 
5x + 132/ + 42 = 82 
4. a; + 2/ = 4 
2/ + 2 = 5 
a; +2 = 7 



3 _4_5 
X y z 


2 / 5 

5^1 
2 3 


8. Three men, Ay B, and C, were solicited to give money for a certain 
charity. A agreed to give half as much as B and C combined. B said he would 
give $1000 more than A and C combined. The solicitor finally raised $9000 
from the three men. How much did each give? 

9. In the theory of electricity it is a fundamental principle that the reciprocal 
of the total resistance of any number of conductors connected in parallel is the 
sum of the reciprocals of the individual resistances. The total resistance of 
three resistances connected in parallel is 4 ohms. Moreover, the greatest 
resistance is twice as many ohms as the smallest resistance and is 1| times as 
many ohms as the third resistance. What is the magnitude of each resistance 
in ohms? 


45. SOME PROPERTIES OF DETERMINANTS 

A general analysis of the meaning and significance of determinants can- 
not be undertaken in an elementary text. Suffice it to say, the general 
subject of determinants has been the object of much research, and many 
interesting properties have been discovered. For convenience in calcula- 
tion we shall record in the following paragraphs a few elementary properties 
of determinants. 


Property T, The value of a determinant is not changed when corresponding 
rows and columns are interchanged. Thus, 



Bt 

Cl 


Ax 

As 

A, 

Ai 

Bi 

C2 

= 

Bi 



A* 

B» 

c* 


Cl 

Cs 

c» 
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Property 2 . Interchanging any two rows (or columns) of a determinant 
changes the sign of the determinant. Thus, 


A, 


Cl 

B, 


Cl 

Bi 

Ai 

Bi 

As 

Bs 

Cs 

Bs 


Cs 

Bs 

As 

Bs 

As 

B, 

Cs 

B, 


c, 

B, 

Az 

B, 

As 

B« 

Cs 

Bs 


Cs 

Bs 

As 

Bs 


Property 3 . If two rows (or columns) of a determinant are identical^ the 
determinant is equal to zero. 

This may be proved as follows: An interchange of two identical columns 
(or rows) obviously does not change the value of the determinant. But 
according to Property (2), if the value of the original determinant is A, 
then the interchange of the two identical columns (or rows) yields 
A = —A or 2A = 0; 
so A = 0. 


Property 4, If each dement in any row (or column) is multiplied by the 
same factor, the determinant is multiplied by that factor. Thus, 


MAi MBi MCi 
A2 B2 C2 
As Bz Cz 


= M 


Ai Bt Cl 
A 2 B 2 C 2 • 
Az Bz Cz 


Property 5 . The value of any determinant is not changed if each element of 
any row (or column) multiplied by any factor M is added to the corresponding 
element of any other row (or column). Thus, 


Ai Bi 

Cl 


Ai + MBi 

Bi 

Cl 

A2 B2 

Cs 

= 

A2 “h MB2 

B* 

Cs 

Az Bz 

c. 


Az + MBz 

B, 

c. 


This property follows from the fact that 


Ai 4 - MBi Bi Cl 


Ai Bi C, 


Bi Bi C, 

A2 "f" MB2 B2 C2 

= 

As Bs Cs 

+ M 

Bs Bs Cs 

Az "b MBz Bz Cz 


A, B, C, 


B, B, C, 


The last determinant is zero by Property (3); hence, Property (5) is 
true. 

If we select the proper value for Af, the application of this property 
enables us to replace the original determinant by another determinant in 
which one or more of the elements are zeros. The expert in the use of 
determinants may use this device repeatedly for the purpose of simplifying 
a determinant before obtaining its evaluation. 

Property 6, If in a determinant of any order n, swch as 

Ai Bi • • • Ij\., 

A2 B2 • • • L2 


An Bn • • • Ln 
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we exclude ike row and the column containing Ai, the determinant of order 
(n — 1), which remains^ is called the minor of Ai and may he designated by 
M(Ai). If we exclude the row and the column containing Li, the deter- 
minant of order (n — l) which remains is called the minor of Li and is 
designated by M(Li). Similarly a determinant of order (n — 1) may be 
designated as the minor for each element of the determinant. We now 
state, without proof, that 

A = A,IM{A,)] - A2[M(A2)] + • • • + (-l)"+iAn[ilf(An)], 
or A = AilM(Ai)] - + • • • + (-l)»+^Li[M(L0]. 

It is observed that, as these products are written in order with respect 
to the elements down the left column or across the top row, the signs pre- 
ceding the products alternate. 

Similarly, we may expand the determinant by minors relative to the 
elements of any column (or row) by multiplying the elements of any column 
(or row) by their corresponding minors and prefixing a plus or minus sign 
according as the sum of the number of the column and the number of the 
row of the element is even or odd. Thus, for example, 

A = ^BAM{B,)] + B2[M{B2)] db Bn[MiBn)l 

A = +Ci[M(Ci)] - C2lM(C2)] + • • • ± Cn[M{Cn)l 


If, as an illustration, the determinant under consideration is 

Ax B, Cl Di 
. ^ A2 B2 C2 B2 
Az Bz Cz Dz ^ 

A4 C4 Z>4 

then 



B2 C2 D2 

r 

A2 Ci Bz 

> 

II 

Bz Cz Bz 

-B, 

A, C, Di 


Bi Ca Di 


Ai Ci Di 



A2 B2 D2 


A2 B2 C2 

+ Ci 

As Bz Dz 

-Di 

As Bz Cz 


Ai Bi Di 


Ai Bi Ci 


By virtue of this very important property, a determinant of the nth 
order may be replaced by the algebraic sum of n determinants of order 
(n — 1); each of these latter determinants may be replaced by the sum 
of (n — 1) determinants of order (n — 2); and so on. This operation 
provides us with a general method for the evaluation of a determinant of 
any order. 
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Illustration: Evaluate the determinant % 

2 3-46 

3 5-17 

2 1 0 3* 

-10 4 2 

The evaluation of this determinant by the use of minors would involve 
the expansion of four determinants of the third order. However, if we 
apply Property (5), we may select various values for M so that a row or a 
column of the derived determinant may have as many as three zeros as 
elements. 

Thus, if we replace column 1 (numbered from left to right) by elements 
obtained by adding —2 times the elements of column 2 to the respective 
elements of column 1, we have 


-4 

3 

-4 

6 

-7 

5 

-1 

7 

0 

1 

0 

3 

-1 

0 

4 

2 


If we then replace column 4 by elements obtained by adding —3 times the 
elements of column 2 to the respective elements of column 4, we obtain 

-4 3 -4 -3 
-7 5 -1 -8 
0 1 0 0 * 

-10 4 2 

Developing this determinant by the use of minors with respect to the 
third row, we have in this case only the one determinant 

-4 -4 -3 

-1 -7 -1 -8 =-1(8 + 84 - 32 + 3 - 56 - 128) 
-14 2 

= 121 . 

As an alternate method, starting with the original determinant, we can 
obtain a new determinant containing three zeros in column 1 by adding 
2 times the elements in row 4 (numbered from top to bottom) to the 
elements in row 1 ; 3 times the elements in row 4 to the elements in row 2; 
and 2 times the elements in row 4 to the elements in row 3. This gives 

0 3 4 10 

0 5 11 13 
0 18 7* 

-10 4 2 

Writing the minors of this determinant with respect to column 1, we 
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"have in this case only the one determinant 
3 4 10 

1 6 11 13 = 231 + 400 + 52 - 110 - 312 - 140 , 

1 8 7 1 

= 121 . 

This method serves as a check upon the solution obtained by the 
previous method. 
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8. Expand the determinant that follows and solve the resulting equation 
for x; check your result: 


2x3 1 

1x2 3 

2 4 7 6 

3 0 1-1 


= 0 


9. Expand the determinant and solve the resulting equation for x; check 
your solution. 

X -1 1 0 

3 -2x 2 2 _ ^ 

4 0-1 3 - ” 

0 X - 1 2-1 


Solve each of the following systems of four equations by the use of determi- 
nants. 


10. 2x — 32/ — 52 -h == 17 
3x— 42/ 4- 22 — 2itf = 8 
X 4- 2/ — 22 -f 3u) = 15 
— ^ 4- 6u;= —40 


11. X 4- y — 22 = 
2/ — 32 + li? = 
2x — 5u) * 20 
3x — 22/ = 21 


12. 13x - 72/ - 22 = 15 
2x 4* 52 — 2ii) = 8 
6x — 42 4- 5ti; = 6 
32/ — 7u> = —5 


-6 

-17 
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46. THE FUNDAMENTAL LAWS OF POSITIVE INTEGRAL EXPONENTS 

When n is a positive integer, a" is defined as the product of n factors, 
each equal to o. Thus, a® is an abbreviation for the product a - a - a. 
By definition, a} = o. The number a is called the base and the number n 
the exponent 

Since = a • a and = a - a, it follows that 0^-0* = 

(a • o)(a • a • a) a • a • a • a ‘ a = In general, a”* • o" + if the 
exponents are positive and integral. In a somewhat similar manner, by 
returning to the definition of a positive integral exponent, it is easy to 
demonstrate all the following fundamental laws involving the use of 
positive integral exponents. 

I o’” • o" = 

II a*" -5- o’* = (when n is less than m) 

= (when n is greater than m). 


III (o«)»‘ = 

IV (06)*" = 


V 



a'"' 


47. ZERO EXPONENTS 

In order that we may have a meaning for 0°, we shall require that 
Law I of Section 46 shall hold for all exponents. Consequently, 

= 0**+® = a\ 


If o 5^ 0, we may solve the previous equation for a® and obtain 



It appears, therefore, that o® must be defined as 1. 
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48. NEGATIVE EXPONENTS 

Again requiring that Law I of Section 46 shall hold, whatever may 
mean, it follows that 

= a® = 1. 

Hence, if a 5 ^ 0, 




49. FRACTIONAL EXPONENTS 

The meaning to be associated with a fractional exponent may be deter- 
mined by means similar to those employed in finding meanings for zero 
or negative exponents. Assuming that Law I of Section 46 holds, we 
would have, for example, 

= o, 

and __ ^ 

From this it is seen that may be regarded as one of two equal factors 
of a, and is one of three equal factors of a. Thus, is defined as 
a square root of a, and is a cube root of a. 

If o is positive, we know that it has two square roots, one positive and 
one negative. Therefore, is still ambiguous in meaning; hence, we 
shall limit to mean the positive square root of a and write = Va, 
where the plus sign before the radical denoting square root is always 
implied. If we wish to express the negative square root of o, where a is 
positive, we must write — or — Vo. 

If o is negative, its square roots are not real numbers, since the product 
of two equal real numbers is always positive. We shall consider this case 
later in the text. 

If a is positive, it has one real cube root and that is positive; hence, 
we write 

o^ = Vo. 

If o is negative, it has one real cube root and that is negative; but we 
still write 

o^= V^. 

Similarly, o^^" where o is positive and n is an even positive integer 
means the real positive nth root of o. We write = Vo, where the 
plus sign before the radical is implied. If we wish to express the real 
negative nth root of o, we write — Vo. If in n is an odd positive 
integer, then o^^” = Vo is positive if o is positive, but = Vo is nega- 
tive if o is negative. 
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In general) the real positive nth root of a, where a is positive and n 
is even, is called the principal nih root of a. 

Thus, (3^)^ = 3* = 9; but, on the other hand, (3^)^ = 9 only if we 
restrict the left member to being the principal square root of 3*. 

The exponential form a”*'”, where m and n are positive integers, is 
defined to mean Moreover, under the restrictions implied in this 

treatment, == Thus, 

(-8)^ = = 4, 

and (~8)^ = (“-8)^ - = 4. 

Also, (-8)^^ = (v^)*' = -32, 

and (-8)^^ = = ~32. 

Meanings have thus been associated with zero, negative, and frac- 

tional exponents by assuming that the first of the five fundamental laws 
for positive integral exponents holds. If only positive bases are con- 
sidered, it is now possible to prove that all powers with rational exponents 
follow the remaining four laws. It is even possible to use irrational 
exponents in a way consistent with these laws. However, because of the 
diflficulty involved in some of these demonstrations, we shall assume 
without proof the following fundamental principle. 

Positive bases with zero^ negative^ and fractional exponents obey the five funda- 
mental laws for positive bases with positive integral exponents. 

The student should be careful to note that the meanings for zero and 
fractional exponents are essentially definitions, since they are based upon 
the requirement that Law I of Section 46 holds. 

The following illustrations demonstrate the application of the laws of 
exponents to numerical examples. 

Illustration 1 : Simplify 4^ • 16“^ • 64“^. 

After recalling the meaning of a negative exponent, we have 

J L. 

^ 16« 64« 

Since, however, 4^ = Vi = 2, 16^ = (Vl6)’ = 8, and 64^ = = 4, 

we may further simplify the product to 

2 • i • i = A. 

Illustration 2: Write the following algebraic expression without nega- 
tive exponents and in a simple form: 

Za-^h^<r^ 


7a-*6-‘c3 
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We have 



7 • 2 * ^ 

0 


ac^ 

7? 

a% 


3a6» 
7c8 ‘ 


Illustration 3: Write the following expression without negative expo- 
nents and in a simple form: 

6x~2 - (3x)-i. 

We have 

6 1 15 - X 

— or 

x* 3x 3x2 


EXERCISES 34 

Write each of the following expressions without the use of fractional or nega- 
tive exponents, and reduce the result to a simple form: 


3. 8“^ 

6- (-32)’^ 

7. 

9. 

11. 7x-^ 


2 . 

4. 

6. (W)-« 

8. (0.36)-« 
2x-V^^< 

6xV‘*~‘ 

12. o* • 6* • c* • 


Perfotm the indicated operations and express your results in a simple form 
without the use of negative exponents. 


2-» + 6-‘ 

16. 5*-» - 10®-» 

17. (r‘ + 2ar* + 3a“* 

18. (640-W*)-’* 

81 

2 2-1 

23. (o-«-6-«a-6«)-* 

26. (9o’* • 6-W)-44 

27. (a® - 


* 2 + 2 * 

*-» + y-» 

18 1 

o-» - 2o-» - 3o-‘ 
„ o-‘6*x-* — 2o-*6V 
o-®x-> - 2o-‘j/» 

22 . • 5“2 • a •b^ 




26. (-27o-«-6*c-^)-H 
28. (0-5^ — + b~^) 

4a-* - 96-* 

3o + 26 
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Multiply the following: 

31. by - 6^ 

32. + 2 /® by 

33. -f by 


50. RADICALS 


We have assumed that the student is familiar with the fact that the 
i^mbol (n, a positive integer) is called a radical sign. A bar is usually 
written over the number affected by the radical sign; this bar is a vinciUum, 
a sign of aggregation. 

We reserve the name of radical for (when n is a positive integer and 
a is a real number) if cannot be reduced to a rational real number. 
Thus, from our definition, Vi and are not radicals. 

Special attention is called to the fact that since the radical sign denoting 
square root calls for the positive square root of a positive number, 

V(x - ly = X - ly if x> 1, 

= 1 — rr, if X <1; 

^ l(x - 2)2 X -2 

\ x^ x^ 



if 


X <2. 


In such an expression as bVa, where Va is a radical and b is any con- 
stant, o is called the radicand; n the index; and b the coefficient of the 
radical. 

A radical is said to be in its simplest form when 

(1) The radicand is an integer; 

(2) The radicand contains no factors raised to powers equal to, or 
greater than, the index of the radical; 

(3) The radicand is not a power whose index has a factor in common 
with the index of the radical. 

Thus, the radicals V|, and Vo« are not in their simplest form 
because they do not meet the requirements (1), (2), and (3), respectively. 

51. SIMPLIFICATION OF RADICALS 

Certain radicals can be simplified by means of one or more of the follow- 
ing reductions: 

(1) Reduction of a Fractional Radicand to the Integral Form. This 
reduction can always be performed as follows: If the radicand is not a 
single fraction in its lowest terms, put it into that form. Then, if the 
radical is of index p, make the denominator of the radicand a perfect pth 
power by multiplying the numerator and the denominator of the fraction 
by a properly chosen number. The original radical is equal to the pth 
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root of the resulting numerator divided by the pth root of the resulting 
denominator^ which is rational. Thus, for example, 

j2_ le \/6. 

Va \9~ 3 ‘ 

(2) The Removal of Factors from the Radicand. This reduction can be 
made only when the radicand contains factors to powers equal to, or 
greater than, the index of the radical. The follomng examples illustrate 
the usual procedure. 

Examples. Vs = \/4 • 2 = Vi • V2 = 2 V2. 

VM = V 27 ^ = • Vi = 3 Vi. 

V(a - by = V(a - by- Vi^ = (a - b)\^Ja - b). 

(3) The Lowering of the Index of the Radical, When the radicand is 
a power whose index has a factor in common with the index of the radical, 
the radical is equal to another radical of lower index. 

Example: Vo^ = 0^ = 0^ = Va^. 

In some problems it is desirable to introduce factors into the radicand 
or to increase the index of the radical. 

Examples: 4-^ = </U ■ 

52. ADDITION AND SUBTRAaiON OF RADICALS 

Definition: Two or more radicals are said to be similar if, when simplified, 
according to the meaning of this term as given in Section 50, they have 
the same index and the same radicand. 

For example, 2V5 and 3 Vs are similar, as are also and 3V^. 

An expression involving two or more radicals can sometimes be simpli- 
fied by first simplifying each radical and then combining the similar 
radicals in the way illustrated in the following examples: 

Examples: 

2-\/98 - 3v^ + V72 = UV2 - 15 V 2 + 6 V 2 = 5 V 2 . 

2V^ - 50-V/3 + V32 - V108 = uV 2 - 50v^ + 4V2 - eVz 

■= 18V^ - 56\/3. 

It should be observed that the sum or difference of two dissimilar 
radicals cannot be expressed as a single radical. 
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53. MULTIPLICATION OF RADICALS 

The product of two radicals with a common index is a radical with 
the same index whose coefficient and radicand are equal, respectively, to 
the products of the coefficients and of the radicands of the factors. This 
follows directly from Law IV of Section 46. Thus, 

• c^yd = ac^hd. 

If n is even, it is assumed here that b and d are both positive. This 
law does not hold when both b and d are negative. 

If the radicals do not have the same index, they should first be changed 
to equal radicals with a common index. Thus, 

• V6 = ^ ■^'sioo. 

The product of such expressions as Va + \ "6 — Vc and Vo — Vh + Vc 
can be found by applying the usual rules for the multiplication of poly- 
nomials in connection with the principles just stated in case a, b, and c are 
positive. Thus, 

(Va + \/b — \^)(Va — Vb + Vc) 

= [Va + {Vb — Vc)][Va — (\^ — Vc)] 

= a — {Vb — Vc)^ = o — (6 — 2V6c + c) 

= a — b — c + 2Vbc. 

It is best, in general, to simplify all the radicals in a problem before 
attempting to perform any operations upon them. 

54. RATIONALIZING THE DENOMINATOR 

Certain fractions whose denominators are irrational can be changed 
into equivalent fractions with rational denominators. 

A. - =. 3V2 

V2 "" V2 • V2 2 

a Va — a{Va — Vb) 

Va + Vb Va + Vb Va — Vb a ^ b 

Such a change can always be made when the denominator of the 
fraction is a single radical or is the sum of two terms, one of which is a 
square root and the other either a square root or rational. 

In computing the numerical value of a fraction with an irrational 
denominator, it is best to rationalize the denominator whenever it is 
possible to do so. 


Examples: 

a 
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Simplify the following: 

1 . Vis 

3. ^ 

6.^ 

7. Vi 

9. Vm 

11. V2x> - 12* + 18 


2 . VU 

4 . Vi 
6. Vi + 16 

8. 


10. -^ 8(0 + b)* 


18. V(o» - 6»)» 


14. Which is the greater, or Vh? 

SoltUion: 

V9 = 9** = 

Vs *» S’* - Vm. 

But, Vm > Vsi; 

hence, Vs > Vo. 

16. Which is the greater, VIo or V^? Vs or Vs? Vl9 or VOST 
Simplify the following: 

16 . V 2 + Vs + 3 Vis - Vso + Vi 

17. Vi + Vi- 3 V^ - V3^ 18. sV^ + cVo - dV? 

19. 3V a — b + VOo — 95 — V c’o — c*6 — 


V^ 


20. 3Vi6 - 2Vi + V^ - Vi 

21 . Vio • V 2 
23. V5(V2 - Vs) 

26 . (Vs - V 2 y 

27. (SVS - 2)(V3 + Vs) 

28. (Vx — y — zVx + y)(Vx — y + 2V» + y) 

29. (V2 - Vs)* 

SO. Is 1 — Vs a root of the equation »* — * — 1 

-3 + Vs 


22. V2- 

24. (V2 - 2 V 3 - V9)V3 
86. (Vs - V2)(V3 + V2) 


0 ? 


81. Is 


a root of the equation a;® + 3a; + 1 = 0? 


Reduce each of the following fractions to an equivalent fraction with a 
rational denominator: 


32. 


Vo — X — Vo + X 


33. 


Vs - 2 
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34. 

36. 


Vo — y/b 
Va + Vb 
Vo - V| 
Vs 


36. 


37. 


7 - Vs 
7 + Vs 

V a -f a? — Vo — a; 
Vo + a; + Vo — x 


38. 


H- Vx^ - 1 


Sx x^ 

39. Change to an equivalent fraction free of radicals in the 

a 

numerator. 


40. Find the value of 

41. Find the value of 


- with a precision of three decimal places. 

V5 +2 

2\/3 - 5 


Va - 


with a precision of three decimal places. 


55. COMPLEX NUMBERS 

So far in our discussion of radicals we have confined ourselves to the 
real-number system. Since all real numbers have positive squares, it is 
evident that the conditional equation = —3 does not have solutions in 
terms of real numbers. In other words, if we confine ourselves to real 
numbers, the equation — — 3 cannot be solved. However, if we define 
a new number symbolized by V— 3 as a number whose square is —3, the 
equation has the two solutions +V— 3 and — V~-3. Similarly, we 
define V —a, where a > 0, as a number whose square is —o. 

If a > 0, V —a may be written VaV— 1. Thus, 

V-32 = V32V^ = 4V2V^. 

The positive square root of —1, that is, +V--1, is usually denoted by 
the symbol t. Thus, 

’ 2 + V^ = 2 + 2i, 

and a + V—(a^ + x^) = a + iV + x*, 

where a and x are real numbers. 

The square roots of negative numbers are called pure imaginary 
numbers. Thus, V— 9, V^, Va, where a < 0, are pure imaginary 
numbers. 

A binomial a + W, where a and h are real numbers, is called a complex 
number. If 6 = 0, the complex number is a real number. If a = 0 and 
6 0, the complex number is a pure imaginary. 

For the symbol i = we note the following fundamental relation- 
ships: = —1; z* = i • z* = —z'; z^ == • z* = +1. 

With these relationships in mind, the operations on pure imaginary 
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numbers or complex numbers in general are performed like the operations 
on real numbers. 

Thus, V— 4 • V— 9 = 2i • = — 6. We thus note that • v^, 

where n is even and h and d are both negative, does not equal It is 

desirable to introduce the symbol i as soon as possible in dealing with 
imaginary numbers; this facilitates the use of the algebraic operations 
in an acceptable manner. 

Illustration 1 : Add 3 + V —4, 5 — V — 25, 1 + V — 64. 

By employing the sjnnbol i these numbers may be written 3 + 2i, 
5 — 5f, and 1 + 8f. Hence, the sum is 9 + 5f. 

Illustration 2: V— 2 • V— 5 = V2i • Vbi = = — \/l0. 

2 - 

Illustration 3: Change — - to the form a + W. 

5 + 

2 - ^ 2 - \/3^ _ (2 - V3t)(5 - Vzi) 

5 + 5 + VZi (5 + V3f ) (5 - VSi) 

10 - 7V3i + 3f2 7 - 7V 3^ 

25 - 3i2 ^ 28 

\-VZi 1 V3 . 

” 4 “’4 4 


EXERCISES 36 

Perform the indicated operations and write each result in the form a + W: 

1. (2 + + (3 - V^) 2. (5 - - (7 - V-12) 

3. (5 - + 7V-1S)\/^ 4. (6 - 3t)(2 + i) 

3. (2 - \/^)(7 - V^) 

<6. (fl + y/—b)(,a — y/ —b), where a and b are positive real numbers 
„ 6 + lOt - 

2 ^ 

8. Express ---- in the form a + bi. 
o + zi 


9. Express - 


: in the form a + bt. 


* a + V — 6 

10. Expand (1 — V— 3)® by the binomial theorem; simplify and express 
the result in the form a -f W. 



Quadratic Functions 
and Equations 



56. THE STANDARD FORM OF A QUADRATIC FUNaiON 

Any expression of the form 

ax^ + hx + Cy a 9 ^ Oy 

where a, 6, and c are constants and x is a, variable, is called a quadratic 
function in the standard form. 

Thus, the function 


1 -Zx^ + bx + 7x2 

may be reduced to the standard form 

4x2 ^ — 7y 

where a = 4, 6=5, c = —7. 

Similarly, the function 

2qx — 3 + 5x2 — px 
may be written 5x2 _|_ (2g — p)x — 3, 

where a = 5, 6 = 2g — p, c = —3. 

57. GRAPHICAL REPRESENTATION OF THE FUNCTION y = ax* + bx + c 

We may obtain a value of the function y = ax2 + bx + c correspond- 
ing to any given value of the variable x. As in the case of linear func- 
tions, we may tabulate the corresponding pairs of values of x and y and 
locate the associated points relative to a set of axes in the plane. 

Illustration 1 : Given y = 3x2 _ 2x -f- 5. Let us assign to x the values 
—3, —2, —1, 0, 1, 2, 3 and tabulate corresponding values of variable and 
function and locate the points in the plane (note Figure 17). 
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j/ 3x2 — 2a: + 6 


X 

y 

-3 

38 

-2 

21 

-1 

10 

0 

5 

1 

6 

2 

13 

3 

26 


It is apparent that these points do not lie on a straight line. The 
curve of the quadratic function, on which these points lie, is called a 
'parabola. In general, if we plot points sufficiently near each other, the 
smooth curve through these successive points is the required graph. 

Illmtration 2: Given y = + 8a: ~ 1. We may tabulate corre- 

sponding values of x and y and locate the associated points (note Figure 18). 



y == —Zx^ + 8a: — 1 


X 

y 

-3 

-62 

-2 

-29 

-1 

-12 

0 

-1 

1 

4 

2 

3 

3 

-4 

4 

-17 

5 

-36 


The points corresponding to the pairs of numbers, the variable and its 
associated quadratic function oa:^ + bx + c, will always lie on a curve 
similar to either Figure 17 or Figure 18. 


58. VERTEX OF A QUADRATIC FUNOION 
The function 

y — Zx^ — 2x + 5 
may be written y — 6 = 3(a:2 — |a:). 
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The expression within parentheses may be made a perfect square by 
adding the square of one half the coefficient of x; this number is i. The 
addition of i to the quantity within the parentheses is equivalent to the 
addition of J to the right member, in view of the factor 3 that precedes 
the parentheses. Thus, it is also necessary to add J to the left member, 
thereby giving 


y - ¥ = _ lx + I), 

or y - Y = 3(x - 

Since 3(x — iY is positive or zero, it is seen that y = the smallest 
possible value of y and that y = ¥ when 3(a: — = 0, that is, when 

X = 

The point corresponding to x = ^ and y = ¥ is called the vertex of 
the parabola. 

59. MAXIMUM OR MINIMUM VALUES OF A QUADRATIC FUNCTION 

The ordinate that corresponds to x = in considering the function of 
Section 58, is smaller than that of any neighboring points. The value of 
y corresponding to a; = J is defined, therefore, as a minimum value of the 
function, and the curve is said to have a minimum for a; = 

The function 


y = — 3a;2 + 8x — 1 

may be written y + I = —^(x^ — fx). 

If the quantity within the parentheses is increased by ¥•> which may 
be accomplished by adding — to each member, we have 

2/ - ¥ = -3(x^ - lx + ¥), 
or 2/ “ ¥ = -3(x - 


Since — 3(x — is negative or zero, it is seen that y = ¥ Is the largest 
value of y and that y = ¥ when — 3(x — 7)^ = 0, that is, when x = ^. 

The point corresponding to x = f and y = ¥ is the vertex of the 
parabola. The ordinate which corresponds to x = ¥ is greater than that 
of any neighboring points. Consequently, the value of y corresponding 
to X = ¥ is defined as a maximum value of the function, and the curve 
is said to have a maximum for x = 

For the standard quadratic form we have 


y = ox* + bx + c, 
y ^ c — ® ~ * 


a 7*^ 0, 


and, hence, 
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If we add b^/4^a to both members of the equation, the right member 
becomes 


y - c + 


If a > 0, it is seen that y — c 

= c — when a; = — — ' • 

4a 2a 




is the smallest value of y, and that 


b 

The point corresponding to x = — — and y = c — is the vertex 

Za 4a 

of the parabola representing the quadratic function. Moreover, under 
the condition that a > 0, the curve of y = ax^ + bx + c is said to have 
a minimum at the vertex. In this case the entire curve lies above the 

line w = c — 7 " • 

4a 

b^ 

If a < 0, it is seen that y = c — is the greatest value of y and that 

4a 

b 

y — c when x = — ~ • This time, when a < 0, the curve 

^ 4a 2a ' 


y = ox* + 6x + c is said to have a maximum at the vertex. In this case 
the entire curve lies below the line y — c — — • 


EXERCISES 37 

1 . Graph a few points of each of the following functions and connect the 
points by a smooth curve: 

(a) y = X* — 6x -f 5 (6) y = — x* + 6x + 1 

(c) y — 3x* + X + 2 

2 . Draw the graph of each of the following equations and determine the 
coordinates of the vertex of each curve: 

(a) y = X* — 2x — 5 (6) y = --3x* — 2x -f 2 

(c) y = 5x* — 8x + 2 

3 . Find the coordinates of the vertex and the maximum or minimum value 
of each of the following functions. Determine the coordinates of a few points 
for each curve and sketch the curve. 

(a) y = 3x* — 8x — 3 (6) y = 3x* — 8x 

(c) y = -2x* 4- 3x - 5 (d) y = 7 - 3x ~ 2x2 

(e) y == 2x2 - 3 (/) y = 2x2 _ iQa; + 12 

4 . Find the coordinates of the vertex and draw the curve of each of the 

following equations: 

(o) X = 12 — 5y2 (b) X * 2y2 — 3y — 5 

(c) X - 3 — 3y — 5y2 
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5. Find the dimensions of the rectangle of largest area, whose perimeter is 
60 ft. 

Hint: Let x = number of feet in each of the two equal sides, and let A = 
area of rectangle, which is to be a maximum. Therefore, 60 — 2x is the sum of 

the lengths of the other two sides. So or 30 — a; is the length of each 

of the other sides. Hence, A = a;(30 — x). 

We must now answer the question: For what value of x will A have the 
greatest value? 

6. A rope of 60 ft is to be used to fence three sides of a rectangle of which the 
fourth side is a fence. Find the dimensions of the largest rectangle. 

Hint: The area A is to be a maximum. Let x = number of feet in each of 
the equal sides formed by the rope. Therefore, 60 — 2x equals the length of the 
third side. So A = a:(60 — 2x). 

7. What is the least value of the function y = 2x^ — 7x + 3? 

8. Divide a into two parts such that their product is a maximum. 

9. Find the number that exceeds its square by the greatest possible quantity. 


60. QUADRATIC EQUATIONS 

An equation of the form 

ax^ + bx + c = Of a 7 ^ 0 and a, h, c constants 

is called a quadratic equation in one unknown. Many important problems 
may be solved through the use of quadratic equations in one unknown. 

Illustration 1: A and B start on a journey of 36 miles. A travels 
2 mph faster than B and arrives 3 hr before him. Find the rate of each. 

An equation based upon an equality in terms of time may be derived 
as follows: 

Let X = number of miles per hour traveled by A, 

Then, x — 2 = number of miles per hour traveled by B, 

36 

— = number of hours traveled by A, 

X 

36 

= number of hours traveled by B, 

X -2 


But since A^s time is 3 hr less than B^s, we have 



36 


X — 2* 


which may be simplified to 

36(a; — 2) + 3x(x — 2) = 36a;, 


a;2 - 2a; - 24 = 0. 
This equation is of the form ax^ hx + c = 0, 
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lUuslration 2: A cistern can be filled by two pipes in 36 min. If the 
smaller pipe takes 15 min more than the larger pipe to fill the cistern, in 
what time will it be filled by the larger pipe? 

An equation may be derived as follows: 

Let X = time in minutes required for the big pipe to fill the cistern. 
Then, x + 16 = time in minutes required for the smaller pipe to fill the 
cistern. 

- = amount of cistern filled in 1 min by large pipe, 

X 

— ^ — - = amount of cistern filled in 1 min by smaller pipe. 

X + 15 

* ^ amount of cistern filled in 1 min by both pipes. 

36 


Therefore, 


1 +^ = 1 . 
X X + 15 36 


or 


X* - 57x - 640 = 0. 


This equation is also of the form ax* + 6x + c = 0. 
We shall now consider how to solve such equations. 


61. SOLUTION OF QUADRATIC EQUATIONS BY FAaORING 

Quadratic equations may always be solved either by a method known 
as completing the square or by the formula which is derived by completing 
the square of 

ox* + 6x + c = 0. 

However, the nonzero members of certain special quadratic equations 
are readily factorable, and hence their solution may be obtained in a 
simple manner by the solution of two linear equations. Such a special 
case is considered in the illustration that follows. 

Illustration: Solve the equation x* ~ 7x + 12 = 0. 

The function x* — 7x + 12 is factorable into (x — 3)(x — 4). Hence, 

(x - 3)(x - 4) = 0. 

This product is zero if and only if one of the factors is zero. But the 
roots thus obtained are values of x which cause (x — 3)(x -- 4) or 
X* — 7x + 12 to be equal to zero. Hence, x — 3 = 0 gives the root 
X = 3, and x — 4 = 0 gives the root x = 4. 

We may check these roots in the given equation. Thus, 

3* - 7(3) + 12 = 9 - 21 + 12 = 0, 

4* - 7(4) + 12 = 16 - 28 + 12 = 0. 


and 
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62. GENERAL SOLUTION OF OUADRATIC EOUATIONS 

The general quadratic equation may be solved as follows: 


Given 

ax^ + 6x + c = 0. 

(1) 

Hence, 

, , 6 c 

x^ + - x= > 

(2) 

and 

a a 

, h c 

x^ + - X + — = — > 

a 4a2 4a2 a 

(3) 

or 

/ h\^ — 4ac 

i' + W" 4..= ■ 

(4) 

Consequently, 

b ztV6^ — 4ac 

3. , 

2a 2a 

(5) 

—6 =t V62 — 4ac 

or X = • 

2a 

The last form is equivalent to the two solutions 

— 6 + — 4ac 

X = 1 

2a 

—6 — Vb* — 4ac 

X = 

2a 

(6) 


Any quadratic equation may now be solved either by ^^completing the 
square/’ as illustrated by the derivation just completed, or by the use of 
Formula (6), 

Illustration 1 : Solve the equation + 4x — 7 = 0. 

Solution by Factoring: The equation is of the simple type which may be 
solved by factoring, since + 4x — 7 is factorable into (x ~ 1) (3x + 7). 


Hence, we have 

(x - l)(3x + 7) = 0, 


and X = 1, X = 

— ^ are the required roots. 


Solution by ** 

Completing the Square^*: The equation 



3x2 + 4x - 7 = 0 

(1) 

may be written 

3:^ + 7X = 

(2) 

or 

+ + ^ + h 

(3) 

Consequently, 

{X + 

(4) 

or 

X + I = ibf. 

(5) 

So, 

X = —f + f = 1, 

(6) 

and 

II 

1 

oo|io 

1 

oojoi 

II 

1 
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Solviion by Formula: If we compare the coefficients of 3a;.*+4a:— 7=0 
with those of ax^ + bx + c = 0, we see that a = 3, 6 = 4, c = —7. 
Hence, the roots by the direct application of the formula are 



-4±-\/i00 

or * ^ 

Hence, x = 1, x = — 

Illustration 2: Solve the equation — a: — 3 = 0. This equation is 
not readily factorable. Solving by completing the square, we have 


- X - 3 = 0, (1) 

— X = 3, (2) 

— a; + J = J + 3, (3) 

{x - hY = (4) 

(x-i) = ±v^ = ±^. (5) 


^ , 1 + Vl3 ^ 1 - a/13 

Therefore, x = r and x = • 

iS « 

These solutions, correct to the nearest ten-thousandth, are 
X = 2.3028 and x = —1.3028. 


EXERCISES 38 

Solve the following equations by factoring the left members. 

1. x* - 7a; -h 12 = 0 2. Sx* - 7x + 2 = 0 

3. 8x2 - 6x -I- 1 = 0 4, 21x2 - 4ia; + 10 = 0 

6 . 21x2 + 29x - 10 = 0 6 . 24x2 + 33x - 30 = 0 

7. 6x2 4- I7x + 6 = 0 8. 6x2 + - 35 = 0 

9. 8x2 + I4x - 15 = 0 10. 6x2 - X - 15 = 0 

11. 2x2 _ 5^3. 4- 2a2 = 0 12. a2x2 + (c — b)ax — 6c = 0 

13. 2p2x2 — 5apx 4- 2a2 = 0 14. c2x2 — 2cdx 4- = 0 

15. a2x2 — 4a6x + 462 = 0 

16. Solve the preceding 15 exercises by completing the square. 

Solve the following equations by completing the square: 

17. x2 - 2x - 1 = 0 18. 3x2 - 5a;. - 1 = 0 

19. 4x2 - 7x + 1 = 0 20. 5x2 4- 7x + 1 = 0 

21. 6x2 - 7x + 1 « 0 22. 3x2 - 7x - 2 = 0 
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23. 8®* - lOo: + 1 * 0 24. 5®^ - llx + 6 « 0 

26. p*®* — 2p® - 6 = 0 26. p®2 + g® + r = 0 

27. ®* + p® + g == 0 

28. Solve Exercises 17 to 24, inclusive, by use of the quadratic formula. 
Solve each of the following equations: 

29. (2* - 3)» - (x + 2)* + 7 = 0 30. = 5 

X + 2 X — 2 



2*(a: - 1) x(.x +4) x^ - I 

32. - 3 — = 0 

33. ^+_i_^._L. = o 

5_1 5-2 5-3 

2 ^ 3 ^ 4 ^ 


34. - -2 = 

® ® — 3 


36. 


2 ' 


= 0 


2(® - 1) (® - 1)2 5 

36. 0.02(® - 1) - 0.05(® - 2)® + 0.06(® - 3)(® - 2) = 0 

® 2® — 3 9 

_ - 


37. 

39. 


® — 5 ® 

2 _ ® - 5 ^ 16i 

2 — ® 2+® 4 — ®2 


38.5i^-7£^ = 6(6-2^) 


40. 


+ 


3(1 - x) 


2*2-71+6 ' 9 - 9* + 2*2 *2 - 5a: + 6 


41. JC® 

i- 3 

63. IRRATIONAL EQUATIONS 

Such equations as 

V® + V®' +“6 = 3, Vl -® = 2 - ®, and 27®^^ - 4 = 26®^ 

are frequently called irrational equations. An equation of this type may 
usually be solved by the method employed in the following illustrations. 
Illustration 1 : Solve the equation 

y/x + V® + 6 = 3. 


This may be rewritten in the form 

V® + 6 = 3 — , 


the radical Vx being subtracted from each member of the given equation 
in order to have one radical upon each side. Let us now square each 
member, thereby obtaining 

® + 6 = 9 — 6\/ ® + ®, 
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or \/x = 

After squaring both sides again, we have 

X = i. 

It is readily observed that this root satisfies the given equation. 

The original equation and the equation obtained after squaring each 
member may not be equivalent. It is demonstrable that squaring each 
member of an equation does not cause a loss of roots; unfortunately, 
however, the new equation thus obtained may have roots that are not 
solutions of the original equation. Consequently, it is always necessary 
to check all suspected roots obtained by such a process; those that do not 
satisfy the given equation are frequently characterized as extraneous. 
Illustration 2: Solve the equation 

Vx + 9 = bVx — 3. 

After squaring each member, we have 

X + 9 = 25x - 30Vx + 9, 

or 5Vx = 4x. 

After squaring a second time, there results 

16x2 - 25x = 0, 

or x(16x — 25) == 0. 

Hence, the suspected roots of the given equation are 

X = 0 and x = ff . 

However, x = 0 does not satisfy the original equation and is not a solution 
of that equation. The only root is fl. 

Illustration 3: If we consider the equation 

II - X = 

we see from the right member that, for real values of \/x — 2, x must be 
greater than 2; moreover, since Vx — 2 is positive, the left member 
must be positive and, hence, x must be less than ||. It is impossible to 
reconcile these two conditions upon x; thus, it is seen that the equation 
has no real roots. 

However, if we square both members and simplify, we obtain 
256x2 - l,184x + 1,353 = 0, 

whose roots are 

X = H and X = f|. 
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From the previous considerations, however, we know that these values 
are not roots of the original equation. This fact is also discovered when 
we substitute the suspected roots. Hence, the original equation has no 
roots whatsoever. 

It is readily observed by substitution that a: == H « = f| are 
roots of the equation 

- X = 

It is due to the fact that squaring the members of 


and fj--x = vx — 2 

produces the same equation, namely, 

256x2 _ 1 ig4a. _|. 1 353 q 

that we obtained the suspected roots x = and x = . 

lUustraiion 4: Let us consider the irrational equation 

X" - 5a; - 2\/x2 - 5x + 3 = 12. 

If we add 3 to each member of the equation, we have 


(x2 - 5x + 3) - 2 a 


5x + 3 - 15 = 0. 


An equation of this type is said to be in quadratic form, since the sub- 
stitution of y for vx2 — 5x + 3 results in the quadratic equation 
y2 — 2!/ — 15 = 0, or {y — 5)(y + 3) = 0. Hence, y = 5 and y = —3. 

We note, however, that y = — 3 cannot equal Vx^ — 5x + 3, in view of 
the fact that the radical sign implies a positive value. 

Since the only possibility is y = 5, it follows that 

x2 - 5x + 3 = 25, 

or x* — 5x — 22 = 0, 

5 ivTis 


The values x = 


SiViIa 


are the roots of the original equation. 


These illustrations are sufficient to show that an equation resulting 
from squaring the members of a given irrational equation is not necessarily 
equivalent to the given equation. Consequently, we must test all sus- 
pected roots of an irrational equation and must retain as solutions only 
those which satisfy the original irrational equation. All other suspected 
roots are said to be extraneous. 
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2. V2x + 1 + Vz- 3 = 2Vx 
4. V X + 6 -h Vx * “7^ 

v« 

6. <^2x + 3 +4 = 7 


^ X — a \/x 

9. — 7 =r- = — ; a ^0 
Vz 0, 


Solve the following equations: 

1 . y/x — Vx — 5 = Vs 

Vx + Vx - 3 ^ 3 

Vx --Vx-‘3 X — 

^ o./“ 12 - 6Vi 

5. 2Vx = 7 = 

2Vx - 3 

7. Vx — a = Vx — 2 V«; a ^ 0 

Vx — a 

10. X = a/o^ + a:V6^ + — a; a 0 

11. X + 16 - 7Vx + 16 = 10 - 4Vx + 16 

12 ^ ^ ~ 6Vx — 21 _ 8\/x — 11 

4 + V'x x/x Sx/x — 14 4x/x — 13 

14. Vx + 16 + x/x = 1 
16. Vx +12 + 2V'x - 12 = VSx - 7 

16. X + V 9 +2xVx -7 = 3 17. VSx - 4 - 3x/5x +6 = 0 

18. 2Vx +2 4- "3= = Vx +3 

Vx +2 

19. Vx^* - X + 1 + Vx^ + X + 1 = 3 


20. . ^ — + Vx — 5 = 9 
Vx -5 

21. 2x* - lOx + 12 - 2\/x^ - 5x + 8 = 0 

22. VlO — X* — X = 8 — x’ — X 

28. 3x’‘ - 4x + V3x* - 4x - 6 = 18 
24. 27x« - 4 = 26x« 


Hint: Let x^ = y. 

26. 2x-M - 9x-^ = -4 26. 8x»'“" - 8x-»/2" = 63 

27. 3x1'®* _ j.i/n - 2 - 0 28. 20x-W - x"^ = 64 

29. 3x« - 4x« = 160 


MISCELLANEOUS EXERCIXS 40 

1 . A man bought two farms for $2500 each. The larger contained 3 acres 
more than the smaller, but he paid $5 more per acre for the smaller than for the 
larger. How many acres were there in each farm? 

2. The combined area of two squares is 980 sq ft, and a side of one square 
is 18 ft longer than the side of the other. What is the size of each square? 

3. A and B start together on a 40-mile trip. A travels 2 mph faster than B 
and arrives 3 hr earlier. Find the rate of each. 

4. A cistern can be filled by two pipes in 1 hr. The smaller pipe takes 
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i hr more than the larger one to fill the cistern. Find the time it takes each to 
fill the cistern. 

6. Find two numbers whose difference is 9 and whose sum multiplied by the 
greater is 266. 

6. A certain farm is in the shape of a rectangle with its length twice its width. 
If it is enlarged two rods on each side its area is increased by 496 sq rods. Find 
the area of the farm in acres. 

7. A square is surrounded by a border whose width lacks 1 ft of being one 
fourth the length of a side of the square. The area of the border is ^ of the area 
of the square. Find the width of the border and the length of a side of the 
square. 

8. The corners of a square, the length of whose side is S, are cut off in such 
a way that a regular octagon (eight sides) remains. What is the length of a leg 
of the triangle cut off? 

9. In 1938, a man traveled 400 miles by train, and after a 3-hr visit, he 
returned by airplane. The airplane traveled 80 mph faster than the train, and 
the total elapsed time for the entire journey was 16 hr and 20 min. Find the 
rate of the train and of the airplane. 

10. A man drove his car 60 miles in a certain interval of time. Had the time 
been J hr less, the rate would have been 20 mph greater. Find the time and rate. 

11. Members of an automobile party in the mountains 90 miles from a rail- 
road wished to make a certain train. They traveled the first 60 miles at a certain 
average rate; then they realized that they must increase their average speed 
2i mph to make the train. If they had continued to drive at the rate they were 
going during the first part of their journey, they would have been 10 min late. 
Assuming that the party reached the station just at train time, find the total 
time that it took to drive the 90 miles. 

12. If, from a height of a ft, a body is thrown vertically downward with an 
initial velocity of h ft per sec, its height at the end of t sec is given by the formula 
h == a — bt — 16i^. 

(а) If a body is thrown vertically downward from a height of 400 ft with 
an initial velocity of 32 ft per sec, when will it be at a height of 16 ft 
from the ground? 

(б) When will it reach the ground? 


64. DISCUSSION OF THE ROOTS OF THE QUADRATIC EQUATION 

We have observed that the roots of the general quadratic equation 
ax^ + bx + c = 0 are 

—6 + Vh^ — ^ac , —6 — — Aac 

X = and X = 

2a 2a 

The expression — 4ac is called the discriminant of the quadratic func- 
tion and is designated by D. 

(а) If for given values of a, 6, and c, D is a negative number, the roots 
involve imaginary numbers. 

(б) If for given numerical values of o, b, and c, D is zero, the two roots 
are equal. The value of the two equal roots is, of course, - — • 
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The converse of this statement is also true; that is, if the two values 
of X are equal, D must equal zero. 

This may readily be shown as follows: 

—6 + ” 4ac —b — — 4ac 

By hypothesis, = ^ 

Therefore, a/ 6^ — 4ac = ---s/fc® — 4ac, 

and 6* — 4ac = 0. 

(c) If for given numerical values of o, 6, and c, is a positive number, 
not zero, it is evident that the roots are real, and, because of the demon- 
stration under (6), it follows that in this case the roots are not equal. 

The conclusions of (a), (6), and (c) may be restated in mathematical 
S 3 maLbols as follows: 

For (o) D < 0, both roots involve imaginary numbers; 

(6) D = 0, both roots have the same real value; 

(c) Z) > 0, both roots are real but have different values. 

If D is a perfect square of some rational number, both roots will be 
real and rational. 

Obviously, whenever the curve of a quadratic function does not cut 
the X axis, there are no real roots of the equation. This situation, there- 
fore, corresponds to case (a) just discussed. 

If the graph of the quadratic function under consideration merely 
touches (is tangent to) the x axis, the two points of intersection between 
the X axis and the curve become identical, and we have case (6). 

Case (c) is obviously of greatest interest in the graphical solution of 
the quadratic equation; then the graph of the quadratic function intersects 
the X axis in two distinct points. If we consider, for example, the equation 
—3a;* + 8x — 1 = 0, we know that since D > 0, that is, 64—12 is 
positive, the roots are real and unequal. 

Solving the equation by formula, we find that 

-8 + -\/52 -8 + 7.2111 . . 

X = = ^ = 0.13, approximately, 

— o — o 

-8-\/^ -8-7.2111 , 

and X = T = 2.53, approximately. 

—6 —6 

Hence, these are the x coordinates of the points on the x axis where the 
curve cuts the x axis. 

Graphical methods for the solution of quadratics are not necessary, 
once these equations are so readily solvable by algebraic methods. How- 
ever, we call the student’s attention to the desirability of graphical methods. 
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to be studied later, for the solution of equations which may not be solved 
readily by algebraic methods. 


65. SUM AND PRODUQ OF ROOTS 

It is often inconvenient to check roots by substituting them for x in 
the given equation. Hence, a knowledge of what the sum and product 
of the roots should be in terms of a, 6 , and c is of great aid as a check. 

If we designate one root by Xi and the other root by we have 


Xi 


—6 + 

2a 


and 


X2 


—b — — 4ac 

2a 


Therefore, 


Xl + X2 


-2b 

2a 


-b 


a 


Also, (a;i) (3:2) = 


( — 6 + — 4ac)( — 6 — \^b^ — 4ac) 

4a2 

4a2 4a2 a 

Thus, it is known immediately that the sum of the two roots of the 
equation 

2x2 - 3x + 7 = 0 


IS 


-h 3 

Xi + X2^ — = - > 

a 2 


and that their product is 


(xx)(x,) = - = ^- 
a u 


EXERCISES 41 

Show from an examination of the discriminant that the roots of 

1 . _l- x 4 - 5 = 0 are not real; 

2. 9x2 _ 12a; + 4 == 0 are real and equal; 

3. 5x2 — 8x + 1 = 0 are real and unequal. 

4. Solve each of the above equations, and check the roots by use of the 
formulas for the sum and the product of the roots. 

6. What must be the value of q in order that ^x* — 3x + 6 = 0 shall have 
real and equal roots? 

6. What must be the value of q in order that 5x2 — 6x + 9 = 0 ^iSiwe 
real and equal roots? For what values of q will the roots be real and unequal? 

7. What must be the values of q in order that 3x2 — 2gx -f 12 = 0 shall 
have real and equal roots? For what values of q will the roots not be real? 

8. For what values of q will the roots of 3x2 — + 10 be real? Not real? 
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9. Write the sum and product of the roots of 5a;* — aj — 1 = C 
solving the equation. 


10. By use of the formulas in Section 65 determine whether or not 

1 — VTi 

and r are roots of the equation 3a;* — 2a; + 5 = 0. 


(Ch. 10 

without 

+ Vl4 
3 


3 



Systems Involving 
Quadratic Equations 



66. ONE LINEAR AND ONE QUADRATIC EQUATION 


This section is concerned with systems of equations consisting of one 
linear equation and one equation which involves at least one second-degree 
term, and no term higher than the second degree. We recall that such 
terms as 5^^, 7xy arc second-degree terms, the degree being the sum 
of the exponents of the unknowns in the term. 

Thus, the pairs of equations 


Zx by = 1 1 
xy + y = 3 j 

2x + Zy = b\ 
x^ + Zy^ = b j 

8x — 2/ = 5 1 

7x^ + Zxy — by^ = b j 


( 1 ) 

( 2 ) 

(3) 


are examples of the systems to be considered. 

Such pairs of equations may always be solved by solving the linear 
equation for one of the unknowns in terms of the other and substituting 
the result in the second-degree equation. 

Illustration 1: From the first equation of system (1), we have 


% + 1 
9 


and, hence, 


(5y + l)y 

3 


3, 


or + 4y — 9 = 0. 

The roots of this latter equation are 


-4 ±\/l6 + 180 , 

y — = 1 

^ 10 


and 


9^ 

b' 


By substituting these values of y in a; = 


52 / + 1 

> 

3 


we find the corre- 


97 



SYSTEMS INVOLVING QUADRATIC EQUATIONS 


98 


[Ch. u 


spending values of rr to be 2 and — 4 . So the solutions properly paired are 
(2, 1) and (-1, -4). ‘ 

Note on Pairing Solutions. Whenever a system of two equations 
is solved, it is essential that the values of x and y that satisfy both equa- 
tions be indicated as corresponding pairs. A corresponding pair of x and 
y values constitutes a solution of the system of equations. 


EXERCISES 42 

Solve the following S 3 rsteins of equations, and check: 


1. 2x^ + 2/* = 33 
X- 2 / = -3 
3. - xy 

2 a; 4- 32/ = 8 

5.?+-^ = ! 

X y 

4x - 32/ + 16 == 0 


2. 3a; + 42 / = 24 
a ;2 4 - 2/2 = 25 


4. 


6 . - - - = = 


X — y 
xy = a* 

2 1 4 

3 


X 


y 


i ^ ^ 35 

J.S + 2,2 - 


36 


Hint: 


Let - = w, 

X 


7. 3a;^ ~ Zxy — 2/* — 4a; — 82/ + 3 = 0 
3x — 2/ — 8 = 0 


8 . 


* 1 


1 

y 

— - = 12 

xy y^ 


9. X* + 5x == 4y^ 
3x — 42/ = 24 


“ = 1 ^. 


10. X* + xt/ 4- 2 = 0 
2x 4- 2 / ~ 1 = 0 


67. TWO QUADRATIC EQUATIONS REDUCIBLE TO THE PREVIOUS CASE 

If we consider the two second-degree equations 

xy + x = 20 (1) 

X2/ - 2/ = 12, (2) 

we note that each equation is of the second degree. Yet the solution of 

these equations is reducible to the solution of a system of the type already 
considered. 

Thus, subtracting the members of Equation (2) from those of (1), 
we have 

x + y (3) 

Thus, from (3), 2 / = 8 — x. If we substitute 8 — x for y in (1), 
we have 

x(8 — x) + a? = 20, 

or X* — 9x -h 20 = 0. 

Consequently, x = 6 and x == 4. 
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From the equation y = 8 — a; we find that the values of y correspond- 
ing to a; = 5 and a; = 4, respectively, are y — S and 2 / = 4. Thus, the 
values properly paired are (5, 3) and (4, 4). 

If the solutions of the system composed of (3) and (1) satisfy (2), 
they are solutions of the system comprising (1) and (2). Moreover, it is 
demonstrable that the two systems are equivalent. 

68. EQUATIONS HOMOGENEOUS WITH RESPEa TO THE UNKNOWNS 

If the terms containing the unknowns in an equation are all of the 
same degree, the equation is said to be homogeneous with respect to the 
unknowns. 

Illustration: Solve the following system of homogeneous equations: 

a;* + 2/" = 25 (1) 

xy - y^ -4. (2) 

First Method: We shall make the homogeneous substitution 


y = vx. 

Therefore, we obtain the equations 

= 25 

and vx^ — = — 4. 


But from (3) we have 


and from (4) we have 


x^ 


25 

v^+ 1 



(3) 

(4) 


and, hence. 


25 ^ -4 

+ 1 V — 


Upon simplification, this becomes 

2lv^ — 25t; — 4=0. 


Hence, 

Substituting v — ^ in 


V = i and 


■”T 


x^ 


25 

v^+l' 


we have x = ±3. 

Since v = then corresponding to a; = +3 the value of y obtained 
from the homogeneous substitution is +4, and corresponding to a; = —3 
the value of y is —4. 
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Substituting v = — | in 

25 


[Ch.11 




v^ + 1 


we have 


7 7 y- 

«==£: — = db-V2. 

V2 2 


7^/2 . VS 

Consequently, the value of y corresponding to a: = — is r - » and the 

2 ^ 

V'n/^ ‘\/2 

value of y corresponding to x = — is + • The solutions, there- 

fore, are 

(3, 4), (-3, -4), (7 


V2 




V2\ 

2 ’ 2 

Second Method: If we multiply the members of Equation (1) by 4, 
and those of (2) by 25, and add, we have 

( 5 ) 


+ 2bxy — 21^2 -= 


or 


{Ax-Zy){x + ly) = 0. (6) 

This last equation is equivalent to the two linear equations, 4a: — Sy = 0 
and a: + 7y = 0. 

The given system (1) and (2) may be replaced by either of the two 
sets of systems that follow: 

a:* + 2/2 = 25 , x^ + y^ ^ 25 

x + 72/ = 0 4a: - 32/ = 0 


or 


xy - y^ ^ - 
X + 7y = 0 


and 


xy — y^ = —4 
4x — 32/ = 0. 


Each of the systems in the first set, for example, is of the type pre- 

/ V2 V 2 \ 

viously discussed, and the solutions are, respectively, l7-^> 

V2 Vis 


/ ^V2 V2\ 

\ ^ 2 ’ 2 j 


. and (3, 4), (-3, -4). 


EXERCISES 43 

Solve the following systems of equations: 


1. + Sxy = 28 

a;* -f 2/* * 20 
3. X* — a;y + = 21 

2 /* — 2xy + 15 »= 0 


2. X* + 3:2/ + !/* * 6 
X* + 2 /* “ 12 
4. X* -f xy -h 2y^ = 74 
2x* + 2xy + = 73 
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6. X* - 42/2 « 20 
xy = 12 

7. x* - 3x2/ 4- 42/2 = 68 

2x2 _ _ 5Q 

9. x2 ~ 4x2/= 15 

x2 — 10x2/ 4- 82/2 = 2 


6 . x2 ~ 12x2/ + 119 = 0 
2/2 — 2x2/ 4- 24 = 0 
8 . 3x2/ — 92/2 + 2 = 0 
4x2 4- 5x2/ 4- 62/2 = 3 
10. 2x2 — 3x2/ +2/2 = 2 
3x2 _ 2^2 ^ 15 ^ 0 


69. EQUATIONS SYMMETRICAL WITH RESPEQ TO UNKNOWNS 

If an interchange of x and y in all the terms of an equation does not 
alter the equation, the equation is said to be symmetrical with respect 
to X and y, 

Illmtration: Solve the system 

4(x 4- 2 /) + 3x2/ = 0 (1) 

x2 + X + 2/ + 2/2 = 20. (2) 


Let us make the symmetric suhstitutiorif namely, 

X = U + Vy 

and y u — V. 


Therefore, Equation (1) becomes 

82 ^ + 3u2 - 32;2 = 0, (3) 


and Equation (2) becomes 

2^2 + t;2 + w = 10. (4) 

After multiplying the members of (4) by 3, we have 

32/2 + 3y2 + 3^^ = 30. (5) 

Adding the corresponding members of (3) and (5), we have 
62/2 + 11^ - 30 = 0. 

-11 +:Vl21 + 720 

Hence, u = — ; 

that is, 2/ = f and — 

Substituting 2 / = f in Equation (3), we have 2^2 = ■^, and, hence, 
r = f and — f. 

Therefore, x = f + f = 4, 

= = -1. 

= = -1, 

1/ = f + i = 4. 


Also 

and 
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As would be expected, since the equations are symmetrical, the x and 
y values are interchangeable. Substituting w = — in (3), we have 
hencei 

i; = =fc f Vs. 

-10 


Therefore, 


X = 


+ fVs, 


and 


■10 


3 

-10 

3 

-10 


-1^5; 
- !>/6, 
+ |V5. 


It is left as an exercise for the student to check these values. 


EXERCISES 44 

Solve the following systems of equations: 


1. -f — a; — y « 78 
»!/ + a; + 2/ = 39 

^•y^x-2 

i+l = 4 

X y 

6. xy - 3(a; + v) 

a;^ 4- ajy 4- 2/* = 28 

7. 45(a; 4- y) 4- 4xy = 0 

a;2 _|_ 2/2 — 2a; — 2y = 98 
9. a;* 4- y* — 3(a; -f y) = 46 
6(a; 4- 2 /) — a;y = 41 

70. SPECIAL SYSTEMS OF QUADRATICS 


2. a;y — (a; 4- 2 /) — 1 “ 0 
xy = 2 

4. a;* — xy 4- y* == 12 
a;* 4- 4- 2/* = 4 


6 . 6(x 4- 2/) = 5xy 

a; 4- 2 / 4“ a;^ 4- 2 /* = 18 
8. X* 4- y® -H X 4- y = 26 
xy 4- 10 = 3(x 4- y) 

10. 2(x* 4- 2/*) — 5(x 4- 2/) “ 1 

a;a 4- y2 — a;y 7 


Illustration 1 : Let us consider the solution of the following system of 
two equations of the second degree: 


X* - 2y = 3 
y2 4- xy =* 6. 

If we solve Equation (1) for y, we have 

X* - 3 


( 1 ) 

( 2 ) 


2 
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Substituting this expression for y in Equation (2), we have 

-3V , x(x»-3) 
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which, upon simplification, becomes 

+ -11 = 0. (3) 

Equation (3) is of the fourth degree in one unknown. Methods for 
solving equations higher than the second degree have not yet been con- 
sidered in this course, and hence, a system of simultaneous quadratics 
requiring for their solution methods not yet presented will not be con- 
sidered at this time. 

Illustration 2: Solve the system 

= ( 1 ) 

xy = 12. (2) 

This system involves equations that are homogeneous a^d symmetric; 
so they may be solved by methods given previously. 

We may, however, solve this system as follows: Multiplying the mem- 
bers of Equation (2) by 2, we have 

2xy = 24. (3) 

Therefore, adding (3) and (1), 

x^ + 2xy + 2/2 = 49. (4) 

Hence, after extracting the square roots of each member of (4), we obtain 

+ 2/ = 7, (5) 

and X + y = —7. (6) 

Subtracting the members of (3) from those of (1), we have 

x^ - 2xy + 2 /^ = 1, (7) 

which 3 delds the two equations, 

x-y--\, ( 8 ) 

and a: — 2/ = — 1. (9) 

Thus, the given pair of quadratic equations may be replaced by the 
four linear pairs: 

x + y = 1 a: + 2/=-"7 

X — y = I X — y = —I 


x + y = -7 
X - y = I 


x + y =-l 
X - 2/ = -1 


The respective solutions are (4, 3), (—4, —3), (—3, —4), (3, 4). 
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IlliLstration Z: Solve the system 

= 152 (1) 

- xy + y^ = 19. (2) 

These equations may be solved by methods already discussed. How- 
ever, if we divide the members of (1) by the corresponding members of 
(2), we obtain 

x + y=^S, ( 3 ) 

which is linear. 

The given system may now be replaced by the equivalent system 

x + y == S 

— xy + y^ — 19. 

The solutions are (3, 5) and (5, 3). 

It is highly desirable that the student use his ingenuity in devising 
special methods for the solution of the various special systems that may 
come up for consideration. 


EXERCISES 45 


Solve the following systems of equations: 

1. xy - (x + y - 1) = 0 
xy = 2 

3. x^ — xy = 54 
xy = 18 

6. X* - 8y* = 224 
X -- 2y = 8 

7. x« - 2xy - 3y2 = 0 
x2 + 2y2 = 12 

9. x®y + xy® = 6 
x^y — xy* = 5 
11. X* + 8y® = 72 
X + 2y = 6 

13. X® 4- 4xy + 3y® = —2 
x^ H- 2xy — 3y^ = 32 


2. x^ — xy 4- y^ = 19 
xy == 15 
4. x^ 4- y^ = 5 
x^ ~ xy 4- y^ = 3 
6. 3(x^ — y*) = 13xy 
X - y = 1 

8. 6x^ -i- 5xy 4- y2 = 0 
y2 — X - y = 32 

10. x^ 4* 3xy 4- 2y2 — (x 4- y) = 0 
2x^ — 3xy = 5 
12. X® 4- xy — 6y^ = 12y 
2x^ — 5xy 4* 2y^ = 18x 
14. X* — 3xy 4- 2y* = 6x 

X2 — y2 - _52^ 


MISCELLANEOUS EXERCISES 46 

Solve the following systems of equations: 


1. X* 4- 3xy — 2y2 = 26 
x^ 4“ 3xy — y^ = 51 

3. xy^ 4“ X — lOy = 0 
xy2 — X — 6y = 0 

6. xy — x^ 4- y* « —91 
X* 4- y^ 4- xy = 225 

7. X* H- xy — y* = 6 
3x* — 2xy— 2y* » 6 


2. x^ - y2 = 27 
xy = 18 
4. X® 4- y® = 36 
xy = 12 
6. x* 4- y* = 20 

x* - y2 = 12 

8 . x* 4- y* - xy = 7 
x^ — y* — xy = — 
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9. + 2/2 - 6x - 82/ = 56 

a;2 + 2/2 = 25 

11. 9x2 ^ 42^2 ^ 30 

2/2 = 4x 


13. 


16. 


= 

^ x2 + 4a2 
x2 = 4ay 
x2 + 2 /^ = 25 
2 / — 7x + 25 = 


0 


10 . 2/^ = 8x 

a;2 1/2 = 64 

3 

12- 2/ = -o-r:; 


2/ = x^ 


14. y == 

2/ = 2x — x2 

16. 6x2 ^ 7 ^ 2 / - 32/2 = 0 * 

3x2 _ 5^^ ^ g^2 ^ 0Q 


17. 



36 


18. Find the legs of a right triangle whose hypotenuse is 64 in. and whose 
area is 50 sq in. 

19. The perimeter of a rectangle is 64 in. and the area is 50 sq in. Find the 
length of the sides. 


20. Two men start at the same time to meet each other from towns which are 
25 miles apart. One takes 18 min longer than the other to walk a mile, and they 
meet in 5 hr. How fast does each walk? 


21. In 1938, two airplanes left New York simultaneously for St. Louis, which 
is 1170 miles distant; one went 20 mph faster than the other and arrived 2 hr and 
15 min sooner. Find the rate of each airplane. 

22. What pairs of numbers have the same number for their sum, their product, 
and the difference of their squares? 

23. A man divides a tract of land into city lots. He sells the lots all at the 
same price and realizes $4800. If the number of lots had been one less and the 
price per lot $8 more, he would have received the same amount of money. How 
many lots were there, and what was the price per lot? 

24. Psychologists assert that the rectangle most pleasing to the human eye 
is that in which the sum of the two dimensions is to the longer as the longer is to 
the shorter. If the area of a page of this book remains unchanged, what should 
be its dimensions? 


71. GRAPHICAL REPRESENTATION OF CERTAIN OUADRATIC EQUATIONS 

It is desirable that the student familiarize himself with the curves 
corresponding to certain quadratic equations that are often needed in 
practice. 

The Parabola, It has already been indicated that curves corresponding 
to the equation y = ax^ + hx + c will be of a form similar to that of 
Figure 19 if a is negative or of Figure 20 if a is positive. 

The equation y = ax^ is but a special case of 2 / = ax^ + hx + c] its 
corresponding curve, however, will be symmetric with respect to the y axis, 
taking the form of Figure 21 if a has a positive numerical value or that of 
Figure 22 if a has a negative numerical value. 

As one might expect, the equation y^ — ax will have as its correspond- 
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ing graph the form of Figure 23 if a has a positive numerical value, and 
it will have as its corresponding graph the form of Figure 24 if a has a 
negative value. 








The Circle. If we consider a point (x, y) moving so that it is always 
r units from a fixed point (a, b), it will trace a circle with (o, b) as center 
and with r as radius. 

By the use of the Pythagorean theorem and by reference to Figure 25, 


§ 71 1 GRAPHICAL REPRESENTATION OF CERTAIN EQUATIONS 107 

the relation between x and y is readily found to be 

{x - ay + {y - by = r*. (1) 



Thus, as an example, the equation of the circle with its center at 
(2, ~5) and having a radius of 7 is 

{x - 2y +{y + by = 7\ 

If, in Equation (1), a = 0 and 6 = 0, the circle has its center at the 
origin, and its equation is 

= r\ (2) 

Equations that can be put in the forms (1) or (2) can readily be graphed 
by drawing the corresponding circle. Thus, 

+ 2/2 — Ox + 8y = 24 


may be written 

(x^ - 6x) + (2/2 + Sy) = 24. 

After completing the squares in the paren- 
theses, we obtain 

(a;2 « 6x + 9) + (y^ + St/ + 16) 

= 24 + 9 + 16, 


or 


{x - 3)2 + ( 2 / + 4)2 = 72 . 



Comparing the form of this equation 
with (1), we see that it represents a circle 
with center at (3, —4) and radius 7. Its graph appears as Figure 26. 


Fro. 26 
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EXERCISES 47 


Sketch the curves corresponding to the following equations: 


1. = 8a; 

3. 2/ = 4a;* 

6. 3a;* = 7y 

7. X* + 2/® = 25 

9. X* + 2/* — 6x — 92/ = 61 
11. 4x* +4x +42/* - 122/ - 16 = 0 
13. X* + 2/* - 72/ - 13 = 0 


2. y^ = -8x 
4. 2/ = — 4x* 

6. 2 / == ic* — 6x + 6 

8. 3x* + 32/* = 18 
10. X* + 2/® — 2x + 14y = 50 
12. X* + 5x + 2/^ = l4 
14. X* + 2/* + 4x “■ 92/ = 0 


Ellipse. An equation that can be put in the form 



(3) 


has as its corresponding graph an ellipse whose center is at (0, 0) and whose 
axes of symmetry* coincide with the x and y axes. If o = 6, the curve is 
a circle. The general form of the ellipse with center at the origin and 
with axes of symmetry that coincide with the x and y axes is shown in 
Figure 27. 



If the values of a and h are known, the graph of 


- 4-^=1 
a* ^5* 


may be sketched with little trouble. 

Illustration: Study the graphical representation of the following 
equation: 



If we solve the given equation for x, we have 

X = ±|V16 - 2/*, (4) 

* The concept of symmetry will be discussed in detail in the third part of the text. 
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and if we solve for j/, we have 
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y = - x\ (5) 

Equation (4) shows that we cannot substitute any numerical value 
for y greater than 4 or less than —4 if x is to be a real number. This is 
important since our attention in this text is restricted to real graphs. 
Similarly, Equation (5) shows that we cannot substitute any numerical 
value for x greater than 3 or less than —3 if ^ is to be a real number. 

We may form a table of values from either (4) or (5) from which a 
smooth curve is graphed. The resulting curve is shown in Figure 28. 
As implied in Figure 27, the graph intersects the x axis when x = and 
intersects the y axis when y = zLh. 


X 

y 

0 

d=4 

±1 

±3.76 

±2 

±2.97 

db3 

0 



The equation of the form 

{x - hy {y - kY 
o2 62 


( 6 ) 


represents an ellipse with its center at (6, k) and with its axes of symmetry 
parallel to the x and y axes. 

This can be seen as follows: If we let 

X — h = x^ and y — k — y\ 


Equation (6) becomes 



which represents an ellipse, relative to new axes x' and i/' that are parallel 
to and at a distance of h and kj respectively, from the x and y axes. 
Illustration: The equation 

4x2 + 9y2 ~ 8x + 36y + 4 = 0 

may be written 

4(x2 - 2x) + 9(y2 + 41/) = -4. 
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After completing the squares within the parentheses, we have 
4(x* - 2a: + 1) + 9iy^ + 4^^ + 4) = -4 + 4 + 36, 
or 4(a? - 1)* + 9iy + 2)* = 36, 

which may be written 

(X - ly (y + 2)^ ^ 

9 4 

Comparing this equation with the form of (6), we see that it represents 
an ellipse with its center at (1, —2) and its axes of S3nnmetry parallel to 
the X and y axes. 

The Hyperbola. The equation 



has a graph of the general form shown in Figure 29. 



The equation 



has as its graph the form displayed in Figure 30. 



Fig. 30 
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The guide lines for drawing these curves, as will be. noted from a study 
of the two figures, are the diagonals through (a, h) and (— o, —6) and 
through (—a, +6) and (a, —6). 

If the values of a and b are known, the graph of 



may be constructed. 

Illustration: Graph the equation 



If we solve the given equation for x, we have 

X = + 16; (8) 

and if we solve the given equation for y, we have 

y = - 9. (9) 

Equation (8) shows that we may substitute any numerical value, 
positive or negative, for y. Equation (9) shows that we cannot substitute 
any value for x between —3 and 3 if y is to be a real number. 

We may form a table of values from either (8) or (9) from which the 
curve can be graphed. The resulting curve is shown in Figure 31. 


X 

y 

±3 

0 

±4 

±3.52 

±6 

±5.33 

±6 

±6.92 

±7 

±8.42 

±8 

±9.88 

±9 

±11.31 

±10 

±12.72 



Similarly the graph of the equation 



is shown in Figure 32. 
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K we solve the given equation for x, we have 

X = zhf Vt/2 - 16; (10) 

and if we solve the given equation for y, we have 

y = ±iVx^ + 9. ( 11 ) 

Equation (10) shows that we cannot substitute any numerical value 
for y between —4 and 4 if x is to be a real number. Equation ( 11 ) shows 
that we may substitute for x any numerical value, positive or negative. 
We may form a table from either (10) or ( 11 ) from which the curve is 
to be graphed. 



Fig. 32 


Equations of the form 



(x - hY iy - kY J 

( 12 ) 


a* 6 * 

and 

(x - hY iy - kY j 

a 2 ’ 62 

(13) 


also represent hyperbolas. The center of each hyperbola is at (A, A;), and 
the axes of symmetry are parallel to the x and y axes. 

The student should explain the above statement by the method used 
in the investigation of the corresponding equation of the ellipse. 

Illustration: The equation 

9x2 _ 102,2 + 36a; + 902, = 252 
may be written 9(x2 + 4x) — 16(t/2 — Ot/) = 252. 

Completing the squares within the parentheses, we have 

9(x2 + 4x + 4) - 16(2/2 - 62 / + 9) = 252 + 36 - 144, 

9(x + 2)2 - 16(2/ - 3)2 = 144, 


or 
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which may be written in the form 

(x + 2y _ (y - 3)^ ^ 

16 9 

Comparing this equation with the form of (12), we see that it represents 
a hyperbola with center at the point (—2, 3). 

The Hyperbola: xy = c. The equation 

xy = c (14) 

will have as its graph a curve of the form displayed in Figure 33 if c has 
a positive value and a curve of the form shown in Figure 34 if c has a 
negative value. 



Fig. 33 Fig. 34 


An equation of the form 

(x — h){y — A;) = c (15) 

represents a hyperbola similar to that of xy = c, but with its center at 
the point (h^k). 

Illustration: The equation 

4x?/ — 8x + Gy = 9 
becomes — 2x + f y = f 

when we divide by 4. 

After subtracting 3 from each member, we may write 
(x + |)(y ~ 2) = f - 3, 
and, consequently, (x + |)(y — 2) = — f. 

This represents a hyperbola similar to that shown in Figure 34, but 
with its center at (-f, 2). Note Figure 35, in which auxiliary axes have 
been drawn through the point (— f, 2), 
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A detailed investigation of these various curves is undertaken in the 
third part of this text. Many statements just given without proof will be 
justified at that point in the book. 


EXERCISES 48 


Identify the type of each of the following curves, and draw a rough sketch of 
each one: 


1 . 


16 ^ 4 


(® - 3)» (?/ + 1)» ^ ^ 


3. - 4* + 4v* = 0 

1 


7. 


9 " 4 
(x - 5)» 


6 . 


25 

9x^ + IQy^ 
9 ^ 4 ■ 


9 

144 


9 

9 . xy + 4 


(y - 1 )^ 

4 


1 


8. a;* — 4a; — y* = 0 


10 . Sxy = 10 

11. 3x2 ^ 25 i/ 2 + 12x - 502/ = 38 

12. 16x2 4- 91/2 - 96 x + 182/ + 9 = 0 

13. 16x2 - 92/2 + 32x + SQy = 164 

14. 9x2 _ 252/2 + 54x -f 602/ = 369 

16. 3x2/ + 5x — 62/ = 10 

16. A right triangle of legs x and y is inscribed in a circle of diameter 6. 
Draw the graphical representation of the equation which must exist relating x 
and y, 

17. If the temperature of a given amount of gas remains constant, Boyle’s 
law states that the volume of the gas varies inversely as the pressure. Display 
graphically this relation between pressure and volume. 

18. A point (x, y) moves so that its distance from the point (2, 0) equals its 
distance to the line x = — 2. Obtain the equation of the curve generated by 
such a moving point; graph it. 
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72. GRAPHICAL SOLUTION OF SYSTEMS 

If we have a system of two equations in two unknowns x and y, we 
may draw their corresponding curves relative to the same axes. The 
values of the coordinates (x, y) corresponding to the points of intersection 
of the two curves are the real and finite solutions of the given system of 
equations. 

It is thus evident that an acquaintance with the curves corresponding 
to given equations is quite helpful. However, it is not easy to know, by 
means of a few points on the curve, the general appearance of many curves 
corresponding to equations of higher degree. It requires a knowledge of 
the calculus to get the necessary information relative to a careful graphing 
of curves corresponding to higher-degree equations. For the present we 
therefore limit ourselves to such curves as have been discussed in the 
previous sections. 

Illustration 1: Solve graphically the following system: 


X* — 6x + 2/2 — 8i/ = 24 (1) 

y = 3x. (2) 

It is readily determined that Equation (1) may be graphed as a circle 
with its center at (3, 4) and with r = 7. Equation (2) leads to a straight 
line passing through the origin. The two curves have been drawn upon 
the same axis system in Figure 36. 




The student should draw this figure to scale and obtain the solutions 
from the graph by noting the coordinates of the points of intersection of 
the two curves. These solutions may be checked by solving algebraically. 
Illustration 2: Solve graphically the following system: 

9x2 + 10^2 ^ 144 

x2 -1- 2/2 = 9. 


Figure 37 shows the graphs of Equations (1) and (2). 


( 1 ) 

( 2 ) 
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The student should solve the system graphically by noting the points 
of intersection of the two curves, then check by an algebraic solution. 


EXERCISES 49 


Solve the following systems graphically, and then check by solving alge- 
braically: 


1 . a;* -h 2/^ = 25 
2 / = 4a; 

8 . 4a;2 + Qi/* * 36 
3a; -f 2?/ = 6 

6. 2/ = 4a;* 

X = 42 /^ 

7 . y* — a;* = 5 
4a;* + 9?/^ = 36 

9. y = 3a;* 4“ 

X ~ 3?/* — 5 


2. a;* 4- y* -h 6a; = 0 
2/ = 5a; 

4 . 4a;* — 92/* = 36 
a; 4- 2 / = 1 

6. a;* -■ 2 /^ = 1 
a;* 4- 2 /' = 25 

8. a;* 4- 2 /^ — So; — 6y = 24 
2?/ 4- 3x - 7 = 0 
10 . 4a;* 4- 92/* = 36 
2/* = 4a; 
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73. CALCULATING THE VALUES OF AN INTEGRAL RATIONAL FUNQION 

The value of the integral rational function 

f(x) = AoX" + AiX^-^ + A2X^-^ H h Ar^iX + Any 

Ao 7 ^ Oy when a: = a, is evidently 

f(a) = Aoa^ + Aia^-^ + A 2 a^'^ H + An^\a + An- (1) 

If we let 


A(^ Ai = Bi 
Bid “h A2 = B2 
B 2 d -|- ila = Bz 
Bzd-\~A/i^B\ *• 

Bn^ 2 d> + iln-l == Bn-\ 

Bn—\^ “1” An “ Bn ^ 

it is readily seen that 

Bi = Aod -|- Ai 

B 2 — Aqg^ A\d + A 2 

Bz — Aod^ “h Aid^ “h A 2 id -H 2I3 

Bi = + ilia* + il2a2 + Aza + il 4 


( 2 ) 


Bn-\ = iloa” ^ + ilia" ^ + il2a" * + •••+ iln-2a + ill 
Bn = iloa" + ilia"~' + il2a"“2 + * • • + An^id + il„ 


Thus, 

Bn = /(o). (3) 

The Equations (2) therefore give us the following method of calculating 
/(a): 

We write a to the right of the coefficients of the terms of f(x) as follows: 
Ao + ill + il2 + • • • + iln~l + iln I 

We multiply ilo by a and add to Ai, This gives jBi. We multiply Bi by a 

117 
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and add to A*. This gives Bt, We multiply ft by a and add to A 3. 
This gives Bz* We continue this process until we multiply Bf^i by a and 
add to An. This gives Bn = /(a). The entire process can be arranged 
conveniently in the following manner: 

Ao + Ai + A2 + • • * + An-l + An [o^ 

AqO + Bia -f- • • • + Bn^^ci H- Bn-ici 

Ao + ft + ft + • • * + Bn^i + Bn 

Illustration 1: The method of this article for finding /(o) is often, but 
not always, much briefer than the actual substitution of a for x in/(a:). 
Thus, to find/(2) when 

f{x) = 8x* + 9x‘ - 3x» + 2x* + 7x + 1, 

we proceed by the method of this section as follows: 

8+ 9- 3+ 2+ 7+ l[2_ 

+ 16 + 50 + 94 + 192 + 398 
8 + 25 + 47 + 96 + 199 + 399 

Hence, /(2) = 399. 

By the method of substitution, we have 

8(2)‘ + 9(2)< - 3(2)* + 2(2)* + 7(2) + 1 

= 256 + 144 - 24 + 8 + 14 + 1 = 399 

lUustralion 2: Find/(— 3) if /(a:) = 5x‘ + 7x* — 9. 

To find/(— 3), we write —3 to the right of the coefficients of the terms 
of /(x), inserting zeros for the coefficients of the missing powers of x; then 
we' proceed as before. 

5+0+7+ 0- 9 I -3 

- 15 + 45 - 166 + 468 
6 - 15 + 52 - 156 + 459 

Hence, /(~3) = 469. 

EXERCISES 50 

1. Given /(x) = x* - 6x» + 7x* + x - 1, find/(l),/(2),/(3),/(-l),/(0). 

2. Given/(x) = 7x* - 8x* + x - 5, find/(2), /(3), /(-2), /(-4). 

8. Given /(x) = 5x* - 4x« + 3x* - 2x* + x, find/(-l),/(2),/(5),/(10). 

4. Given /(x) = 2x» - 3x* + 5x - 6, find/(2),/(-l),/(-2). 

6. Given/(x) = x‘ - 2x* + 6x* - x* + 7x + 3, find/(2),/(-l),/(3),/(-3). 

74. SYNTHETIC DIVISION 
If we let 

Q(x) = Aox*~* + BiX"'"* + + • • • + Bn-i, 
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and multiply both members by a; — o, we have 

(x - a)Q(x) = AoX»» + (Bi - Aoa)x"-i + (82 - Bia)x^-^ 

+ • * • + (Bn^i — Bnr-2o)x — Bn^ia. 

After referring to relations (2) of Section 73, we note that 

(x - a)Q(x) = AoX” + Aix"-^ + A 2 X^-^ H h An-lX + An - Bn, 

and by (1) and (3) (Section 73), 

(x - a)Q(x) = fix) -fia). 

Hence, fix) = (x — a)Q(x) +/(a). 

The last equation states specifically that if fix) is divided by (x — a), 
we obtain Q(x) as the quotient and /(a) as the remainder. 

Since the method of Section 73 determines Bi, B^, • • • , ^n-i, as well as 
Bn = fid), we have a short method of finding the quotient as well as the 
remainder when fix) is divided by x — a. This method is known as 
synthetic division. It is to be noted that synthetic division can be used only 
if the divisor is a linear expression of the form x — a. 

Illustration: Find the quotient and the remainder when 

fix) = 3x® - 6x2 + 7x ~ 6 

is divided by x — 2. 

Solution: 

3-5 + 7- 6[^ 

' + G + 2 + 18 
3 + 1+9 + 12 

The numbers 3, 1, and 9 are the coefficients of the powers of x in the 
quotient Qix), and 12 = /(2) is the remainder R. Hence, 

Q(x) = 3x2 ^ 9 and R = 12. 

75. THE REMAINDER THEOREM 

If a rational integral function of x is divided by x — a, the remainder 
is/(a). This is a restatement of a fact established in the previous section. 

76. THE FAaOR THEOREM 

If a is a root of the equation 

+ Aix"”^ + * • • + An_-iX + An = 0 (Ao ^ 0), 

then X — a is a factor of the polynomial 

Aox” + Aix"“i H h An^ix + An; 

and, conversely, if x — a is a factor of the polynomial, then a is a root of 
the equation formed by equating the polynomial to zero. 
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This may be proved by means of the remainder theorem. Thus, let 

f(z) = H + An-lX + An, 

and recall that 


/(*) = /(a) + (* - a)Q(x). 

Since a is a root of /(x) = 0, it is a zero of f{x); that is, f(a) = 0. 
Hence, f{x) = (a: — a)Q{x)y which shows that (x — a) is a factor of f(x). 

Conversely, since a: — a is a factor of fix), this means that the re- 
mainder, when /(a;) is divided by x — o, is zero. But since /(a) equals the 
remainder, /(a) = 0, which implies that a is a root of /(a;) = 0. 

EXERCIXS SI 

1. Is 2 a zero of x* + 6a;® + 11a: — 6? 

2. Is (a; — 1) a factor of a;®® — 1? 

3. What is the constant remainder when 2a:^^ — 3 is divided by a; — 1? 

4. What is the constant remainder when 2a;®* — 3a;^^ + 1 is divided by 
a* + 1? 

6. Without actual division, show that a5 — 4 is a factor of re® — + 6a: -1-8. 

6. By synthetic division find /(4) when /(a;) = re® — 7a:® -f 3a; + 14. 

7. Find/(— 2) by synthetic division when /(a:) = re® — 7a;® + 3a; + 14. 

8. Find the quotient and the constant remainder 

(а) if re® -f- 7rc® — Sre -f 3 is divided by a; — 3; 

(б) if re® -i- 2x® + 13x — 1 is divided by x — 4; 

(c) if 2x® -b 3x® — 7x -I- 6 is divided by x -f 2; 

(d) if x^ -f- fix® — 9x — 7 is divided by x -j- fi; 

(e) if 2x® — 9x® -b lOx — 3 is divided by x — 

By the use of synthetic division determine the linjear factors of the following 
five polynomials: 

9. X® - 2x® - fix -b 6 

Solution: By trial it is discovered that /(— 2), /(I), and /(3) are all zero. 
Thus, the factors are (x -b 2), (x — 1), and (x— 3). 

10. re® -b 4x® — 4x — 16 

11. X® -b 2x® - X - 2 

12. X® -b X® — 14x — 24 

13. X* - lOx® -b 3fix® - fiOx -b 24 

14. Determine the roots of the equations formed by equating each of the 
previous five polynomials to zero. 

77. THE FUNDAMENTAL THEOREM OF ALGEBRA 

Every integral rational function f(x) has at least one zero. This 
theorem will be assumed in view of the fact that the various proofs that are 
available are all too difficult for an elementary text. 
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78. FAaORS OF A POLYNOMIAL 

The polynominal 

fix) = H h A^ix + An 

may be written as 

fix) = Aoix - ri)(x - rz) • • • (x - rn), 

where n, r2, • • • , rn, are the zeros of fix). This may be proved as follows: 

By the preceding theorem /(x) has at least one zero, say n and, hence, 
by the factor theorem a; -- n is a factor oi fix). 

Hence, fix) = (a: — n) Fix), where Fix) is the polynomial of degree 
n — 1 obtained on dividing /(a;) by a: — ri. Similarly, by the theorem of 
Section 77 , Fix) has at least one zero, say r2 (where r2 need not necessarily 
differ from ri), and, hence, a: — r2 is a factor of Fix), so that fix) may 
be written as 

fix) = (a: - ri)(a: - r2)Gix), 

where Gix) is the polynomial of degree n — 2 , obtained on dividing Fix) 
by a; — But upon dividing fix) by x — n, and then the quotient by 
X — n, and then the next quotient by a: — rs, where is a zero of Gix), 
this reasoning may be continued until the final quotient becomes a constant. 
This final constant must be Ao, since for every division the first term of 
the quotient has A o as its coefficient. Hence, 

fix) = Aoix — ri)ix “ r2) • • • (a; - rn). 

It is evident from this form of fix) that x — n, x = r2, x = rn are 
all zeros of fix), since they cause /(a:) to reduce to zero. 

79. NUMBER OF ROOTS 

Theorem: The integral rational equation fix) = 0 , of degree n, has n, and 
only n, roots. These n roots are not necessarily all distinct. 

It has been shown that 

fix) = Aoix - ri)(a: — r2) • • • (a: - Vn), 

where n, r2, • • • ,rn are the zeros of fix). Clearly /(a:) becomes zero when 
X is put equal to any one of the r^s. If k of the linear factors x — r are equal, 
we say that the equation fix) — 0 has k equal roots. With this under- 
standing there are at least n zeros of the function; that is, there are at 
least n roots of the equation /(a;) = 0 . 

Moreover, if s is any number different from every one of the r’s, then 

fis) = Ao(s - ri)is - r2) • • • (5 - Vn). 

A product cannot be zero unless at least one of the factors is zero. 
Since no one of the factors can be zero, fis) cannot be zero. Therefore, 
fix) has only n zeros; that is to say, /(a;) = 0 has only n roots. 
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As an illustration, there are three, and only three, zeros of the function 
F{x) = - 3x2 - 4x + 12 = (a; - 2)(x + 2)(x - 3). 

They are 2, —2, and 3. Thus, these values are the roots of F(x) = 0. 

80. A TRANSFORMATION OF Aox«H + An = 0 (Ao 0) 

The equation of nth degree, namely, 

+ A 2 X «-2 + . . . + ^^ = 0 (Ao 0), (1) 

where the coefficients are rational numbers, may be divided by Ao, since 
Ao 5 *^ 0, and we have the equivalent equation, 

X^ + ^ ajn-l ^ ^ ^n-2 ^ ^ ^ - 0. 

Ao Ao Ao 

The coefficients of this equation are rational but not necessarily integers. 
If we let y = kXf then we have 

k" Ao *"-» Ao 

or y” + k^ j/"“‘ + X 2^"”* + A:" = 0. 

We may choose k so that all the coefficients of the last equation are 
integers. Of course, there is an endless number of such values of k; how- 
ever, the smallest integral value of k that will convert the coefficients to 
integers will be preferable for purposes of later calculations. 

We then have the equation 

+ C2y^^ H h Cn = 0, (2) 

wherein the coefficient of the highest power is 1, and the other coefficients 
are integers. We have thus transformed equation (1) to this new and 
equivalent fonri by means of the transformation y = kx, the k being 
properly chosen. 

The equation of form (2) will be referred to as the standard integral 
rational equation. If the roots of (2) are ri, • • • , r^, the roots of (1) are 

T\ 7*2 r,! 

J , J , . . . , . Thus, the roots of (1) may be foimd by finding the roots 

k k k 

of (2) and dividing each root by k, 

81. RATIONAL ROOTS OF THE STANDARD INTEGRAL RATIONAL 
EQUATION 

Theorem 7. The equation 

JT + Cjy^^ + Ciy^^ + • • • + Cn^iy + Cn « 0, (1) 

where Ci, C 2 , • • • fCn are integers, cannot have a rational fraction other than 
an integer as a root. 
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Let U8 assume that y = p/q is a root of (1), where p and q are integers 
without a common divisor, and 9 ^ 1 . Thus, 



• • + = 0 . 


If we multiply each member by g"~*, we have 


Y H f- Cnj"-* = 0, 

or ^ ~ (Cip—* + • • • + (2) 

Since p is not divisible by q, p^ is not divisible by g; hence, p'^/q is a fraction. 
Therefore, the left member of the equation cannot equal the right member, 
which is an integer. 

Hence, the original assumption is impossible, and Equation ( 1 ) cannot 
have a rational root other than an integer. 

Theorem 2, Any integral root of ( 1 ) is a divisor of Cn- Since 

Cn = “2/(2/“"^ + Ciy"-* H h Co-i), 

we see that any integer j/i which satisfies Equation ( 1 ) satisfies the relation 

Cn = + • • • + Cn-l). 

Consequently, Cn is an integer that has j/i as a factor. 

Hence, to find the integral roots of an equation in the standard form, 
we need try only the positive and negative integers that are factors of Cn. 

The rational roots of AqX^ + + • • • + An = 0 may be found 

by transforming the equation to the standard form, finding the integral 
roots of the standard equation, and then dividing each root by k. 

8S. DESCARTES'S RULE OF SIGNS 

In the equation 

AoX" + AiX^^^ + A 2 X^'“^ + An-i« + An = 0 (Ao 0), 

the coefficients other than Ao may be either positive, negative, or zero. 
In any given equation the sign of each coefiScient is known. Thus, in the 
equatiorf x^ — 4x^ + 3x^ + 7a; — 8 = 0, the signs of the terms in their 

proper order are H h H • If two successive terms differ in sign, 

there is said to be a change of sign. It follows that the function 

ajB _ 4^4 ^ 3x2 ^ 7x — 8 


has a change of sign between the first and second terms, between the second 
and third terms, and between the fourth and fifth terms. Hence, this 
function is said to have three changes of sign. 

If we consider the given polynomial /(x), wherein x is replaced by — x, 
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we have /(— «) * —a:* — 4x* + 3x^ — 7x — 8; the signs of the terms 

of fi-^x) are 1 . This function /(—a;) has a change 

of sign between the second and third terms and between the third and 
fourth terms. Hence, /( — x) is said to have two changes of sign. 

Now suppose that the equation 

/(x) = Ao{x - ri)(x - Tz) • • • (x-fn) = 0, 
has the roots, x = n, x = r 2 , • • • , x = rn. Then, 

/(-x) = Ao(-x - ri)(-x ~ r 2 ) ••• (-x - rn) = 0 

has the roots, x = — n, x ~ — r 2 , • • • , x = —rn. Hence, it is evident that 
the roots of /(x) = 0 are the roots of /(— x) = 0 with their signs changed. 

It is demonstrated in advanced algebra that the number of positive roots 
of /(x) =0 does not exceed the number of changes of sign in /(x). We 
thus have the following rule: 

Descarteses Rule. The number of positive roots of the equation 

/(x) = + AxX^^ + A^x^-^ + ••• + An = 0 (Aot^O), 

does not exceed the number of changes of sign in /(x); and the number of 
negative roots does not exceed the number of changes of sign in/(— x). 

We shall now give two illustrations of the common procedure for 
finding the rational roots of equations with rational coefficients. 

Illustration 1 : Find the rational roots of 

x3 - 9x2 + 23a; - 15 = 0. 

By Section 81 if this equation has any rational roots, they are integral 
factors of 15. The direct application of Descarteses rule of signs to the 
polynomial on the left tells us that the equation has at most three positive 
roots. Of course, since the equation is of third degree, there are only three 
roots of any kind. 

Since /(—x) = — x® — Ox^ — 23x — 15, there are no changes of sign, 
and, by Descarteses rule, the given equation has no negative roots. Con- 
sequently, to obtain the rational roots, we need try only the positive factors 
of 15, that is, 1, 3, 5, 15. This trial will be accomplished by the use of 
synthetic division. 

1 - 9 + 23 - 16 lj_ 

+ 1 - 8 + 15 
1 - 8 + 15 + 0 

Since /(I) = 0, 1 is a root of the given equation and (® — 1) is a factor 
of the polynomial member. 

Since Q(x) = — Sx + 15, the polynomial also has the factors 

(* — 5) and (x — 3). 

Hence, 5 and 3 are the remaining roots. In this case all the roots are 
integers. 
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Illustration 2: Find the rational roots of 

6a;4 - ips _ i3a.2 + 2a; + 2 = 0. 

After dividing the members of the given equation by 6, we have 

+ + 0 . 

Let y ^ kxj then we have 

6 6 A;2 ^ 3 A; 3 

or 2 /^ - g y" - — 1/2 + - y + - = 0. 

If we choose A; = 6, we have 

^ 7Sy^ + 72y + 432 = 0. 

The rational roots of this equation in y, if there are any, are factors of 
432. The factors that may be tried are dbl, db2, dz3, ±4, ±6, ±8, ±9, 
=bl2, • • • . 

By Descarteses rule we know that the given equation can have at most 
two positive roots and at most two negative roots'. 

Let us try —2. 

1 - 1 - 78 + 72 + 432 | -2 
- 2 + 6 + 144 - 432 
1 - 3 - 72 + 216 + 0 

Hence, y = — 2. 

The remaining roots of y^ — y^ — 78y* + 72y + 432 = 0 are the zeros 
of the quotient y® — 3y2 -- 72y + 216. 

Of course, —2 may be a zero of this quotient, and thus —2 would be a 
multiple root of the original equation in y. So let us try —2 again. 

1-3-72 + 216 I -2 
-2+10 + 124 
1 - 5 - 62 + 340 


It is immediately evident that —2 is not a multiple root. 

We shall now try some other integer that is a possible root; for instance, 
let us try 2. 

1 - 3 - 72 + 216 
2 - 2-148 


1 - 1 - 74 + 68 


Hence, 2 is not a root. 
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Let us next consider 3. 

1 - 3 - 72 + 216 
+ 3 + 0-216 
1 + 0 - 72 + 0 

Hence, V ~ 3 is a root. 

The quotient obtained in the last synthetic division, when equated 
to zero, gives the equation 

2/* - 72 = 0; 

so, y = =fc:6%/2. 

Hence, the rational roots of the given equation in x are — f, i, that is, 
X = — i and X = 

The remaining roots are the irrational values x = dbV^. 

Since the given equation is of the fourth degree, we have found all 
the roots. 

EXERCISES 52 

Find the roots of the following equations: 

1. X* — X* — 14x -f 24 « 0 2. X* — 7x* — 5x + 35 « 0 

8. x< - 10x» + 20x* + lOx - 21 =* 0 
4. x^ — lOx* +• 24x* -f lOx — 25 = 0 
6. X* — 7x + 6 =* 0 

6 . x< + 8x* + 23x* + 30x + 18 « 0 

7% x^ -h X* — 9x* + llx — 4 = 0 8. x^ -f X* — 4x* — 4x =» 0 

9. 6x^ 4- 13x2 + 9a. ^ 2 = 0 10. Ox® - 27x2 + 20x - 4 = 0 

11. 4x2 - 8x2 - X + 2 = 0 12. 12x2 _ 23x2 + 13x - 2 = 0 

13. 4x2 - 4x2 - Ox + 9 = 0 14 , 4a.3 + gx* - llx + 3 = 0 

16. 4x^ + 8x2 - 7x2 - 21x - 9 =» 0 

16. 14x2 ^ — 4x — 3 =3 0 17. 5x2 — 24x* — 9x + 20 = 0 

18. 6x2 _ i 3 a .8 +4 = 0 19. 3x2 - Sx® - 6x + 10 = 0 

20. 9x< - 24x2 - 25x2 + 24x + 16 = 0 

21. The hypotenuse of a right triangle is 35 ft long, and its area is 294 sq ft. 
Determine the two legs. 

22. The sum of the squares of the first n positive integers is given by the 
formula n(n + l)(2n + l)/6. How many terms would yield a sum of 2870? 

83. RATIONAL APPROXIMATION OF THE IRRATIONAL ROOTS OF 
A)x" + • • • + ^#1 = 0 

Theorem: If /(x) is a rational integral function, and if for any two 
real values of x, such as x = a and x = 6, /(a) and f(b) have opposite 
signs, at least one real root of the equation /(x) == 0 lies between a and &. 

To be specific, suppose that /(a) is negative and/(&} is positive. It is 
proved in higher mathematics that the graph of » /(x) is a continuous 
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curve and that as x passes from x — a to x - h, f{x) passes through all 
real values between /(a) and /(6). Hence, at least one of the values of 
f{x) is zero. The corresponding value of x is therefore a root of the equa- 
tion /(a;) = 0. 

From the geometric point of view the theorem states that if the graph 
is below the x-axis at x = a, and above it at x = 6, it must cross the axis 
at least once between x = a and 
X = 6; the situation is displayed in 
Figure 38 where point P denotes the 
point of crossing. 

If the real roots of an equation do 
not lie too close together, this theorem 
furnishes a convenient means of lo- 
cating them, at least approximately, 
between two consecutive integers. 

Illustration: Solve the equation Fig. 38 

X® — 6x® + 6x -f* 5 = 0. 

This equation has no rational roots, for by Section 81 the only possible 
rational roots are ±1 and d=5. By trial it may be shown that ± 1 and ±5 
are not roots. 

The following table of values may easily be computed either by direct 
substitution or by synthetic division. The graph indicated by the values 
thus obtained is shown in Figure 39. 



Fig. 39 


The table of values shows that the polynomial function changes sign 
between x = — 1 and x = 0, between x = 2 and x = 3, and between x = 4 
and X = 5. We have thus located the desired roots of the equation be- 
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tween consecutive integers. If the graph is drawn carefully, we may 
estimate the values of the roots to suflScient degree of precision for many 
purposes. 

To obtain a closer approximation to an irrational root as, for example, 
the root between 2 and 3, we proceed as follows: 

From the tabulated values we have 


X 

fix) 

2 

1 

3 

-4 


By the method of interpolation, we substitute a straight line for the 
given function between x — 2 and a; = 3, as shown in Figure 40. 

If (2 + d, 0) are the coordinates of the intersection of this line with the 
X axis, we have the following tabulation: 




For the straight-line construction we are assuming that differences in 
values of x are proportional to differences in the corresponding values of the 
function; thus, 

(2 + d) - 2 _ 0- 1 ^ 

3-2 -4-1* 

or d = J = 0.2. 

The student may also show that d = 0.2 from the similar right triangles 
appearing in Figure 40. 

Therefore, our first approximation to the root is 2.2, which is not 
necessarily a correct solution to the nearest first decimal. 

By synthetic division we find that/(2.2) = —0.192; hence, x = 2.2 is 
larger than the required root. Similarly, we find that /(2.1) = + 0.401; 
hence, x = 2.1 is smaller than the required root. 

A second approximation may now be found by interpolation. Thus, 
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Therefore, our second approximation to the root is 2.1 + 0.067 = 2.167 
or, better, 2.17. 

By synthetic division for x = 2.16, f{x) = 0.0441, and for x = 2.17, 
f(x) = —0.0151, which shows that our approximation is correct to three 
significant figures. 

We may thus proceed to find the desired root to any degree of approxi- 
mation. 


EXERCISES S3 

Find the irrational roots of each of the following equations to three significant 
figures: 

1. - 7aj - 10 = 0 2. - 3x^ + ^ 0 

3. X® - 3a; + 7 = 0 4. + 4^^ - 6 = 0 

6. 2x^ - 3x2 - 4a; + 2 = 0 6, 33.3 ^ 53.2 _ 9 ^ q 

7. 2x^ - 9x - 3 = 0 8. x® - Sx^ - lOx + 15 = 0 

9, x2 - 2.34X - 7.85 = 0 


84. HORNER’S METHOD 

Another method of approximation of the irrational roots is known as 
Horner^s method. This method is based on the operation of transforming 
a given equation into another whose roots are less by a fixed number than 
the roots of the original equation. 

Suppose it is required to diminish the roots of the equation 
fix) = ao(x — ri)ix — r 2 )(x — ra) • • • (x — Vn) = 0 by the fixed number A. 
If X is replaced by x' + A, the new equation is 

fix' + A) - ao(x' + h - ri)(x' + ^ - ^ 2 ) • • • (x' + A - rn) = 0. 

The roots of this equation obtained by setting the separate linear factors 
equal to zero are 

xi = n - hy x'2 = r2 - h, • • • , x'n = Tn — h. 

Thus, each root of the new equation is equal to the corresponding root of 
the old equation diminished by h. The required transformation is there- 
fore accomplished by writing x' + h for x, or, as it is ordinarily expressed. 



1 30 INTEGRAL RATIONAL FUNCTIONS [Ch. 1 2 

by making the substitution 

X = x' + h. 

If /i is a negative number, the transformation will increase all the roots 
of the original equation by —/i. 

Illustration: Find the approximate value of one root of the equation 
^ _ 2x^ ~ 3x — 1 = 0. 

First Transformation: By the use of methods already discussed, we 
find that a root lies between x = 2 and a: = 3. 

If, therefore, the equation is transformed by using the substitution 
X = x' + 2j the corresponding root of the new equation will lie between 
0 and 1. If fix) designates the pol3momial of the given equation, we 
may write 

fix' + 2) = ix' + 2)^ - ix' + 2)« - 2(a:' + 2)^ - 3(a:' + 2) - 1 

or fix' + 2) = A^ix')^ + Aiix'Y + A^ix')^ + Asx^ + A^, 

where the A^s are constants to be determined. Since x = x' + 2^ 
x' — X — 2, Hence, if x' is replaced by a: — 2, the resulting function will 
be identical with the original fix) = — a:® — 2x^ — 3a: — 1. Thus, 

fix) = Aoix ~ 2)^ + Aiix - 2)« + A 2 ix - 2)^ + A^ix - 2) + A^. 

Clearly, the remainder obtained by dividing the right member of this 
identity by a; — 2 is ^4 4. But the remainder after dividing the left member 
of the identity, that is, of the original polynomial, by a: — 2 is —7. There- 
fore, Ai = —7. 

Ignoring the remainder, the quotient obtained by dividing the left 
member by a; ~ 2 is 


Qi(a:) — a:* + a:* + Ox — 3. 

The quotient, ignoring the remainder, obtained by dividing the right 
member by x — 2 is 

Qi(x) = Aoix - 2)» + ili(x - 2)2 + Azix - 2) + As. 

The coefficient As may be found in exactly the same way that A 4 was 
found, namely, by dividing both sides of the new identity by x — 2. The 
process can be continued in this way until all the coefficients are found. 

The successive quotients and remainders may be found by synthetic 
division, and the work may be arranged in almost mechanical fashion as 
follows: 
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2+2+0-6 

1+1+0-3-7 

. 14 = -7 

Qi{x) = + !t* - 3 

1 + 1 + 0- 3|2 

+ , = 9 

2 + 6 + 12 

1+3+6+ 9 

Q2{x) = x* + 3x + 6 

1 +3 + 6 [2 

+2 = 16 

2 + 10 

1 + 5 + 16 

Q%(x) = a: + 5 

1+6|2 

+1 = 7 

2 

1 + 7 

Q.Qt) = 1 

1 

+ 0 = 1 


The transformed equation is, therefore, 

+ + 16x2 + 9x - 7 = 0. 

The previous work may be condensed as follows: 

1-1- 2- 3-l[^ 
2 + 2 + 0-6 


I 

+• 

1 

+ 

0 

— 

3-7 



2 

+ 

6 

+ 

12 

1 

+ 

3 

+ 

6 

+ 

9 



2 

+ 

10 



r 

T 

5 

+ . 

16 




+ 

2 





r 

+ 

7 






1 


Second Transformation: Since a root of the original equation 
a;4 __ _ 2^2 — 3x — 1 = 0 

lies between 2 and 3, the corresponding root of 

X* + 7x3 + 103.2 9a. « 7 = 0 

must lie 2 to the left of its original value, that is, between 0 and 1. Trial 
by synthetic division shows that the root lies between 0.4 and 0.5. If the 
roots of x^ + 7x3 + i 0 aj 2 Qaj — 7 = 0 are diminished by 0.4, the corre- 
sponding root of the new equation will lie between 0 and 0.1. 
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The work is arranged as follows: 

1+7+16 + 9 -7 10.4 

+ 0.4+ 2.96 + 7.584 + 6.6336 
1 + 7.4 + 18.96 + 16.584 - 0.3664 

+ 0.4 + 3.12+ 8.832 

1 + 7.8 + 22.08 + 25410 

+ 0.4+ 3.28 

1 + 8.2 + 25.36 

+ 0.4 

1+8.6 

1 

The new equation is, therefore, 

a;" + 8.6x8 + 25.36x2 + 25.416x - 0.3664 = 0. 

Third Transformation: Since the root of the last equation lies between 
0 and 0.1, the sum of the first three terms will be very small when the value 
of the root is substituted into the equation; so the root may be found 
approximately by neglecting the higher powers of x and solving the linear 
equation 

25.416X - 0.3664 = 0. 

Consequently, 

0.3664 . ^ , 

X = approximately. 

The value of this fraction is between 0.01 and 0.02. 

After combining these results, it is apparent that the particular root 
under investigation in the given equation is 2 + 0.4 + 0.01 = 2.41, 
approximately. This value is probably accurate enough for most purposes. 
Of course, the equation 

X* + 8.6x8 + 25.36x2 + 25.416x - 0.3664 - 0 

could be transformed again, and a third decimal place of our root could be 
found. In fact, the process may be continued to any degree of approxi- 
mation that may be required. 

Negative Irrational Solutions. In order to find approximations to the 
negative, irrational roots of /(x) = 0, we may use Homer^s method to 
find approximations to the positive irrational roots of /(—a;) = 0. These 
with their signs changed are the roots sought. 

85. SUMMARY FOR FINDING ROOTS 

In order to fihd all the real roots of an equation /(x) = 0, in which 
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f(x) is a poljoiomial with rational, numerical coefficients, proceed as 
follows: 

(1) Find all the rational roots by the method described in Section 82, 
Each rational root of the given equation in x corresponds to an integral 
root of the transformed equation in y (Section 82). If y = n, 7*2, • • • , r„ 
where y = fcx, are the integral roots of the equation in y, then the equation 
in y is of the form 

/(y) = (y - n)(y - rj) • • • (y - r.)0(y) = 0, 

where the d^ree of 4>{y) is s less than the degree of f{y). The pol 3 momial 
0 ( 2 /) is the final quotient obtained after successively dividing the original 
polynomial in y by the factors {y — n), {y — r 2 ), • • • , (y — r,). 

(2) Approximations to the irrational roots of the original equation 
may be found by solving (t>{y) as follows: 

See if 0(i/) has any positive roots, and determine by synthetic division 
two consecutive integers between which such a root lies. 

Form a new equation whose roots are the roots of this equation each 
diminished by the smaller of these two integers (Section 84). The resulting 
equation has a root between 0 and 1. Find by synthetic division the two 
consecutive tenths between which the root lies. 

Form a new equation whose roots are the roots of this equation each 
diminished by the smaller of these tenths. The resulting equation has a 
root between 0 and 0.1. Find by synthetic division two consecutive 
hundredths between which this root lies. 

If the root is required to r decimal places, continue this process until 
r + 1 decimal places have been determined. 

Add the amounts by which the root of the successive equations have 
been diminished. This sum is the root sought to the required degree of 
approximation. 

After determining the irrational root to tenths or to hundredths, it is 
usually possible to determine the next decimal place by solving the linear 
equation resulting from ignoring all powers of y higher than the first in the 
last transformed equation. 

If there are other positive, irrational roots, find each of them in the 
same way. 

It may happen that more than one irrational root is contained between 
two consecutive integers. These roots may be located by means of the 
principle of Section 83, by choosing other values of y sufficiently close to 
each other between these two integers. 

In order to find the negative irrational solutions, find the positive 
irrational roots of 0(— y) =0, and change the sign of each. 

Since y = kxy the roots of /(x) = 0 are the roots just found for 0(y) = 0, 
each divided by fc. 
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Find the values of the real roots of the following equations correct to two 
decimal places: 


1. 2x» - - 10® + 3 = 0 2. 5a;® - 3a;® - 6a; + 3 « 0 

3. 4a;® = 3x - f 4. 2a;® - 3a; + i = 0 

6. a;® - 2a; - 2 = 0 


6. Find the cube root of 3 to three decimal places. Hint: Find the approxi- 
mate value of the real root of the equation a;® = 3. 

7. A prism with a square base and with a volume equal to 250 cu in. is 
inscribed in a sphere of radius 10 in. Find the altitude of the prism. 

8 . The volume of a right circular cylinder is 200 cu in., and its total surface 
is 200 sq in. Find its height and the radius of its base. 

9. A right circular cylinder is inscribed in a right circular cone. If the alti- 
tude of the cone is 10 in. and the radius of its base 8 in., find the dimensions of the 
cylinder whose volume is one third that of the cone. 

10. The weight of a sphere 2 ft in diameter is 85 lb. To what depth will this 
sphere sink when floated in a tank of water weighing 62.5 lb per cu ft? [The 
weight of water displaced is equal to the weight of the floating body. The volume 


of a spherical segment of one base 



)■ 


where r is the radius of 


the sphere and h is the height of the segment.] 

11. A safe is to have the outside dimensions 4 ft by 4 ft by 6 ft. How thick 
may the metal walls be constructed if the inside capacity of the safe is to be at 
least 60 cu ft? 


12. In trigonometry it is learned that the sine of a small angle x, where x is 

x^ 

measured in radians, is given approximately by a; — — • What is the approxi- 
mate value of X in radians if the sine is J? 

13. Solve each of the equations given in Exercises 53 by the use of Homer^s 
method. 
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86. LOGARITHMS AS AN AID TO COMPUTATION 

Laborious numerical computations involving products, quotients, 
powers, or roots frequently arise in connection with many problems. 
Many of these calculations can be performed quite simply by the use of 
“logarithms”; in fact, many problems that are practically impossible 
without the use of “logarithms” may be solved easily and quickly by 
their aid. 

87. DEFINITION OF LOGARITHMS 

In the equation 

102 ^ 100 

the number 10 is known as the base and 2 is called the exponent. In the 
language of logarithms, 2 is also known as the logarithm of 100 when the 
base is 10 . This latter statement is generally written 

logio 100 = 2. 

In general, if b^ = n, where 6 > 0 and b 9 ^ 1 , then p = log^ n. We 
may then state the following definition: 

Definition: The logarithm of a positive number n to the positive base b is 
the exponent p which must be applied to b to produce n. 

EXERCISES 55 

1. Change each one of the following exponential statements to its corre- 
sponding logarithmic form: 

(a) 23 = 8 (6) 52 = 26 (c) 2-‘ = i 

id) 30 =1 (e) 8^ = 4 

2. Find the logarithm to the base 3 of each of the following numbers: 

27; i; 1; 3. 

3. Log 2 64 = ?; logs 25 = log2TV = logio 0.1 = ? 

4. Find x in each of the following: logs a; = 4; log 4 a; = —4; logs a; = 3. 
6. Show that logs 243 = logo 9 + logs 27. 

6. Show that logio 1000 = logio 100,000 — logio 100. 

7. Find x in each of the following: log* 27 3; log* ^ *= —4; logs a; = 4; 

logs a; = “3. 
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8. Find x if log 2 x = loga 32 + loga 

9. Show that 6 logio 2 — 3 logio 3 + i logic 4 = logic W-* 

10. Show that 3 logb c — 2 logc a — f logb d — logb — = • 

11. Show that i (3 logb a + 5 logs c) — 4 log6 Vd = logs 

88. LAWS OF LOGARITHMS 

In the following studies it is presumed that ilf > 0, AT > 0, h > 0, 
and 6 7*^ 1. These limitations are made in all our considerations of log- 
arithms even though such restrictions are not essential to the analysis of 
all the properties of logarithms. 

(I) Logarithm of 1 

It is immediately apparent from the definition of logarithm that 

10g5 1=0. 

(II) Logarithm of the Base 

From the definition 

logfr h = 1. 

Thus, logic 10 = 1; logs 3 = 1; and so on. 

(III) Logarithm of MN 

The logarithm of a product of two numbers to the same base is the 
sum of their logarithms. 

Proof: Let logc M = x, then 6® = M, 

Let logs N = y, then = N. 

Hence, = MN or logj, MN = x + y = logi, M + logj, N. 

(IV) Logarithm of ^ 

N 

The logarithm of a fraction is the logarithm of the numerator minus 
the logarithm of the denominator. 

Proof: Let log«,^ilf = x, then 5® = M. 

Let log6 N — y, then ft*' = N. 

Hence, = ^ or log* ~ = x — y = loga M — loge, N. 

N N 

(V) Logarithm of 

The logarithm of equals p times the logarithm of M, 

Proof: Let logt Af = x, then 6* = M. 

(5»)p jifp or = M**. 


Hence, 
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This latter equation may be rewritten in the form 

loge, = px := p logb M. 

EXERCISES 56 

1. Repeat the preceding demonstrations, using 5 as a base. 

2. Repeat the preceding demonstrations, using 10 as a base. 

3. Give a rough demonstration of the theorem that if b> 1, log 5 ilf < 0 if 

0 < Af < 1, and logb M > 0 if M > 1. Explain what this theorem means if 
b = 10. 

4. Make a graph of the equation y — log 2 x, using only values for x of the 
type p being an integer. 

5. Given: logic 2 = 0.3010; logic 3 = 0.4771; logio"7 = 0.8461; logic 11 
= 1.0414; logic 13 = 1.1139. Find logic 12. 

Solution: logic 12 = log (22)(3) = log 2* + log 3, by Law III. But, log 2^ 
= 2 log 2, by Law V. Therefore, 

logic 12 = 2 log 2 + log 3 = 1.0791. 

Find logic 4; logic 5; logic 6; logic 8; logic 39; logic 55; logic i; logic 

89. SCIENTIFIC NOTATION 

Any given positive number may be expressed as a number between 

1 and 10* multiplied by 10 to some integral exponent, positive or negative. 
The factor of 10 to an exponent contains all the significant digits involved 
in the given number (see Section 9). Thus, 

8635 = 8.635 X KP, 

86.35 = 8.635 X lOS 

0.008635 = 8.635 X lO-^. 

The expression of any number in the above form is called the scientific, 
or standard, notation. It is readily observed that the exponent upon 10 is 
numerically equal to the number of places that the decimal point in the 
given number is displaced from the position after the first non-zero digit; 
the exponent is positive if the displacement is to the right; negative, if to 
the left. 

EXERCISES 57 

Express each of the following numbers in scientific notation: 

7069; 1020.4 ; 0.7624; 0.003157; 0.0002756; 

0.0082; 72.56; 0.0000007; 83000000 

90. CHARAaERISTIC AND MANTISSA OF COMMON LOGARITHMS 

In performing numerical computations, it is common to employ log- 
arithms having the base 10. In fact, the collection of logarithms to the base 

* To be more specific, 1 ^ N < 10, 
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10 comprises the common system of logarithms. When 10 is used as a base, 
we propose to write merely log iV, omitting the base. Thus, we have 

logl = 0; log 10 = 1; log 100 = 2; log 1000 = 3; 

logO.l = —1; l,og0.01 = —2; logO.OOl = —3; and so on. 

To find the common logarithms of numbers that are not exact powers 
of 10, such as 

8635; 863.5; 86.35; 0.8635; 0.08635; 

we write these numbers in the scientific notation and then apply the laws 
of logarithms. Thus, 


8635 = 

8.635 

X 

10*, 

863.5 = 

8.635 

X 

10*, 

86.35 = 

8.635 

X 

10«, 

0.8635 = 

8.635 

X 

10->, 

0.08635 = 

8.635 

X 

10-*. 


From a five-place table of logarithms, which will be explained in detail in 
the next section, we find that log 8.635 = 0.93626, approximately. Com- 
bining this fact and the laws of logarithms, we have: 

log 8635 = log 8.635 -h 3 = 0.93626 + 3, 

log 863.5 = log 8.635 + 2 = 0.93626 + 2, 

log 86.35 = log 8.635 + 1 - 0.93626 + 1, 

log 0.8635 = log 8.635 - 1 = 0.93626 - 1, 

log 0.08635 = log 8.635 - 2 = 0.93626 - 2. 

From these examples it will be noted (1) that the common logarithm 
of any number may be expressed as a positive decimal fraction plus or minus 
an integer, and (2) that the decimal portion of the logarithm will be inde- 
pendent of the position of the decimal point in any given sequence of 
digits in the number. 

Definitions: The positive decimal portion of the common logarithm of 
a number is called the mantissa. The integral portion of the logarithm 
is called the characteristic. 

If a number is written in the scientific notation, the integral exponent 
of 10 is the characteristic of the logarithm of the given number. Conse- 
quently, the characteristic of a logarithm may be obtained by the applica- 
tion of the rule previously explained for the determination of the exponent 
of 10 when writing a number in the scientific notation. 
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EXERCISES 58 

1. Find the characteristic of the common logarithm of each of the following; 
numbers: 

65; 532; 87.3; 5.032; 0.1234; 0.02314; 26987000 

2. If log 4.358 = 0.63929, what is log 435.8? log 0.4358? log 435,800? 
log 0.004358? log 43.58? 

91. LOGARITHM TABLES 

A table of common logarithms gives the approximate value of the 
logarithm of any number between 1 and 10. Consequently, the approxi- 
mate mantissa of any number may be obtained by referring to a table of 
common logarithms. The numbers in these tables have been computed by 
the use of advanced methods. Every student should learn how to use 
a logarithm table accurately and rapidly. 

Let us turn to the first page of the table entitled, “Five-Place Common 
Logarithms,*^ given as Table I in the Appendix. First of all, it must be 
understood that the numbers in the table have not been completely written; 
many digits and all decimal points have been omitted. Thus, in the JV 
column, the first number in the table is really 1.00; the second number 
down is 1.01 ; the next one is 1.02; and so on. The first numbers immedi- 
ately under the next ten column headings in reality are 0.00000, 0.00043, 
0.00087, 0.00130, and so on. In fact, 0.00 should be prefixed to all the 
readings in the upper part of the table until the asterisk is reached (the 
third number down in the 4 column); whereupon the prefix becomes 0.01 
until the next asterisk is reached; and then 0.02 is prefixed until the next 
asterisk is reached, and so on. The sequence of prefixes started on the 
first page is continued to the other pages; so the reader should become 
well acquainted with the scheme employed. 

Now we are ready to employ the table to obtain certain common 
logarithms. For example, let us obtain log 1.172. The first three digits 
of this number are to be found in the AT column, and the fourth digit 
appears as a column heading. The problem, then, is to obtain the tabular 
reading in the 2 column to the right of 1.17 in the N column; this number 
is 0.06893, after O.OG is prefixed to the 893 actually listed. Thus, 

log 1,172 = approximately 0.06893. 

It is necessary to realize that virtually all the tabular readings are 
approximate, but the only approximation is in the fifth decimal place; 
in fact, all logarithms contained in a five-place table have been rounded 
off to the fifth decimal place. In the future, it will be our policy not to 
indicate the approximate nature of the readings. So, in looking up the 
logarithm of 2.623, we shall write 

log 2.623 = 0.41880; 

likewise, 

log 3.77 = log 3.770 = 0.57634. 
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To obtain log 328.5, the characteristic is +2. The mantissa, that is, 
log 3.285, is given in the table as 0.51654. Thus, log 328.5 = 0.51654 + 2, 
or 2,51654. Similarly, log 0.05404 = 0.73272 - 2. 


EXERCISES 59 

Determine the logarithm of each of the following numbers: 
1. 4.643 


3. 204.3 
5. 88.98 
7, 0.030830 
0. 1.0540 
11. 53.74 
13. 0.0099 
16. 0.00006002 
17. 0.7 
19. 6166 


2 . 1.2000 
4. 9000 
6. 0.60600 
8. 0.00067500 
10. 3296 
12. 831,900 
14. 247.6 
16. 86.09 
18. 0.06037 
20. 7001 


In the following examples, the given numbers are logarithms. By the use of 
the tables, find the numbers corresponding to the given logarithms. 

We find from the table that log 8.03 = 0.90472. Since the characteristic of 
the given logarithm is +1, the decimal point must be shifted one place to the right. 
Hence, the desired number is 80.3; that is, log 80.3 = 1.90472. 


21. 2,50799 
23. 3.98091 

26. 0.77235 

27. 0.48144 - 3 
29. 0.99961 


22. 4.31197 
24. 1.59770 
26. 0.84516 - 1 
28. 0.00000 
30. 0.96242 - 2 


92. SEVERAL WAYS OF WRITING THE CHARACTERISTIC 

From the table of logarithms, we find log 256 = 0.40824 + 2. This 
logarithm may be written in various ways; thus, 

log 256 = 2.40824 

= 12.40824 — 10 By adding and 
subtracting 10, 

= 22.40824 — 20 By adding and 
subtracting 20. 

The advantages of the several forms will become apparent later. 

As another illustration we have 

log 0.000256 = 0.40824 - 4. 

The difference 0.40824 — 4 may be used without further change in 
form, or it may be written in various other ways. Thus, 

0.40824 — 4 =a —3.59176 By actually carrying out (1) 

the operation. 
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0.40824 — 4 = 6.40824 — 10 By adding and subtracting 6. (2) 

0.40824 — 4 = 2.40824 — 6 By adding and subtracting 2. (3) 

0.40824 - 4 = 1.40824. (4) 

Each method has its advantages. The first expresses the difference 

of two numbers as a negative number. This form is generally avoided in 
logarithmic work, since the mantissas given in the tables are always 'positive 
numbers. 

The second form is much used by computers. 

The third form has its advantages at times, as when it is necessary to 
divide 0.40824 — 4 by 6. 

The fourth form is used by some computers for compactness. 
Generally, this form is avoided and will not be used in this work. 

93. INTERPOLATION 

In the use of a five-place table of logarithms there are two fundamental 
problems that present themselves: 

1. Given a number; to find its logarithm. 

2. Given a logarithm; to find the corresponding number. 

We have had illustrations of both problems. No difficulty arises if the 
given number has only four significant figures or if the logarithm is one that 
is listed in the table. When these conditions are not fulfilled, the desired 
values are obtained by interpolation. This will now be explained with the 
aid of two examples. 

Example 1: Suppose we wish to find the logarithm of 1726.4. The 
characteristic is 3, but we cannot find the mantissa directly from the five- 
place table, since the number involves five significant digits. The log- 
arithm of 1.7264, whic.h is the desired mantissa, lies between the logarithm 
of 1.7260 and the logarithm of 1.7270. From the table, it is found that 

log 1.7260 = 0.23704 
and log 1.7270 = 0.23729. 

The problem of finding the logarithm of 1.7264 is based upon inter- 
polation, which assumes that differences between logarithms are propor- 
tional to differences between the corresponding numbers. Let us write 
the numbers 1.7260, 1.7264, and 1 .7270 in one column and the corresponding 
mantissas 0.23704, u (the unknown), and 0.23729 in another column. 


N 

Log N 


0.23704 

1.7264 

u 

1.7270 

0.23729 
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A change of 10 fourth-place units in the number corresponds to a change 
of 25 fifth-place units in the logarithm. A change of 4 fourth-place units 
in the number corresponds to a certain change c in the logarithm. Then c 
is the correction to the mantissa 0.23704; that is, c is the number of fifth- 
place units that must be added to 0.23704 to give u. 

Now assuming that the change in the logarithm is proportional to the 
change in the number, and temporarily ignoring the decimal points, we 
may write the following proportion: 

4 _ c 

To “ 


Thus, c = 10 fifth-place units. 

Since c in terms of fifth-place units is the correction to be added to 
0.23704, corresponding to the change of 4 in the number, we have 
log 1.7264 = 0.23714. Thus, log 1726.4 = 3.23714. 

The value of c may also be found in the auxiliary table, headed by 
'proportimcd parts^ on the same page on which the mantissas are located. 
Opposite 4 in the small table headed by 25 is the correction 10, the same 
value as previously obtained for c. 

It should be noted that the change in the logarithm is not exactly 
proportional to the change in the number, and hence the method of inter- 
polation does not give the exact value. Nevertheless it gives in general a 
result accurate to the number of significant figures expected from the table. 

Example 2: Suppose we need to find the number whose logarithm is 
1.31720; or, to be more explicit, let us determine x if log x = 1.31720. 

The mantissa 0.31720 is not given in our table. However, 

log 2.0750 = 0.31702, 
and log 2.0760 = 0.31723. 

Again, let us construct a table, placing the numbers involved in one 
column and the mantissas of their logarithms in another. 


N 

Log N 

2.0750 

0.31702 

X 

0.31720 

2.0760 

0.31723 


A change of 10 fourth-place units in the number corresponds to a 
change of 21 fifth-place units in the logarithm. The problem is to find how 
great a change in the number is demanded by a change of 18 fifth-place 
units in the mantissa. Let the change, or correction, in the number be 
represented by c fourth-place units. 
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Assuming that the change in the number is proportional to the change 
in the logarithm, and temporarily ignoring decimal points, we may write 

10 2l' 

so c = 9 fourth-place units. It is observed that c was rounded off to the 
nearest integral value; this is always done. Hence, the number having 
the logarithm 0.31720 will be taken as 2.0750 + 0.0009 = 2.0759. Since, 
however, the given logarithm 1.31720 has the characteristic 1, the desired 
number is 20.759. 

In this case also the value of c may be found in the auxiliary table 
headed by proportional parts. Looking in the small table under 21, we 
note that the closest number to the difference 18 is 18.9; this latter differ- 
ence corresponds to a fifth digit of 9 in the number, the same value as 
obtained previously. 


EXERCISES 60 

Find the logarithms of the following numbers: 


1. 12.734 
3. 941.71 

6. 200.46 

7. 0.0013246 


2. 38.953 
4. 10.382 
6. 30.957 
8 . 0.23667 


Having given the following logarithms, find the corresponding numbers to 
five figures: 


9. 4.84602 
11. 1.65804 
13. 1.78156 
16. 8.46512 - 10 


10. 2.48633 
12. 0.32705 - 3 
14. 2.87207 
16. 9.38213 - 10 


94. COMPUTATIONS BY MEANS OF LOGARITHMS 

We are now in a position to use logarithms in solving problems which 
involve multiplication, division, raising to powers, and extracting roots. 
The laws of logarithms explained in Section 88 will now have frequent use. 

In computing with logarithms, the arrangement of the work is of great 
importance. We give several illustrations of a schematic device that is 
recommended. 

Illustration 1: Find the value of 3.8^ X 54. 

Let X represent the desired number; then, 

X = 3.82 X 54, 


and 


log a; = 2 log 3.8 + log 54. 
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log 3.8 

0.57978 

2 log 3.8 

1.15956 



(+) 




log 54 

1.73239 

log X 

2.89195 


X = 779.74 


Illustration 2: Find the value of 4.7® X O.OOSS^. 
Let X = 4.7® X (0.0083)2; 

then, log X = 3 log 4.7 + 2 log 0.0083. 


log 4.7 

0.67210 

3 log 4.7 

2.01630 



(+) 


log 0.0083 

7.91908 - 10 

2 log 0.0083 

5.83816 - 10 

log X 

7.85446 - 10 


X = 0.0071525 

Illustration 3: Find the value of ^^705. 

Let X == 

then, log X = ^ log 705. 


log 705 

2.84819 

log X = i log 705 

0.47470 


X = 2.9833 


Illustration 4: Find the value of (0.031426)^. 
Let X = (0.031426)^; 

then, log X = J log 0.031426. 


log 0.031426 28.49729 - 30* 

log X = J log 0.031426 9.49910 - 10 


X = 0.31557 


Illustration 5: Find the value of 


Let 


X = 


( 6 . 2 ) 
(7.4) 
( 6 . 2 )® 
(7.4)^ ' 


3 


4 


♦Note that the characteristic —2 is not divisible by 3 and, hence, is witten as 
28-30. 
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log a; = 3 log 6.2 — 4 log 7.4. 


log 6.2 

0.70239 

3 log 6.2 

12.37717 - 10 



(-) 


log 7.4 

0.86923 

4 log 7.4 

3.47692 

log X 

8.90025 - 10 


X = 0.079479 

In the above illustrations the given numbers were assumed to be 
accurate to at least five significant figures; hence, the answers were given 
to five significant figures, the limit of accuracy of a five-place table. 

If the given numbers are approximate and any of them contain less than 
five significant digits, the answer should be rounded off to the number of 
significant figures equal to the number of significant figures in the number 
(among the given numbers) containing the least number of significant 
figures. Thus, answers to the above exercises would be 780; 0.0072; 
2.98; 0.31557; and 0.079; respectively, if it is understood that all data are 
approximate. 

EXERCISES 61 


In the first 23 exercises that follow it is assumed that the given numbers are 
approximate and are correct only to the number of significant figures indicated. 
Find the value of each of the following: 


1. 80.735 X 0.0013876 


74273 

0.00030243 


3. ^54080 


4 . -^0.046932 


6. (1.045)” 


Find the value of x in each of the following: 


6. .r = (27®)(0.0046‘) 

7. 

8 . a: = 65.30V^V''^ 

9. 

10. X = 137.20 X log 68893 

11. 

12. X = log 0.0083 — log 36 

13. 

14. a: = log (II) 

15. 

16. X = log -^72758 

17. 

-^(1624) (0.0471) 

* - 85.00 

19. 


^(50) (78.60) 

'^''aol^-'^ioa 

log 25 + log 0.0042 

log 52172 
log 47258 

log (521 • 472) 

(0.36944)^^1. 0346)’< 

3 /(110.57)»(549.34)^ 
\ 20045 
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20. X 


4 


(0.02691)»(1-074)(9823) 

V'6800(0.0006714)^ 


21. X 


(1.045)^° - 1 
0.0450 


22. * = (1.026) 0^5)7 _ 28- ® = 900(0.85)»® 

^(|.n _ 

24. Given the formula S ; — • Find S to four significant digits if 

r — 1 

a = 32, r = 8, and n = 10. The data in this problem are not approximate. 

25. In the formula in Exercise 24, if /S = 5000, r = 1.8, and n = 10, find a. 

26. The formula <S = P(1 + 1)" gives the amount of a sum of money at 
compound interest for n periods at rate i. If P = $2500, i = 5%, and n = 30, 
find S. 


27. In the formula in Exercise 26, if iS = $5000, i = 0.035, and n = 20, 
findP. 


28. In the formula in Exercise 26, if iS = $5000, P = $2000, i = 5i%, 
find n. 

29. The stretch of a brass wire when a weight is hung at its free end is given 

vnnT 

by the relation S = where m = the weight applied, g = 980, L = the 

length of the wire, r = its radius, and X = a constant. Find if if m = 932.5 gm, 
L = 305 cm, r = 0.290 cm, and S = 0.082. 

30. The weight P in pounds which will crush a solid cylindrical cast-iron 

^ 3.66 


column is given by the formula P 


98,900 9 where d is the diameter in 


inches and L the length in feet. What weight will crush a cast-iron column 8 ft 
long and 5j in. in diameter? 

31. The weight W of 1 cu ft of saturated steam depends upon the pressure in 

p0.94100 

the boiler, according to the formula W = — - > where P is the pressure in 

ooU.ou 


pounds per square inch. What is W if the pressure is 280 lb per sq in.? 

32. Using the equation in Exercise 31, find the pressure required to make the 
steam weigh 0.75 lb per cu ft. 

33. The diameter in inches of a connecting rod depends upon the diameter Z> 
of the engine cylinder, L the length of the connecting rod, and P the maximum 
steam pressur e in po unds per square inch. According to Markus formula, 

d = 0.02758^1)1 VP. What is d, when D = 30, L = 75, and P = 150? 

34. The work in foot-pounds done during the adiabatic expansion of a gas 
from pressure pi to pressure p 2 is 




where Vi is the original volume of the gas and if is a constant. Find W when 
K = 1.41, Pi == 60, P 2 = 15, and Fi = 3.5. 


95. COMPUTATION WITH NEGATIVE NUMBERS 

Negative numbers have no real logarithms. This does not mean that 
logarithms cannot be used in computations involving negative numbers. 
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In such a problem, however, the sign of the result must be determined 
independently of the logarithmic work. In a problem involving negative 
numbers, except those involving even roots, the logarithmic work is carried 
out as though all the numbers were positive. The sign is prefixed at the 
conclusion of the computation after it has been determined according to 
algebraic principles. 

Thus, to find the product of —62.5 and 83.2 by logarithms, we find the 
product of 62.5 and 83.2 by lo garithms, and then give the result the 
negative sign. To find 2.96 we find *>5^2.96 by logarithms and then 
give the result the negative sign. 


tXERCISES 62 

Find the value of each of the following: 


1. ^-7.4763 


(-62.837)^-5.3460)^ 

-71 


(-89.262)-H6.4545) 

-32.492 


4. V41. 227^^6.8264 


-2.0748) (0.83567)^ 
74.359 


6. (-52.061)3 ^ 


47363 


0974 


( 100 . 73614 ) (_ 25 )^ 
(- 28 )^ 


96. SOLUTION OF EXPONENTIAL AND LOGARITHMIC EOUATIONS 

There are many equations in which the unknown appears in the 
exponent; there are other equations that involve log x. We cannot solve 
all equations of this type, but there are a great many that can be solved, 
at least approximately. The general principles involved will be illustrated 
by means of a few examples. We shall assume that if two positive numbers 
are equal, their real logarithms are equal. 

Illustration 1 : Find the value of a; if it is known that 3® = 72.9. By 
applying the fifth law of logarithms after taking the logarithm of each 
member, we may write 

X log 3 = log 72.9, 


log 72.9 1.86273 

log 3 “ 0.47712 


3.90. 


Illustration 2: Find the value of x if 15® = 27 X (9.3)3*. After taking 
the logarithm of each member, we have 

X log 15 = log 27 + 2x log 9.3, 
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from which we obtain 

X log 15 — 2x log 9,3 = log 27, 
x(log 16 — 2 log 9.3) = log 27, 

^ log 27 
^ log 15 — 2 log 9.3 

The value of x may be found by performing the operations indicated. 
The work may be arranged conveniently as follows: 

log 27 = 1.43136, 
log 15 = 1.17609, 
log 9.3 = 0.96848, 

2 log 9.3 = 1.93696. 

After substituting these numbers in the expression for x, we have 
1.43136 1.43136 

“ 1.17609 - 1.93696 ~ -0.76087 ^ * ‘ 

lUitstration 3: Find the value of a: if it is given that 
4 + log x = 6.50000 — log 2x. 

This equation may be rewritten in the form 

log 2a; + log a; == 2.50000. 

According to the third law of logarithms, this equation becomes 

log (2x) (x) = log 2x2 — 2.50000, 

2x2 = 316.23, 
x2 = 158.12, 

X = ±12.574. 


Only the positive value satisfies the original equation. 

The student should analyze carefully the solution just given and be 
able to justify every operation. 

Illustration 4: Given 7 (log x)2 + 20 (log x) — 3 = 0. Find the value 
of X. We have an equation in the quadratic form in which the unknown 
is the logarithm of x. We may then solve for log x, using the quadratic 
formula. This gives 

, -20 ±^400 + 84 


or 


logx = 


-20 ± 22 
14 


Hence, 


log X = 4^ or —3. 
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Illustration 5: Solve 3“ 2 * = 0.25. 

After taking the logarithm of each member, there results 

—2a; log 3 = log 0.25, 

^ log 0.25 0.39794 - 1 -0.60206 

^ “ log 3 ~ 0.47712 “ 0.47712 ‘ 

, 0.30103 ^ 

Consequently, x = = 0.63. 

EXEKISES 63 

The numbers in the following equations are to be treated as exact numbers; 
solve each equation for x: 

1. 10* = 242 2. 152 * = 1.73 

3. 2* = 9(4*) 4. xlog3 = log? 

6 . 2 (log a;)2 + log a: - 1 = 0 6. 25 = (1.05)* 

7. 9 log a; = log 27 8. 9 log a; = 30 

9. (loga;)2 + log a; — 6 = 0 10. (log a;)® = 100 

11. 465 = 20(1 + a;)20 12. 2500 = 1200(1.045)* 

13. 2700 = 200 — 14. 350 = 1800(1 - *)i® 

Kj.KJZZO 

16. 350 = 1800(0.70)* 16. 3 . 2 <i“ 2 x) ^ 39 

17. 3** = 563.4 

18. 6 * = 29.7, where e is approximately 2.71828 

19. 7* = 0.697 20. (2.2)-** = 0.723 

Equations of the following type are encountered in finding the rate of interest 
in certain investment problems. Solve for i to three significant figures in each 
of the following: 

21. (1 + t)^o = 1.6234 22. (1 + t)"®® = 0.42796 

23. (1 + i)i« = 1.9372 

97. NATURAL LOGARITHMS 

In most advanced mathematics and in much theoretical science the 
irrational number designated by e, approximately equal to 2.71828, is 
used as a base for a system of logarithms. We shall indicate how we may 
determine these logarithms, called natural logarithms, by means of a table 
of common logarithms. 


To find log« 763, 

we first write 



log« 763 = X, 

(1) 

Therefore, 

763 = e* = 2.71828*. 

(2) 
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After taking the logarithm of each member to the base 10, we have 


or 


lo^io 763 — X logio 2.71828, 

— 763 

® ~ log , 0 2.71828’ 


(3) 

(4) 


which becomes 
Since 


_ 2.88252 
“ 0.43429 
1 __ 
0.43429 ■“ 


= 6.6373. 
2.30268, 


(5) 


the previous result could be obtained as the product (2.88252) (2.30268). 

It is apparent that, in general, the natural logarithm of any number 
equals the common logarithm of the given number multiplied by 2.30268. 

It is often desirable to obtain the common logarithm of a number when 
the natural logarithm is known. Thus, if 

logeX = 1.7830, 

let us find logiox. 

We have x = 


Hence, logio x = 1.7830 logio e, 

or logio a; = 1.7830(0.43429) = 0.77433. 


In general, the logarithm of any number to the base 10 equals the 
natural logarithm of the given number multiplied by 0.43429. 


EXERCISES 64 

1 . Find the natural logarithms of the integers from 2 to 10. 

2. rindlog«25; log«250; log«2500; log* (369) ^ 

3 . Find the value of when x = 50. Generalize upon your result. 

4 . Find the value of 10*°*w*. 

6. Find the natural logarithms of the following numbers: 0.0036; 10.3; 

0.27; e; 6.782; 384; 9.643. 

6. Evaluate each of the following: 

(a) log,e®; (6) \ogei; (c) log* (4.3)(2.7); (d) log* 12 - log* 3. 

7 . Many collections of mathematical tables contain tabulations of natural 
logarithms. However, many tables of natural logarithms only list numbers 
from 1 to 10, inclusive. Suppose such a table gives log* 2.5 = 0.91629 and log* 10 
= 2.30259. Using only this numerical information, determine log* 25; log* 250; 
log* 2500; log* 0.25; log* 0.025; log* 6.25. 

8 . The principles involved in obtaining logarithms to the base e, when a 
table of common logarithms is available, are likewise applicable to obtaining 
logarithms to any base. 

(а) Determine log 2 5. 

(б) What is logs 13.5? 

(c) Evaluate logj.i 63.9. 

(d) Find x if x ^ logs 0.86. 
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98. PROGRESSIONS 

A sequence of numbers is a collection of numbers ordered in such a 
manner that there is a first number, a second number, and so on. 

In general, we may symbolize a sequence whose terms have been written 
in some prescribed order by 

* * * ) 

where the subscript indicates the number of the term, and where the letter 
bearing the subscript indicates the numerical value of the term. Thus, 
ak indicates the numerical value of the A;th term. 

In scientific work it is often necessary to consider special sequences of 
numbers in which there is a definite law for the determination of any 
particular term. Such sequences are typified by the following: 


1 , 8, 27, 64, 125, 216. 

(1) 


(2) 

1, 4, 9, 16, 25, 36. 

(3) 

0 3 4 5 8 7 8 
^7 Hi Hi Ti Si Hi T- 

(4) 


The law for the determination of the terms of each of the above 
sequences is made more apparent when they are written as follows: 

P, 2\ 3^ \\ 6®. (1) 

1 _1 1 1 1 1 _ 

2 ' (2) (2) ’ (2)(3) ' (2)(4) ' (2)(5) ’ (2) (6) “ ^ ^ 

P, 22, 32 , 42 , 52 , 62. (3) 

1 + i, 1 + 1 + i, 1 + i, 1 + i, 1 + i, 1 + (4) 

Thus, any particular term of one of the sequences (1), (2), (3), and (4) 
is determined by the use of the appropriate one of the following rules: 


( 1 ) 

o» = TO*; 

(2) 

il 

(3) 

On = TO*; 

(4) 

On = 1 + 1 ; 


where in each case n designates the number of the desired term. 
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In the consideration of such special sequences it is often desirable to 
evaluate On when n is given, or to find n if Un is given. Also, it is desirable 
for many applications to find a formula which will give the sum of any 
number of consecutive terms of a given sequence. 

A great variety of laws are employed in the construction of various 
kinds of sequences. The simplest types of such laws result in sequences 
that are often met in practice and will now be studied. 

99. ARITHMETICAL PROGRESSION 

Definition: An arithmetical progression is a sequence of numbers in which 
the difference between any term and the preceding term is a constant, 
which is called the common difference. The first term of the progression 
must be specified independently. 

Thus, 5, 7, 9, 11 is an arithmetical progression whose common difference 
is 2, and whose first term is 5. 

Similarly, 5, 4, 3, 2 is an arithmetical progression whose common 
difference is — 1, and whose first term is 5. 


EXERCISES 65 


Determine which of the following sequences are arithmetical progressions: 


1. 2, 4, 6, 8 

3. h I h i 

6. 1, 4, 9, 16 

7. Xf 2x - 2y, 3x — 4^/, 4x — 6y 

9. 1 - Vs, 1, 1 + V3, 1 + 2y/3‘ 


2. 2, 0, -2, -4 
4. 2, 4, 8, 16 

6* o, o -h “I" Of -j- 3cf 

8. 1, V2, 2V2, 3V2, 4V2 

10 , o — d, a, a 4 - d 


o * y 


100 . FORMULAS FOR THE ARITHMETICAL PROGRESSION 


If we consider the sequence ai, 02 , 03 , • • • , On with the understanding 
that it is an arithmetical progression whose common difference is d, we 
note that 


01 = ai; 

02 = ai + d; 

Oa = 02 + d = ai + 2d; 

04 = 03 + d = oi + 3 d; 


On = oi + (n - l)d. (1) 

The factor (n — 1) in Formula (1) is obtained from observation of the 
fact that the coeflficient of d is always 1 less than the number of the term. 
Equation (1) expresses a relationship between the four quantities On, n, 0 %, 
and d. If we are given any three of these four quantities, the fourth may 
readily be found. In fact, Equation (1) may be solved for any one of the 
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quantities involved in terms of the others. Thus, three other useful 
formulas may be obtained. 

Since n must be a positive integer, we should note that if we assign 
numerical values to an, ai, and d, in order to find n, it is necessary that the 
assigned values shall actually be elements of an arithmetical progression; 
otherwise, n will not result in a positive integer. 

If we let Sn denote the sum of the first n terms, that is, ai + 02 + Os 

+ ...+ 

an, we may derive a formula for Sn as follows: 

(4) aSw = + (ai + d) + (ai + 2d) + (ai + 3d) + • • • 

+ [cii + (n — l)d]. 

If we consider the same progression, but with its terms written in the 
reverse order, we have 

iB) Sn = an+ (an - d) + (an - 2d) H h [an - (n - l)d]. 

After adding the corresponding members of Equations (A) and (B), we 
have 


2Sn = (ai + On) + (ai + an) + (ai + an) + • • • + (®i + an), 

there being n terms upon the right. Consequently, 

2ASn = n(ai + an), 

7h 

or 2 

From this Formula (2), we may obtain three additional formulas by 
solving for each quantity in terms of the others. 

We thus have shown that it is possible to have eight formulas for use in 
the consideration of arithmetical progressions, although we may solve all 
problems met in practice by using only Formulas (1) and (2). 

The quantities ai, d, an, n, and Sn are referred to as the elements of an 
arithmetical progression; if any three elements of an arithmetical progres- 
sion are given, the remaining two elements may be found. 

Illustration 1. The arithmetical progression 20, 18, 16, • • • is given. 
Find the 20th term and the sum of the first 20 terms. 

Here, ai = 20, d = —2, n = 20. 

From Equation (1) 020 = 20 + (19) (—2) = —18. 

20 

From Equation (2) /S20 = 17 (20 — 18) = 20. 

A 

Illustration 2. Given ax = 15, d = 3, On = 30, find n and Sn* 
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We have, from Equation (1), 30 * 15 + (n — 1)3 

= 12 + 3n. 

3n = 18, 
n = 6. 

Prom Equation (2), Sn = 1(15 + 30) 

= 135. 

Ilhistration 3. Given oi = 7, /Sn = 7, and d = —2 
Find On and n. 

From Equation (1), a» = 7 + (w — 1)(— 2) 
or On = 9 — 2n. 

From Equation (2), 7 = “ (7 + On). 

After substituting in this latter equation the value of an previously 
found, we have 

7 = ^ (16 - 2n), 

or 7 = 8n — n^. 

This quadratic equation may be simplified to 

- 8n + 7 = 0, 

or (n — 1) (n — 7) = 0. 

Thus, n = 1 and 7. 

EXERCISES 66 

1. Solve Formula (1) (Section 100) for each element in terms of the others. 

2. Solve Formula (2) (Section 100) for each element in terms of the others. 

3. Given the arithmetical progression — 1, 3, 7, • • • , find the tenth term and 
the sum of 20 terms. 

4. Given the arithmetical progression —1, —3, — 5, • • • , find the twentieth 
term and the sum of 20 terms. 

6. Given the arithmetical progression f , * ■ % find the sum of 15 terms. 

6. Given the arithmetical progression V^, 3\/2, 5\/ 2, • • • , find the sixteenth 
term and the sum of 16 terms. 

7. Given ai = V2, d = 2, n = 12. Find an and Sn> 

8. Given d = V^, n = 20, and a„ = 6\/2. Find ai and /8n. 

9. Given ai = 39, an = 67, d = Find n and Sn> 

10. Given ai =* 2 J, d « 2j, Sn = 165. Find n and Cn. 

11. If the first and third terms of an arithmetical progression are, respectively, 
25 and 4, what is the second term? 
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12. The sum of three terms in an arithmetical progression is 9, and the sum 
of their squares is 135. Find the numbers. Hint; Let the three terms be 
a — d, a, and a + d. 

13. A drilling company charges the following rates for drilling wells: 40 cents 
for the first foot and an increase of 2 cents for each additional foot. What would 
be the charge for drilling a well 100 ft deep? 

14. Suppose that two positions are available, one at an annual salary of $1300 
with a yearly increase of $100, the other at a fixed annual salary of $2000. In 
how many years would the total income from the two positions be the same? 

16. Twenty potatoes are placed in a straight line on the ground at intervals 
of 5 ft. A basket is placed on this same line and 10 ft from the first potato. A 
runner starts from the basket, picks up the first potato, and carries it to the 
basket; he then continues to the second potato and carries it to the basket; 
and so on. 

How far must he run before all the potatoes are deposited in the basket? 

16. A student in need of money decided to raise it by raffling off his watch. 
He decided to sell tickets numbered consecutively and charge for each ticket as 
many cents as the number on the ticket. How many tickets must he sell to 
raise at least $40? 

17. A body falling freely in a vacuum falls ft the first second, and each 
second after the first the distance fallen increases g ft. Find a formula for the 
distance S fallen in t sec. 

18. A term b of the proper magnitude is introduced between a and c so that 
the three terms form an arithmetical progression. Show that b is the ordinary 
average of a and c. 

19. Prove that the sum of the first n odd numbers is equal to n^. 

20. A flywheel 5 ft in diameter is revolving at a speed of 50 rps just as the 
power is shut off. If the speed then decreases 2 rps, how far will a point on the 
rim travel before the wheel stops? 

21. A harmonic progression, by definition, is a sequence of numbers whose 
reciprocals form an arithmetical progression. The first term of a harmonic 
progression is ^ and the fourth term is find the second term and the seventh 
term. 

101. GEOMETRICAL PROGRESSION 

Definition: A geometrical progression is a sequence of numbers in which 
the ratio of any term divided by the preceding term is a constant, called 
the common ratio. The first term is given independently. 

Thus, the sequence 3, 6, 12, 24 is a geometrical progression whose com- 
mon ratio is 2. The first term is 3. 

Similarly, 4, 2, 1, J is a geometrical progression whose common ratio 
is \ and whose first term is 4. 


EXERCISES 67 

Determine which of the following sequences are geometrical progressions; 
1 . 2, 4, 8, 16 2. 2, 3, 4, 6 

3 . 2, 3, I, ^ 4 . 10, -5, 
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»• 1, -i, -h -i 6- V^, 2, 2V2, 4 

7. 1, 0, —1, —2 8. ax, ax^, ax*, ox^ 

9. 1, a + 6, (a + 6)*, (a + 6)« 10. 1 + Vl, -1, \/2 - 1 

102. FORMULAS FOR THE GEOMETRICAL PROGRESSION 
If we consider the sequence 

fll, (I2, 03, • • • , On 

with the understanding that it is a geometrical progression whose common 
ratio is r, we note that 

01 = Oi. 

02 == oir. 

08 = 02r = Oir*. 

04 = Oar = Oir*. 


Hence, On = (1) 

The nth term is obtained from observation of the fact that the exponent 
of each term is 1 less than the number of the term. 

Equation (1) expresses a relationship between the four quantities 
On, n, Oi, and r. If we are given any three of these four quantities, the 
fourth may be found. 

We should note that if we assign numerical values to On, Oi, and r in 
order to find n, it is necessary that the assigned values shall be actual 
elements of a geometrical progression; otherwise, n will not be a positive 
whole number. 

Let Sn denote the sum of the first n terms, namely, 

Sn = 0,1 + air + air* + air^ + • • • + air"“^ 

After multiplying each member of the preceding expression for Sn by 
r, we have 

rSn = air + air* + air* + air^ + • • • + oir"""^ + air". 

After subtracting the members of the equation for Sn from the corresponding 
members of the equation just obtained, there results 

rSn - Sn = air" - ai, 

Sn(r - 1) = ai(r" - 1), 



This formula fails if r = 1. In that case, 

Sn = ai ■+• ai + • • • “b “ ^1* 


( 2 ) 
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lUusiration 1: Given the geometrical progression 2, 3, f , , find 

the tenth term and the sum of 10 terms. Here, 

Oi = 2, r = f , n = 10. 


From Equation (1), 



From Equation (2), 




59,049 

256 


— 4 = 226.66, approximately. 


Illustration 2: Given Oi = 50, r = = It* Find n and /Sn. 

From Equation (1), ff = 50 (t)”""^. 

Therefore, lir = 

or 128 = 


Since 128 = 2’, it follows that 

n - 1 = 7, 

or n = 8. 

From Equation (2), /Ss = 50 = —100 f-^ — 1 1 

i — 1 L2oo J 

_ 25,500 _ 6375 

256 “ 64 


EXERCISES 68 

1. Solve Formula (1) (Section 102) for each of the elements oi, r, and n in 
terms of the other elements. 

2. Solve Formula (2) (Section 102) for each of the elements ai and n in 
terms of the other elements. 

3. Given the geometrical progression —1, • • • , find the ninth term 

and the sum of nine terms. 

4. Given the geometrical progression 6V^, 10, lOV^, • , find the eighth 

term and the sum of eight terms. 

5. Given ai = 21, r = |, and n = 8. Find o„ and <8n. 

Vs 

6. Given ai = r- , On = 864, and n = 8. Find r and Sn» 

12 

7. A man invested $1000 on January 1, 1930, at 4| per cent compounded 
annually. If no withdrawals are made, what will be the value of his investment 
at the end of 20 years? 



158 


PROGRESSiONS 


[Ch. 14 


8* If the enrdllment of a school is 1500 and has been increasing at the rate 
of 10 per cent per year, what was the enrollment 10 years ago? What will it be 
10 years from now? 

9. If a student invests $100 on each anniversary of the date of his graduation 
from college, and these investments earn 5 per cent compounded annually, how 
much will he have to his credit on the twentieth reunion of his class after mak- 
ing his regular investment upon that date? 

10. A painter agreed to paint a flag pole at the following rate: $5 for the 
first 20 ft, $10 for the second 20 ft, $20 for the third ft, and so on. What would 
be his total bill if the flag pole is 120 ft high? 

11. An air pump used for removing the air from a tank removes with each 
stroke one tenth of the weight of the air remaining in the tank. 

(а) What fractional part of the original air, by weight, will remain in the 

tank after 10 strokes? Assume the original weight of air in the tank to be 

w lb. 

(б) How many strokes would be necessary to remove 98 per cent of the air 

from the tank? 

12. A number b is inserted between the two numbers a and c so that the three 
form a geometrical progression. Show that b must be the mean proportional 
between a and c. 

13. According to legend, an Indian prince once agreed to pay a wiseman 1 
grain of wheat for the first square of a chess board, 2 for the next, 4 for the next, 
8 for the next, and so on. Recalling that a chess board contains 64 squares, 
compute the approximate number of grains of wheat involved in the transaction. 

103. INFINITE GEOMETRICAL PROGRESSIONS 

A sequence with an unlimited number of terms is said to be an infinite 
sequence. Such a sequence may be displayed symbolically as follows: 

Oi, 02, Os, O4, • • • , On, • • • , 

wherein the three dots at the end indicate that no last term may be specified. 

As an illustration, the sequence 1, J, i, i, • • • possesses the property 
that every term is followed by another term, that is, there is no last term; 
it is an infinite sequence. Moreover, this sequence possesses the character- 
istic property of a geometrical progression, for each term after the first is 
one half its predecessor; so it is called an infinite geometrical 'progression. 
The fraction expressed as a decimal, results in another infinite geo- 
metrical progression, namely, 

0.33333 • • • = 0.3 + 0.03 + 0.003 + 0.0003 + • • • , 
in which the r is equal to 0.1. 

A fundamental problem in the study of an infinite geometrical 
progression pertains to the behavior of the sum of the first n terms as n 
becomes large. In general, let the infinite geometrical progression be 
denoted by 


a + ar'^ + ar^ + ••• + + • • • . 
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The sum of the first n terms, of course, is 

On = — • 

r — 1 


This formula may be rewritten in the form 



If r is numerically less than 1, and if n increases, then r" decreases, 
becoming, in fact, arbitrarily small as n becomes sufficiently large. This 
may be indicated symbolically by as n— > oo, which is read “r” 

approaches zero (that is, becomes and remains numerically smaller than 
any quantity specified in advance) as n increases without limit.” 


Since as n 


00, r” 


0, then 


air" 

1 - r 


also tends to 


0 ; 


consequently, 


Sn tends to 



We indicate these facts by writing 


71— >Q 0 1 r 

where the symbol lim Sn is read ^‘limit of Sn as n increases without limit.” 

n — > QO 

We define the ^^sum” of an infinite geometrical progression whose common 
ratio is numerically less than 1 by lim Sn- 

n— >00 

If r is numerically greater than 1, r" increases numerically without 
limit as n increases without limit; thus, the infinite geometrical progression 
does not have a definite finite sum. 

If r = +1, the progression is 

+ ai + ai + Oi + • • • , 

and since ai is a finite number, the infinite geometrical progression does 
not have a finite sum. 

If r = —I, the progression is 

ai — tti + oi ~ + • • • ; 


evidentally, the sum oscillates between ai and 0; so the progression does 
not have a definite sum. 

Hence, an infinite geometrical progression has a sum only when r is 
numerically less than 1. In practice, therefore, the study of the infinite 
geometrical progression is restricted to this case. 

It is important to note the significance of lim Sn = - - • This 

n-+oo 1 — r 


means that as n increases, the difference between Sn and 


ai 


1 — r 


* in absolute 
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value, becomes smaller and smaller and may be made arbitrarily small by 
selecting n large enough. 

lUmtration: A rubber ball falls from a height of 50 ft and rebounds 
two thirds of that distance. As the process continues, each rebound is 
two thirds of the distance of fall. Let us find the total distance traversed 
by the ball. 

The distance traversed may be obtained by adding the two sums 
that follow: 

Total drops = 50 + f (50) + i(50) + ^^(50) + • • • ; 

Total rises = 1(50) + ^(50) + ift^(50) + • • • . 

Each sequence is an infinite geometrical progression in which r = f ; 
hence they may be summed by the formula just derived. The results 
obtained are as follows: 

50 

Total drops = = 150; 

1 — f 

Total rises = = 100. 

Hence, the limiting value of the distance covered by the ball 
is 100 + 150 = 250 ft. 


EXERCISES 69 

Find the value of the sum of each of the following infinite geometrical progres- 
sions: 

1. l+^4-i+i+iV+**’ 2. l4-:g-+i+*’* 

3 . 2-f 4. 3+1 

6. (0.9) + (0.9)2 + (0.9)® + • • • 

Find the rational fraction that represents the limiting value of each of the 
following repeating decimals: 

6 . 0.222 • • • 7 . 0.121212 • • • 

8 . 0.243243 • • • 9 . 0.48545454 • • • 

10 . 32.7363636 • • • 

11 . When an electric circuit containing a galvanometer is closed, the needle 
of the galvanometer vibrates back and forth across the point where it finally 
comes to rest. If on the first swing to the right it turns through an angle of 
30 degrees from the point of rest, and on the swing to the left it turns through an 
angle only one half as great as the previous swing to the right, what is the limiting 
value of the total number of degrees through which the needle turns? Assume 
that the successive swings right, left, right, and so on, are in geometrical pro- 
gression. 

12 . If a weight is suspended from the end of a coiled spring and allowed to 
drop suddenly, the spring will be elongated and then contracted so that the weight 
vibrates up and down above and below a certain point. If, when the weight is 
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dropped, the spring is elongated 2 in. longer than its final length, what is the 
limiting value of the total distance the weight will travel? Assume that the 
successive distances below, above, below, and so on, are in a geometrical pro- 
gression of common ratio f . 

13. Determine the limit of the sum of the geometrical progression 

— + 7 — TTTa + 7 — TT^ + * * * i where a; > 0. 

X + 1 (x + 1)* (x + ly 


14. In adding successively the terms of the following geometrical progression 



+ 






what is the least number the sum will never exceed? 
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104. MATHEMATICAL INDUaiON 

Mathematical induction is a method frequently employed to investi- 
gate the validity of certain assumed formulas or laws in one variable, 
whose range is restricted to an infinite collection of consecutive integers. 
The general method will be analyzed by considering its application to 
particular examples. 

Illustration 1 : We note that 

1 = P, 

IH- 3 = 2^ 

1 + 3 + 5 = 32 . 

It appears that the sum of the n consecutive, positive odd integers 
beginning with 1 is n^. Let us examine the validity of this conjecture in 
general; that is, let us investigate whether 

1 + 3 + 5 + 7 + • • • + (2n - 1) = n^ 

where n is any positive integer. 

The method of mathematical induction is as follows: 

First, we test the assumed law for at least one permissible value of n. 
This test has been applied to the formula under consideration for 
n = 1, n =? 2, n = 3. If the formula is valid for the particular choice of n, 
we move to the next step. Of course, if the formula is invalid for that 
value of n, there is no need to go further. 

Second, we assume that the formula is valid for an arbitrary value of 
n, such as n = A;. Thus, for the formula at hand, we assume that 

1 + 3 + 5 + 7 + • • • + (2A: - 1) = A;2. (1) 

Using this assumption as a basis, we obtain a formula for the case where 
n /b + 1. Here, we add 2A; + 1, the next term of the progression, to 
both sides of (1), thereby obtaining 

1 + 3 + 6 + 7 + • • • + (2fc - 1) + (2A; + 1) = A:2 -b 2A; + 1. (2) 

But the right member of Equation (2) is evidently (A; + 1)*, the original 
formula with n replaced by A; -f 1. Hence, the method shows that if 
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the assumed law is true for the arbitrary positive integer k, it is true for 
the next higher integer k + 1. 

We have, however, verified that the law is true for n = 1, 2, and 3; 
hence, the induction just completed shows that the assumed law is true 
for the next value, n = 4; but, if the formula is valid for n = 4, the induc- 
tion shows that the assumed law is true for n = 5, and thus, by a con- 
tinuation of the process, we have established the law, 

1 -h 3 + 5 + 7 + • • • + (2n - 1) = n2, 

as a general law for every positive integer n. 

Illustration 2: We can readily verify by division that a" — 6" is divisible 
by a — 6, when n = 1, 2, 3, and we now wish to investigate whether 
qu _ jg divisible by a — 6 when n is any positive integer. 

To apply mathematical induction, we assume that the law is applicable 
when n is some arbitrary positive integer k] thus, we are assuming that 

— 6* is divisible by a — 6. Basing our analysis upon this assumption, 
we ask the question whether — 6*+^ is divisible by a — 6. We write 
gh+i — in the form 

— ah^ -f- ab^ — 


But this expression may be written as 

o(a* — 6*) + h^{a — 6). (3) 

Thus, it is apparent that if a*’ — is divisible by a — 6 for the positive 
integer k, then is divisible by a — 6. Since we know that 

gz _ yi jg divisible by a — 6, this latter step demonstrates that 
must be divisible by a — 6 and so on. We have therefore established 
that a" — 6" is divisible by o — 6 when n is any positive integer. 

In summary, we note that mathematical induction involves 

(A) Testing an assumed law, expressed as a function of w, for a numer- 
ical integral value of n, say w = 1, 2, 3; 

{B) Investigating the assumed law for an arbitrary value of n, such 
as n = A;, to determine whether the assumption of the law for n = A; 
results in the law holding when n = A; + 1. 

If (A) and (B) hold, then the reasoning shows that the law is true 
for all integral values of n higher than the lowest value used under (A). 

The student must note that both parts (A) and (B) are essential in 
the establishment of an assumed law by mathematical induction. In 
fact, we shall now illustrate that the application of either (A) or (B), 
but not both (A) and (B), is not sufficient in mathematical induction. 

Illustration 3: Let us investigate the validity of the formula 

^ + • • • + ^ ^ ^ ^ 

when n is any positive integer. 
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We first apply step (A) and readfiy verify that the assumed law is 
true when n = 1, 2, 3. 

If, however, we proceed to stcfp (B) and assume for an arbitrary n = k 
that 

iTi ^ ‘ A:(fc + 1) “ A + 1 ~ 


and then add 


12'^2-z'^ 


(k + 1)(A; + 2) 
1 


to both members, we have 
1 


A; + 1 


^(A; + l) (A; + l)(A; + 2) 
+ (A; - 1)(A;-2)(A;~3) + 


( 2 ) 


(A; + 1)(A; + 2) 

It is not difficult to see that the right member of (2) is not identical with 
the assumed formula when n = k + 1, that is, with 

Aj ~|- 1 


A; + 2 


+ A;(A;-l)(A;-2). 


Hence, we see that although part (A) applies for the values of n tried, 
part (B) does not apply, and the law is not established. In fact, the 
proposed formula ceases to be valid when n » 4. 

Illustration 4: Let us investigate whether the following formula is 
valid when n is any positive integer: 


P + 2« + 3* + 


. . + 1)* . , 

+ n' = h 6. 

4 


Without applying step (A), that is, without verifying the proposed 
formula for any value of n, let us apply {B). Thus, we assume that 


1* + 2» + • • • + ^ + 5. 


( 1 ) 


After adding (A: + 1)* to both members, we have 

h 2 (h 4 . 1 

13 + 2» + • • • + ^ + (fc + 1)* = + 5 + (A; + ly. (2) 


The student can readily show that the right member of (2) is identical 


with the proposed formula when n ~ k+l, that is, with 


(A; + 1)*(A: + 2)2 


f5. 


Hence, the assumed law holds for n — A; + 1 if it holds for n == k. 
If, however, we now apply step (A), that is, if we try the assumed law 
for n » 1, 2, 3, we find that it is not true for any of these cases. Therefore, 
we see that although step (B) applies, step (A) does not apply, and the 
law is not established. 
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105. PROOF OF THE BINOMIAL THEOREM FOR A POSITIVE INTEGER 


In Section 26 we stated the binomial theorem for positive integral 
exponents. It is 

(o + 6)" = o» + na»-‘6'+ o»-*6* 


|2 

n(n — l){n — 2) 

K 


an-"«6® + • • • + no6’‘“^ + 6**. 


This formula was accepted at that time without proof, although it 
was confirmed for such values as n = 2, 3, 4. 

If, in this binomial expansion, we designate by nC 2 , 

n(n — l)(n — 2) , ^ , n(n — 1) • • • (n — r + 1) , ^ 

- by nCa, and by nC, 


\L 


Ll 


where r is any positive integer equal to or less than n, we note that the 
expansion may be written as 


(a + 6)» = a^ + nCia^-^h + nC 2 a^-^h^ + • • • + nCra^^^h^ + • • • + nCn6^ 


where the (r + l)th term is 

This formula is readily proved when n is a positive integer by the use 
of mathematical induction. 

As already stated, we know the formula is true forn = 1,2, 3. 

Hence, we assume the validity of the expansion for n — k. Then we 
multiply the left and right members of 

{a + hy = a^ + kCia^^b + kC 2 a^-^h^ + • • • +kCra^-^h^ + . . . + 6* 
by a + 6, and obtain 

(a + + kWh + kC 2 a^^h^ + • • • + kCra^^^b- 

+ • • • + o6*] + [a*6 + kW-^b^ + . . . 

+ kWa^^b'^ + • • • + 6^+']. 


After collecting terms, this equation becomes 

(a + + (kCi + l)a*6 + {kC 2 + kCi)a^-%^ + 

+ ikCr + kCr-i)a^-^^hr + • • • + h^K 

We now show that 

kCr + kCr-1 = k+lCf 

1)(A;- 2) (r- 1)1 

kCr *= i f 


and 


kC^i = 


Ll 

k(Jc - l)(fc - 2) • • • [fc - (r - 2)] 


r- 1 


Hence, after multiplying numerator and denominator of the expression 
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for by r, we obtain 

„ . ^ *(fc-l)(fc-2)-"[*- (»--2)P- (r-l) + r] 

tPr + *0^-1 = j 

Lr. 

k{k - l)(fc - 2) • • • [fc - (r - 2)](fc + 1) 

[r 

_ (fc+l)(fe)(fe- l)-.-[(fc + l)- (r- 1)] 

liL 

= fc+iCf. 

Hence, (a + 6)*^^ = a*+i + k+iCia^h + 

+ + • • • + b^K 


From this equation we see that if the proposed expansion is true for n — k, 
it is true for n = A; + 1. Hence, we have established by mathematical 
induction that the binomial theorem is true for all positive integral values 
of n. 


EXERCISES 70 

Prove by mathematical induction that 


1. 2 + 4 + 6 + • • • + 2n = n(n 4- 1) 

2. 3 + 5 + 7 4- • • • + (2n + 1) = n(n + 2) 

3. 4 4- 43 4- 4« 4- • • • 4- = |(4« - 1) 

4. 1* 4- 2* 4“ 3^ 4- • • • 4- n* = in(n4- l)(2n 4- 1) 

B J-4.-L4. , 1 _ ^ 

2-3 ■^3-4“^ (n 4- l)(w 4-2) 2(n4-2) 

6 J-+-L+...+ I = 

5-6 ^6-7^ ^ (n 4-4 )(w 4-5) 5(n 4- 5) 


7. 4- 23 4- - 


w^(n 4- 1)3 
4 


6. a” — 1 is divisible by a — 1 when n is a positive integer. 

9. a®” — 1 is divisible by o 4- 1 when n is a positive integer. 

10. Prove the formula for the nth term of an arithmetical progression by 
mathematical induction. 

11. Prove the formula for the nth term of a geometrical progression by 
mathematical induction. 

12. Show that step (A) of the process of mathematical induction applies to 
2 4- 4 4- 6 4- • • • 4- 2n = n(n 4- 1) 4- (n - l)(n - 2)(n - 3), 


but that step (B) fails. 

13. Show that step (P) of mathematical induction applies to 

24-44-64"***4-2n = n(n + 1) +3, 

but that step (A) fails. 

14. Evaluate 6C2; bCz; uCa; 

16. Show by numerical analysis that 

7C4 4- tCs 8 ^ 4 . 
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106. PERMUTATIONS 

Definition: Each of the arrangements which can be made by taking 
some or all of a number of things is called a 'permutation. Thus, if we are 
considering the three letters a, 6 , c, the different arrangements of these 
three letters, taking them two at a time, are a 6 , oc, 6 a, 6 c, ca, c 6 ; in general, 
there are six arrangements or permutations of three things taken two at 
a time. We symbolize this as = 6 . The permutations of the three 
letters taking them three at a time are o 6 c, ac 6 , 6 ac, 6 ca, ca 6 , c 6 a. Thus, 
3P3 = 6 . 

107. FUNDAMENTAL THEOREM 

If a first act can be performed in m ways and a second act can be per- 
formed in n ways, and if it is assumed that the doing of the first act in 
m ways does not exclude the doing of the second in n ways, then the two 
can be done, in that order, in mn ways. 

Thus, if we can cross a river in 10 different boats and return in 5 other 
different boats, the journey can be performed in (5) (10) = 50 different 
round trips, assuming that the round trips are different when at least one 
different boat is used in each round trip. 

It is immediately apparent that the fundamental theorem as it per- 
tains to two acts can be generalized to the case of n acts. Thus, if one 
act can be performed in oi ways, and, if after it has been done in some 
one of these ai ways, a second act can be performed in 02 ways, and, if 
after this has been done, a third act can be performed in 03 ways, and so 
on for n acts, then the n acts can be performed together, in that order, in 
{ai)((h)(flz) • • • (ttn) ways. 

Illustration 1: In how many ways can individual portraits of five 
people be arranged in groups of three? 

Figure 41 displays a group of three portraits. In this problem, in 
contrast with many problems, any one of the five portraits can be hung 
in any one of the three positions. Thus, starting with the first position 
to the left, there are five possible choices. After one portrait has been 
hung, there are four choices for the second position. After a selection has 
been made for the second position, there are only three choices for the 
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third position. Thus, the portraits may be arranged in (5)(4)(3) » 60 
diOferent ways. 



Fio. 41 Fig. 42 


lUmtration 2: In how many ways may a collection of family portraits 
be arranged by threes if each collection shows a parent in the middle and 
one child on each side, there being three children in the family? 

Figure 42 depicts the situation this time. In the middle there are 
two definite choices. On the left there are three possible choices, but, 
after a selection has been made, there are two choices on the right. Thus, 
the portraits may be arranged in (3) (2) (2) = 12 different ways. 

EXERCISES 71 

1. If there are five paths up one side of a mountain and three down the 
opposite side, in how many different ways may a person go over the mountain? 

2. If there are two different railroads, three different bus lines, and three 
different air routes joining A and B, in how many ways may a traveler make the 
round trip from AtoB and back to A if he decides to go by rail or by bus and 
return by air? 

3. In how many ways may three positions be filled if there are five applicants 
for the first position, three for the second, and ten for the third? It is to be 
understood that no applicant is eligible for a position other than the one for 
which he has applied. 

4. There are five pitchers and three catchers on a certain baseball squad. 
In how many ways may the coach choose a battery for a game? 

6. If there are 23 men on the squad of Exercise 4, and each of the other 15 
can play any one of the remaining seven positions equally well, in how many 
ways may the coach choose a team? 

6. In how many different ways may a man dress if he has five suits, two hats, 
and three pairs of shoes? 

7. In how many ways may a program consisting of four musical numbers 
and three speeches be arranged if the first number must be music and the other 
numbers alternate? 

8 . (a) How many even three-digit numbers can be made from the digits 1, 
2, 3, 4, 5, 6, 7, 8, 0 if no repetition of digits is allowed? 

(h) Answer part (a) when the number must be between 300 and 400. 

(c) Answer part (a) when repetition of digits is allowed. 

9. How many three-letter words may be formed with the four letters a, 6, c, 
d, if it is understood that any arrangement of three of the letters with a vowel in 
the middle is a word. Repetition of letters is permitted. 

10. In how many wa3rs may the seven speakers at a banquet be seated at the 
seven places along one side of the head table? 
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i 109] PERMUTATIONS OF n THINGS 

108. THE FORMULA FOR nPr, r^n 

We shall now derive a formula for nPr, where r ^ n; that is, we shall 
construct a formula for the total number of permutations of n things, 
taking them r at a time. 

Consider n different things, ai, 02 , as, • • • , Evidently a first a can 
be chosen in n ways. Once a first a is selected, a second may be chosen 
in n — 1 ways [one out of the (n — l)o’s left]. Once the second a has 
been selected, a third may be chosen in (n — 2) ways, and so on. Hence, 
by the fundamental theorem, the r a^s can be selected in n(n — 1) 
X (n — 2) • • • [n — (r — 1)] ways. 

Hence, nPr = n(n — 1) • • • [n — (r — 1)]. 

When r = n, we have 

nP« = 


109. PERMUTATIONS OF THINGS, q OF WHICH ARE ALIKE 

K of the n things to be permuted n at a time q are alike, we would not 
have so many distinguishably different permutations as when all things 
are different, for the permutation of the q alike things among themselves 
would not give distinguishably different arrangements. But the q things 
may be permuted among themselves qPq « ways. Hence, if x is the 
number of distinguishably different permutations possible, we have a 
total of permutations. But, the total number of permutations of n 
things, if they are all different, is 


Hence, 


nPn - 

0^11= [n, 

llL 

X = f=» 

Li 


this result representing the number of permutations of n things, n at a 
time, q of which are alike. 

This result may be generalized immediately for the case where we 
desire the total number of permutations of n things, of which there are 
q alike of one kind, r alike of a second kind, s alike of a third kind, and so 
on, it being understood that 

n = ^ + r + 3 + f + '**- 

If X is the required number, we now have ^ ~ hence. 


(7 Ir s t 


X 
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EXERCISES 72 

1 . How many odd numbers of four figures each could be formed from the 
nine digits 1 , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 without repeating a digit in the same number? 

2 . In how many ways can a rowing crew of eight men be arranged? 

3 . In how many different orders can six debutantes be introduced at a 
^‘coming-out party*'? 

4. How many different signals may be formed from five different colored 
flags arranged horizontally, using any number at a time? 

5 . In how many ways can a party of four seat themselves in a seven-passen- 
ger car? 

6 . How many different permutations can be formed from the letters of the 
word differentj using all the letters each time? 

7 . In how many ways can a football team of 11 men be arranged if the 
quarterback, fullback, and center must always play the same positions, the ends 
may be interchanged but can play in no other position, and the halfbacks may be 
interchanged but play in no other position? 

8 . How many different signals using a vertical array of flags can be formed 
from five red flags, three white flags, and three blue flags, using all eleven flags in 
each signal? 

9. Five red squares and four green squares of the same si?e are to be put 
together to form one large square. How many different designs are possible? 

10 . In how many ways may six men and five women be arranged in a chorus 
if men and women must alternate? 

110 . COMBINATIONS 

Definition: Each of the group selections, ignoring order, which can be 
made by taking some or all of a number of things is called a combination. 
That is, the word combination refers to the variety of groups and not to 
the arrangement within each group; the arrangement of the objects 
within the group does not alter the combination. If we have the five 
different things, ai, 02, oa, a 4, Ob, and we desire the number of combina- 
tions of them in groups of three, we write this symbolically as sCs. These 
combinations are 0102013, 010204, O1O2O8, 01O8O4, oiOsOs, 01O4O6, O2O3O4, 02O3O6, 
020406, 030405; hence, bCs * 10 . 

To analyze this particular illustration further, we note that if we were to 
permute the five things three at a time, we would have hPz = 6 • 4 • 3 = 60 
permutations, but since a permutation involves a rearrangement of the 
three things within each possible group, we note that the number of permu- 
tations is sPs times the number of combinations. That is, such a com- 
bination as O1O2O3 is actually counted in the number of permutations six 
different times, for 01O2O8, 01O8O2, 020301, 02O1O8, O8O1O2, O8O2O1 are different 
permutations, even if they designate the same combination. Conse- 
<iuently, 

fPz 


ll (.C,) - ,P, or »C, 
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Similarly, if we require nCr, we first find 

nPr = n(n — l)(n — 2) • • • [n — (r — 1)], 


and then note that this result includes all the possible rearrangements 
within each group of r things, which may be done in rPr = [^ways; hence, 

tr(„C,) = „P, or ,a = ^. 

IL 


Illustration: How many different committees of three men may be 
formed from six men? 

Since order within each committee is not significant, we simply require 




6 * 5*4 
1 • 2*3 


= 20 . 


EXERCISES 73 

1 . How many committees of three each could be formed from a group of 
ten people? 

2. How many different baseball nines can be formed from a squad of 30 
players, assuming that each one can play any position? 

3 . If only 3 of the 30 players in Exercise 2 can pitch and these three can 
play in no other position, how many nines can be formed? 

4 . If of the 30 players of Exercise 2, only 3 can pitch and only 3 others can 
catch, and if these men cannot play in any other position, how many nines could 
be formed? Suppose these 6 men can also play the outfield, how many nines 
could be formed? 

5. In how many ways can a person make up a dinner party consisting of 
from 1 to 5 invited guests from a list of 10 friends? 

6. How many committees consisting of 3 men and 2 women can be formed 
from 20 men and 15 women? 

7. How many straight lines can be drawn through pairs of points selected 
from eight points if no three of the points are in the same straight line? 

8 . Prove that nCr = nCn^r- 

9. By use of the formula of Exercise 8, find the value of 100^95. 

10 . If we draw 5 balls at random from a bag containing 10 red and 15 white 
balls, in how many ways may we get 3 red and 2 white balls? 

11 . How many different bridge hands (13 cards) can be made from a complete 
pack of cards (52 cards)? 

12 . How many different collections of five cards are possible from the cards 
in a complete pack if it is specified that exactly three of the cards are to be aces? 

EXERCISES 74 

Misc€llan€out Problems Involving Pormutatlons and Comblnatlon$ 

1 . A basket of fruit contains 1 doz oranges, 10 apples, and 5 pears. In how 
many ways may a selection of 3 be made that shall contain 1 orange, 1 apple, 
and 1 pear? 

2. From the basket in Exercise 1, in how many ways may a selection of 
three be made that shall contain at least one orange? 
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8. From the basket in Exercise 1, in how many ways may a selection of 
three be made that shall contain no oranges? 

4. Fifteen examination papers are to be distributed among 15 students, 
1 paper to each student. In how many ways may it be done? 

6. Three students, are to be chosen from a group of 15 students for a special 
assignment. How many different groups of 3 may be selected? 

6. A true-false test of 10 questions is such that each question may be 
answered by the words “true^' or “false.” In how many different ways may the 
set of questions be answered by students who guess? 

7. If a cable contains 50 wires, in how many ways may they be connected 
in pairs? 

8. There are seven subjects that a student desires to study, but he is allowed 
to register for only five. In how many ways may he select the five subjects? 

9. Three points determine a plane. How many different planes are deter- 
mined by 10 points, no 4 of which are in the same plane? 

10. If there are 30 divisions on the dial of a “combination” lock and 3 settings 
must be made to operate the lock, how many settings are possible? Ignore the 
direction and number of turns between settings. 

11. There are 20 people at a party and each person must shake hands with 
each of the others. How many handshakes are there? 

12. Ten hockey players decide to choose two teams of five each for a game. 
In how many ways could this be done? 

13. A roominghouse has 10 rooms, and there are 6 applicants for the rooms. 
In how many ways may the rooms be assigned if no 2 people are assigned to the 
same room? 

14. In how many ways may the eight men in a squad be arranged in military 
formation if the same man must always act as corporal? 

15. Twelve men and twelve women attend a contract-bridge party. In how 
many ways may teams consisting of a man and a woman be formed? 

16. A mixed-doubles team (man and woman) from Club A is to compete 
against a mixed-doubles team from Club B. In how many ways may the tennis 
match be staged if Club A is composed of 10 men and 10 women and Club B has 
12 men and 8 women? 

17. In how many ways can 12 books be arranged on a shelf if one set of 3 
volumes is kept together? 

111. PROBABILITY 

Let us assume that some event, if given a ‘‘trial,” must happen or 
fail to happen in one of a limited number of ways, each of which is equally 
likely. By trial we mean any operation which gives an event an oppor- 
tunity to happen. Thus, if we have a bag containing m white and n black 
tickets, a single ticket of a designated color withdrawn from the bag is 
such an event. Also, the turning of a particular face uppermost when 
a die is thrown is such an event. In our illustrations the actual drawing 
of a ticket and the tossing of a die are called trials. It is an important 
part of our consideration that any one of the m + n tickets is equally 
likely to be drawn or that any one of the faces of the die is equally likely 
to fall uppermost. Under such assumptions, we define the probability 
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that an event occurs under trial as the ratio of the number of favorable 
cases to the entire number of possible cases, favorable and unfavorable. 

Thus, if the problem is to determine the probability of drawing a white 
ticket under the conditions described in the previous paragraph, we note 
that we have a total of m + n tickets (all the possible cases), of which 
m are white (the favorable cases); and so, according to the definition, 
the probability p of drawing one of the white tickets is given by the ratio 

m 

p = • 

m + n 

By similar reasoning, the probability q of drawing one of the black tickets is 

n 

q = 

m + n 

It may also be said that m/(m + w) is the probability of drawing a 
white ticket and n/(m + n) is the probability of failing to draw a white 
ticket; or that n/(m + n) is the probability of drawing a black ticket 
and m/{m + n) is the probability of failing to draw a black ticket. 

112. EXCLUSIVE EVENTS 

If two or more events are so related that but one of them can occur, 
they are said to be mutually exclusive. 

Theorem. The probability that some one of a set of mutually exclusive 
events will occur is the sum of the probabilities of the single events. 

This theorem follows immediately from the definition of probability 
and the fact that the events are mutually exclusive. 

Illustration 1 : In throwing a die, the probability of throwing an ace 
is if since there is only one ace out of six faces. Likewise, the probability 
of throwing a deuce is i. Hence, the probability of throwing an ace or 
a deuce is evidently 

111 — 1 

Illustration 2: We may note as a consequence of the above theorem 
that the probability of drawing either a black or a white ticket in the 
example of Section 111 is 

= 1 . 

m + n m + n 

In general, a probability of 1 indicates a certainty. By contrast, if 
an event is certain not to happen, the probability of its occurrence is zero. 

Illustration 3: If four coins are tossed simultaneously, find the prob- 
ability that there will be two heads and two tails. 

The total number of ways in which these coins can fall is evidently 
2 * **16. The total munber of ways of obtaining two heads is 4 C 2 = 6. 
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Therefore, the probability of obtaining two heads (and, of course, two 
tails) is A = f • 

lUusiration 4 : What is the probability of drawing two kings from a pack 
of cards if only one draw of two cards is made? 

Two kings may be drawn from the four kings in the pack in 4 C 2 ways, 
or six ways. The total number of pairs of every variety that may be 


drawn from the pack is = 
6 


(52) (51) 
( 1 )( 2 ) 


= 1326. Hence, the required 


probability is 


1326 


1 

221 ‘ 


EXERCISES 75 

1. A single cubical die with its faces marked from 1 to 6 is thrown once. 
What is the probability that the face marked 6 will come up? 

2. Three balls are drawn simultaneously from a bag containing six red and 
nine white balls, (a) What is the probability that all will be white? (6) That 
two will be white and one red? 

3. The American Experience Mortality Table shows that of 92,637 people 
living at age twenty, 723 will die within a year. What is the probability that a 
person aged twenty will die before his next birthday? What is the probability 
that he will live? 

This problem is typical of those problems in the field of probability that can be 
studied only after the gathering of data. Such considerations are frequently 
treated under the heading empirical probability. 

4. Of the 92,637 people alive at age twenty (Exercise 3), 69,804 will be alive 
at fifty, according to the mortality table. What is the probability that a person 
aged twenty will live to be fifty? Will die before he is fifty? 

6. A man has a flock of 20 hens, 7 of which are layers. If he selects 1 of the 
hens at random, what is the probability that the one selected will be a laying hen? 

6. In drawing four cards from a pack, what is the probability that all will 
be aces? 

7. In naming a date at random, what is the probability that it will fall on 
Sunday? 

8. If 5 balls are drawn at random from a bag containing 10 red and 15 white 
balls, what is the probability that 3 will be red and 2 white? 

9. Find the probability of throwing exactly 7 in a single throw of two dice. 

10.’ Tickets numbered from 1 to 100 are placed in a box. If a ticket is drawn, 

what is the chance that it will be a predesignated number? What is the prob- 
ability that it will be an even number? What is the probability that it will be 
less than 10? 

113. INDEPENDENT EVENTS 

Definition: Events are said to be independent or dependent according as 
the occurrence of any one of them does not or does affect the occurrence 
of others in the set. 

rfceoftfn. The probability that all of a set of independent events will occur 
is the product of the probabilities that each of the single events will occur. 



51141 


DEPENDENT EVENTS 


17S 


Thus, if an event can happen in oi ways and fail in hi ways, and if another 
event independent of the first can happen in 02 ways and fail in 62 ways^ 
the probability that both events will ^ppen is 

Qj • 02 

(oi + 6i)(a2 + 62) 

The proof for this is a direct result of the fundamental theorem 
(Section 107 ). 

Illustration: What is the probability of throwing a 3 on the first throw 
of a single die and then throwing a 5 on the second throw? 

These events are obviously independent, and the probability in each 
case is So the desired probability is ( 4 )(i) = 

114. DEPENDENT EVENTS 

If the probability of a first event is pi, and if after this event has hap- 
pened the probability of a second event is P2, the probability that both 
events will occur in the order stated is pi • p2, and in general for a series of 
events the probability for the order stated is pip2Ps • • * . 

Illustration: A box contains three white tickets and four black tickets. 
What is the probability that successive draws of single tickets from the 
box will yield white tickets if the ticket drawn first is not returned to 
the box? 

The probability of obtaining a white ticket upon the first draw is f . 
After a white ticket is drawn, the box contains two white tickets and four 
black tickets, so the probability of drawing a white ticket the second time 
is t, or Consequently, the probability that these dependent events will 
occur as stated is (7)(i) = 


EXERCISES 76 

1. Four cards are drawn from a pack one at a time, (a) What is the 
probability of drawing four aces, if each card drawn is returned before the next 
is drawn? (b) If the card drawn is not returned? 

2. If two dates are named at random, what is the probability (a) that both 
will fall on Sundays? (6) that the first will fall on Sunday and the second on 
Saturday? 

3. In a certain locality 80 per cent of the days in June are clear. If four 
successive days are named in advance, what is the probability (a) that all will 
be clear? (b) that the first two will be clear and the next two not? 

4. A traveler has three railroad connections to make. If the probability 
that he will make any one of them, taken alone, is 0.6, what is the probability 
that he will make all his connections? 

6. If a man and woman are married when each is twenty years of age, what 
is the probability that both will be living at fifty years of age? (Use the data of 
Exercise 4 in the previous list.) What is the probability that the man will be 
living but the woman will not? 

6. A man has a flock of 20 hens, 7 of which are layers. If he selects two 
hens at random, what is the probability that both are layers? Check your 
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result by also finding the probability that neither is a layer and that one is a 
layer and the other not, and adding all three probabilities. 

7. If from the flock in Exercise 6 the man selects three hens at random, what 
is the probability that all are layers? Check your result by finding the proba- 
bility that'all are nonlayers, that one is a layer and two are not, and that two are 
layers and one is not. 

8. Tickets numbered from 1 to 100 are placed in a box. If two tickets are 
drawn in succession, what is the probability that both are even? That both are 
less than 10? That the two numbers drawn will be 75 and 62 in that order? 

9. A man holds five tickets in a lottery in which there is a single prize. If 
there are 100 tickets, what is his probability of winning? 

10. If there are two prizes in the lottery of Exercise 9, what is the probability 
that he will win both? 

11. (a) If a single card is drawn from a pack of cards, what is the probability 
that the ace of spades will be drawn at least once in four tries? (6) What is the 
probability that at least one ace will be drawn in four tries? 

12. If a bag contains five white balls, seven black balls, and three red balls, 
and one ball is drawn at random, what is the probability (a) that it is either red 
or white? (6) that it is neither red nor white? 

13. If the probability that A will live 10 years is f, and that B will live 10 
years is -j%, what is the probability that one or the other but not both will be alive 
in 10 years? What is the probability that both will be dead? 

115. VALUE OF AN EXPEQATION 

If p denotes the probability that a person will win a sum of money S, 
the product pS is called the value of his expectation. 

Illustration: What is the value of the expectation of a person who is 
to have any two coins that he may draw at random from a purse that 
contains five $1 pieces and seven 50-cent pieces? 

The probability of drawing two $1 pieces is 

bC2 5*4 6 

12 C 2 12 • 11 33 

So, the value of the expectation of drawing two $1 pieces, that is, winning 

92, is 5 

$2 • — = $0.30. 

33 

Of course, there is also the possibility of drawing two 50-cent pieces. 
The value of the expectation of drawing two 50-cent pieces is 

Likewise, a draw of a $1 piece and a 50-cent piece is a possibility. The 
value of the expectation of drawing one $1 piece and one 50-cent piece is 

($1.50) = $0.80. 

The total value of the expectation will be the sum of the individual expec- 
tations, or $1.42. 
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EXERCISES 77 

1. A gambler holds 4 numbers in a game of chance in which there are 60 
numbers around the rim of a wheel. Since the winner is to receive a prize of $1 
if the wheel stops at one of his numbers, what is the value of his expectation? 

2. A man bu3rBa ticket in a lottery for which there are 200 tickets. If 
there are one $500 prize, three $100 prizes, ten $50 prizes, and twenty $5 prizes, 
what is the value of his expectation? 

3. A box contains 5 packages valued at 25 cents each, 10 packages valued at 
50 cents each, and 20 packages valued at $1 each. If a person is allowed to draw 
one package at random, what is the value of his expectation? If he draws two 
paclmges, what is the value of his expectation? If he draws five packages? 

4. What is the value of a ticket in a lottery of 100 tickets if there are one 
$10 prize, two $5 prizes, five $2 prizes, and ten $1 prizes? 

6. A man aged twenty is to receive $5000 if he is living at age twenty-five. 
According to the American Experience Mortality Table, of 92,637 persons alive 
at age twenty, 89,032 of them will be alive at age twenty-five. What is the value 
of the man’s expectation? 

MISCELLANEOUS EXERCISES 78 

1. A bag contains five red, four black, and six white balls. If three balls are 
djawn at random, what is the probability (a) that all are red? (b) that all 
are black? (o) that either all are black or all are red? (d) that one is red, one is 
black, one is white? (e) that at least one is white? 

2. What is the probability of throwing either an ace or a deuce in two throws 
of a die? 

3. A drawer contains 12 black socks and 8 brown socks. If a student reaches 
in the drawer and pulls out a pair at random, what is the probability that the 
socks match? 

4. If three pieces of fruit are drawn at random from a basket of four oranges, 
five apples, and six pears, what is the probability (a) that all will be oranges? 

(b) that one apple, one orange, and one pear will be drawn? (c) that two pears 
and one orange will be drawn? 

6. If the probabilities that A and B will survive 20 years are 0.7 and 0.8, 
respectively, what is the probability (a) that one or the other will live 20 years? 
(6) that one will be dead in 20 years? (c) that both will be dead in 20 years? 
(d) that A will be alive and B will be dead? 

6. If the probability is | that an ear of corn selected at random from a field 
is between 8 and 9 in. long, and the probability is f that it is between 7 and 8 in. 
long, what is the probability that an ear selected is between 7 and 9 in. long? 

7. Two cards are drawn at random from a pack. What is the probability 
(a) that they are both of one suit? (6) that they are the ace and king of spades? 

(c) that they are aces? 

8. Seven couples attended a dance, and the men drew lots for their partners. 
Each man drew his own wife. What is the probability that this will occur? 

9. A woman is to win a $10 prize if each of two consecutive draws from a 
pack of cards produces an ace. The first card is to be replaced in the pack after 
it is drawn. What is the value of her expectation? 

10. Two women have tickets for the same row at a concert. If the row has 
26 seats, what is the probability that they will be seated side by side? 
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116. PARTIAL FRAaiONS 


The process of changing a fraction of the form 


m 


where f(x) and 


<f>(z) are rational integral functions, into an equivalent algebraic sum of 
simpler fractions is called reducing to 'partial fractions. 

Thus, the student can readily verify that r ^ , may be written in 

XKX + 1 ) 


{x + l)(aj + 2) 


may be written in the 


the form ] and that 

X a: + 1 

. 2 1 

form — — — • 

X + 2 X + 1 

In scientific work, and especially in the calculus, it is frequently neces- 

f(x) 

sary to reduce a given fraction ^ to its partial fractions. We shall 

<t){X) 

assume that the degree of f{x) is lower than that of otherwise, we 

must first divide and write 


where Q(jx) is the rational integral function obtained as the quotient after 
division and where fi(x) is a rational integral function of a lower degree 

than <l>(x). We may then apply the method of partial fractions to *^^7-7 • 

<t>{x) 

It is desirable to distinguish between several cases, depending on the 
nature of the zeros of (t>{x), These various cases will be studied through 
the use of specific examples. 

Case 1. The zeros of <t>(x) are all real and distinct. Thus, as an illus- 
tration, let us consider 

fix) a; — 1 

4>ix) {x + l)(a; + 2) (a; + 3) 
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(a;+ l)(a: + 2)(a; + 3) x + x + 2^ x + s' 

where A, 5, and C are constants to be determined. 

Clearing of fractions, we have 

x-l^ A{x + 2)ix + 3) + B(x + l)(rc + 3) + C{x + l)(x + 2). (1) 

The two members of Equation (1) are to be equal for all values of x, 
except possibly for a; = — 1, x = —2, x = —3, since the two members of 
the assumed equation are not defined for these special values of x. How- 
ever, it is demonstrable that if two polynomials of degree n are equal for 
more than n distinct values of the variable, they are equal for all values. 
Hence, the two members of Equation (1) are equal for all values of x. 

For the purposes of this discussic^, we look upon (1) as an equation 
from which we may determine Ay Bj C so that the right member of (1) 
will reduce to a: — 1. We may determine A, J5, C in two distinct ways. 
As a first process, we may substitute any three numerical values for x. 


and obtain three equations from which A, By and C may be determined. 
However, the work of determining A, B, C is easier if we select the specific 
values X = —1, —2, and —3, and obtain the respective equations 

-2 = 2A 

or A = — 1, 

-3 = -B 

or B = 3, 

-4= 2C 

or C = —2. 

Hence, the fraction 

* 


X — 1 


{x+ l)(x + 2)ra; + 3) 
may be reduced to the partial fractions 

13 2 

(a;+l)’^(a: + 2) (x + 3)' 

This result may easily be checked by observing that the three fractions 
may be combined to obtain the given fraction. 

As a second method, we may equate the coefficients of the same power 
of X in the left and right members of Equation (1); this operation leads 
to three equations from which A, and C may be determined. 

Thus, Equation (1), namely, 

x-l = (A + B + C)x^ + (5A + 4B + dC)x + (6A + 3J5 + 2C), 
may be written in the form 

0-aj* + a; - 1 - {A + B + C)x^ + (5A + AB + 3C)x + i6A + 3B + 2C). 
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Hence> after equating the coefficients of like powers of z, we have 

A + J5 + C = 0, 

6A + 4jB + 3C = 1, 

QA + SB + 2C ^ -1. 

After solving this system, we have A — — 1, J5 = 3, C = -^2. Thus, 
the previous result is again obtained. 

Case 2. 4>{z) contains real, multiple zeros, and others that are real 
and distinct. 

For the consideration of this case let us take as an illustration 

f(x) ^ 

<l>(z) (x + iy{x + 2){x + 3) 

Assume this time that 



{x + l)*(a; + 2)(a; + 3) x+l~(x+l)^~x + 2~x + 3 

It should be observed in this partial-fraction development that the re- 
peated factor {x + 1) is employed as a denominator to both the first 
power and the second power. In general, if {x — fc)" appears as 
a factor of ^(a;), separate partial fractions employing the denominators 
{x — k)% (x — (x — ky^^, • • • , (x — A:) should be set up. 

If we use the first method employed in treating Case 1, the values 
for By Cy and D are found at once upon putting x = — 1, a: = —2, x = —3. 
The use of any other value for x and the values found for By C, and D will 
determine A, The values are A = —iy B C = 4, Z) = — f. 

The second method employed in treating Case 1 results in four linear 
equations in A, J5, C, and D from which the values of A, By C, and D 
may be found. It is left as an exercise for the student to determine the 
values of A, By C, and D by the second method. 

Case 3. (I>{x) contains imaginary zeros, and thus <l>{x) contains an irre- 
ducible quadratic factor. 

Note; A quadratic expression 

ax^ + hx + Cj where 6* — 4ac < 0, 

is called an irreducible quadratic expression. This simply means that 
ox* + hx + c has for its zeros imaginary numbers. 

Thus, as an illustration, let 

fix) ^ X 

<l>ix) (a:*+ l)(a: + 2)*(a: + 3)’ 
wherein (** + 1) is irreducible. Assume that 

X Ax + B C D E 

(a:* + 1)(* + 2)*(a: + 3) “ a:* + 1 x + 2 (x + 2)* a: + 3* 
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In the development upon the right, it is observed that the general linear 
expression Ax + B is employed as the numerator that corresponds to 
the quadratic denominator. Hence, 

(Ax + B)(x + 2y(x + 3) + C(x^ + l)(x + 2)(x + 3) 

+ D(x^ + l)(x + 3) + E(x^ + l)(x + 2y. 

If we let X = — 2 and x = —3, we obtain 

-2 = 5D 

and —3 = lOE. 

If we now choose any other three values for x, we obtain equations from 
which we may determine A, B, C. Thus, if we choose x = 0, x = 1, x = 2, 
we obtain, respectively, 

0 = 12B + 6C + 3Z) + 4£?, 

1 = 36A + 36B + 24C + 8D + ISE, 

and 2 = 160A + 805 + lOOC + 25D + 805. 

From the five equations we may determine the values of the five con- 
stants. The solutions of these equations gives 

A = 5 = C = *, D = -f, 5 = -A. 

The determination of these constants by the second method discussed 
in connection with Case 1 is left as an exercise for the student. 

Summary. It can be proved that in an integral rational function the 
imaginary zeros occur in pairs and that for every such pair we have a 
factor of the form x^ + px + q; hence, the denominator of the fraction 
/ (x) 

can always be written as the product of quadratic factors and linear 
factors in the form 

(x® + pix + qiYix^ + P 2 X + ^ 2 )* ••• (x - o)<(x - 6) • • • . 

For every irreducible factor x^ + px + q repeated k times, we assume 
k partial fractions of the form 

AiX + Bi A 2 X + B 2 AfcX + Bk 

■ ■ I — f • • • f ■ - . - , 

X® + px + g (x* + px + qY (x* + px + qY 

and for every factor of the form (x — 1) repeated n times, we assiune n 
partial fractions of the form 

Li L 2 Ln 

x-l' (x-lY*^''* (x-lY* 

Then we proceed to determine the constants as illustrated above. 
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Reduce each of the following to partial fractions: 


1 . 

3. 

5 . 

7 . 

9. 

11 . 

13 . 

16 . 

17 . 

19 . 


bx - 1 

(x- +6) 

5 

ix - mx + 2) 

6x^ +5 

(x* + l){x +2) 

8x* + 5a;^ +7 
(a;-l)(x-2) 

1 - 2a? 

2 - a; 3a;2 
3x^ 4-8 
x^ — 5x +6 
x^ -\-3 
x^ 4 - 

7a:? . 

(x-l)Hx»+a;+2) 

(w - 1 )» 
x^ 4- 3a; 
ix^ + D* 


2 . 

4. 

6 . 


7a; 4-2 

(x 4- l)(a: 4-3 )x 
3a; 

{x-iy{x+ 2 )^ 

3x^ 4-7 

(a;2 4- l)(a; 4- 1)2 


*• +!)(*» +2)» 


10 . 


3a; 4- 4 
a;® — a; 


a;3 4 - Gar® ~ 2a; - 41 
X® 4- 4a;® 4- a; — 6 

14^ - 

X® - 3x 4- 2 



18 . 


3 — X 

X® 4- 4x® 4- 3x 
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117. GENERAL PRINCIPLES 

It is frequently necessary to consider the truth of an assertion that one 
number is greater than another, or the conditions under which one variable 
is greater than another variable. Such studies are classified under the 
heading inequalities. If the symbol > designates ‘4s greater than,” the 
symbol < denotes “is less than” (this symbol always points toward the 
smaller quantity), and 5 ^ means “is not equal to,” the following state- 
ments are typical inequalities: 

3 > -2; 

7 <13; • 

a ^ h. 

The type of inequality considered in this chapter applies only to real 
numbers, that is, those numbers which possess the property of order upon 
the usual number scale. The student should bear this restriction in mind. 

Two inequalities in which the inequality signs point in the same direc- 
tion are said to have the same sense. If thp signs point in opposite direc- 
tions, the inequalities are said to be opposite in sense. Thus, the state- 
ments 4 > 3 and — 1 > — 5 have the same sense; whereas 1 > 0 and 
3 < 7 are opposite in sense. In some studies based upon inequalities it is 
desirable to use the combination symbol ^ to mean “is greater than or 
equal to” and g to denote “is less than or equal to.” 

As in the study of equalities, there are two kinds of inequalities involv- 
ing variables, namely, absolute inequalities and conditional inequalities. 
An absolute inequality is an inequality that is valid for all permissible 
values of any variables which may be involved. The statement + 1 > 0 
is a typical absolute inequality; for it is true for any real value of x. A con- 
ditional inequality in one variable is an inequality that is valid for only 
a specific set of the permissible values of the'varia'ble; Thus, the inequality 
2a? + 1 > 3 is only valid when a? > 1. ' s ‘ 

118. OPERATIONS UPON INEQUALITIES 

Many of the permissible operations uppa. inequalities .resemble the 
corresponding principles employed in dealiag,,witl^. equalities; yet there 
are some striking differences. The rules qm^lipyed operating upon 

183 
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inequalities are stated below without proof; they will probably seem quite 
reasonable, however. 

(1) The addition of the same real number to, or the subtraction of the 
same real number from, the two members of an inequality leaves the sense of 
the inequality unchanged. 

(2) The multiplication or division of the two members of an inequality 
by the same positive number, leaves the sense of the inequality unchanged, 

(3) The multiplication or division of the two members of an inequality 
by the same negative number changes the sense of the inequality, 

(4) If both members of two inequalities of the same sense are positive, and 
if the corresponding members of the inequalities are multiplied, an inequality 
of the same sense is obtained. 

An interesting consequence of this rule is the proposition that if both 
members of an inequality are positive, any positive power of both members 
yields an inequality having the same sense. 

119. ABSOLUTE INEQUALITIES 

The discussion of this section will be introduced by means of an example. 
Confirm the fact that for any positive number x, x + - '^2, This, 

X 

of course, is an interesting theorem and is typical of the absolute inequali- 
ties frequently met in practice. 

Let us start the demonstration of the validity of this inequality for all 
X > 0 by considering the known inequality 

(x - 1)2 ^ 0. 

Since the square of any real number is greater than or equal to zero, this 
statement is true without the restriction that x > 0. After expanding 
the left member, we have 

x* — 2x + 1 ^ 0. 

The addition of 2x to each member yields 

x* + 1 ^ 2x (by Rule 1). 

We may now divide each member by x. Now, if x > 0, we may write 
X + - S 2 (by Rule 2). 

X 

This completes the demonstration. 

The student undoubtedly wonders how we knew to start our demon- 
stration with the known inequality (x — 1)* S 0. To know what to 
start with, it is common to assume the validity of the inequality that was 
proposed, whereupon any of the four laws are applied in an attempt to 
obtain an inequality that is known to be valid. The process is then 
reversed, making certain that each step is justified. 
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As a second illustration let us show that 
4a& 

a + b > — j—r 9 if a > 0, 6 > 0, and a 9 ^ b. 

a + 0 

Since we are in doubt how to proceed, let us attempt to go backward, 
using the four basic laws, in an attempt to obtain a valid inequality. 

Let us multiply each member of the given inequality by the positive 
quantity a + b; of course, the sense will remain the same, so we have 

a^ + 2ab + b^> 4a6. 

Then, after subtracting 4a6 from each member, the inequality becomes 

-2ab + b^> 0 , 
or (a — by > 0. 

This inequality is known to be true since a 9 ^ b. 

The desired confirmation of the proposed inequality is readily accom- 
plished by starting with the latter inequality and reversing the steps as 
follows: 

(a — by > 0. Known since a 9 ^ b. 

a® — 2ab + 6^ > 0. Expanding the square. 

+ 2ab + b^ > 4o6. Adding 4a6 to each member. 

(a + by > 4a6. 

4a6 Dividing each member by the 
® ^ 5 * positive quantity, 0 + 6. 

EXERCISES 80 

1. If a > 1, prove that > a. 

2. If a > b, prove that > 6^. 

3. Show that ~ > 2, if a > 0, 6 > 0, and a 5^ 26. 

CL 

4. Show that the arithmetic average of two unequal positive numbers a and 

6 ^that is, greater than their geometric average (that is, V^). 

6 . Show that > xy xz + yZj if x 5^ y 9^ z. 

6. Show that ^ > if a > 0 and 6 > 0. 

2a a + 6 

7. Show that - ^ > if a > 0, 6 > 0, and a 9 ^ b, 

4a a + 6 

8. If X and y are positive and x> y, prove that 

X* 4* + a; H- 1 > 2/* + 2/* + y. 

9. If a and 6 are positive and a > 6, show that 

o* + 6^ > 06. 

10. Show that *^ + ^>4- + -^>ifa;>0, y>0, and x 9 ^ y. 

X y* xy xy* 
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180. CONDITIONAL INEQUALITIES 

The discussion of this section is confined to conditional inequalities 
involving only one variable. Unlike a conditional equation, the solution 
of such an inequality usually comprises a range of values of the variable 
rather than a finite number of specific values. For example, in considering 
the inequality 

3x — 2 > X + 7f 

we may add 2 — re to each member to obtain 

2x > 9, 

which, after dividing each member by 2, becomes 

a: > f . 

Thus, the given inequality is satisfied by any value of x in the range x > %. 

The consideration of inequalities with members that are pol 3 momials 
of degree higher than the first presents a somewhat more interesting situa- 
tion. For instance, let us solve the inequality 

Sx^ — 4a; + 7 > 2a;® + rr + 1. 

It is desirable to obtain an equivalent inequality in which the right member 
is zero. This is accomplished by subtracting the right member from each 
member, thereby giving 

a;® — 5a; + 6 > 0. 

In the consideration of an inequality f{x) > 0, where /(a;) is a polynomial, 
we usually find first the roots of f{x) = 0. Since f{x) cannot change sign 
except at the points where /(a;) = 0, the solution of the inequality /(a;) > 0 
can readily be obtained by an examination of the sign of f{x) on each 
side of a root of f{x) = 0. The roots of the equation 

a;® — 5a; + 6 = 0 


are 2 and 3; so we must examine the sign of f{x) = a;® — 5a; + 6 on each 
side of these roots. After selecting a value such as a; = 1 to the left of 2, 
we observe that the function is positive. For the value x = 2J, to the 
right of 2 but to the left of 3, the function is negative. To the right of 
3 the function is positive. This may all be seen very clearly by an exam- 
ination of the graph oiy ^ f(x) = a;® — 5a; + 6; it appears as Figure 43. 
Consequently, the solution of the given inequality comprises the ranges 
a: < 2 and a; > 3. 

Although a more elaborate discussion of conditional inequalities in one 
variable might be presented, the procedure just discussed is adequate for 
the solution of most inequalities met in practice. 



§1201 


CONDITIONAL INEQUALITIES 


187 



EXERCISES 81 


Solve each of the following inequalities: 


1. 3a; + 8 > a: + 10 

3. 5t; + 6 > 9y 

4. (a; + 3)(a; — 1) < (» 4* 2)(x — 3) 

6. a;^ — 4a; + 3 > 0 

7. + a; < 3 - a;2 

9. (a; + 3)(a; - 2)(x - 7) > 0 

11. 4- 3a; ^ 0 


2. 7x - 3 > 8a; + 5 


6. 2a;^ — 6a; 4- 10 > x* 4- a; 

8. 4- X + 1 > 0 

10. (x — 3)(x — l)(x)(x + 4) < 0 

12. 2x2 4- 7x 4- 2 > 0 


For what range of values of x will each of the following expressions be imag- 
inary? 

13. V2x - 3 14. V** + 11* + 10 16. +3* + 1 


Use your ingenuity in solving each of the following inequalities: 
1 


16. 


;> 1 


17, 


> 0 


X — 1 

Note: x = 1 is not a permissible value. 

18.?^^>0 

X — 1 


Hint: x = 1 is not a permissible value of x, so (x — 1)* is positive for all 
permissible values. Consequently, the sense of the inequality is unaltered for 
all permissible values of x if each member is multiplied by (x — 1)*. 


(x + 2)2 


<0 


(x - l)(x 4-2) 


<0 


19. 


X 


20 . 


X 
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EXERCISES 8R 
Nt 

1. Given n = i N ^ 80, find the value of n 

to three significant figures. 

2. If P « 2c — 0.01c*, solve for c in terms of P. 

fiE 

3. If C » : — > solve for n, E, and r each in terms of the other letters in 

nr + r 

the formula. 

4. Factor each of the following expressions: 

a* + 6* + c* — 2o6 — 26c + 2ac 
m® — w® 

9a;® + 6 x*2/* + 49^/® 

2x* - llx* - 21a; 

84 + 6a - a* 

24a6 — 18ay — 206a; + 15a;y 

6. Find the first four terms and the ninth term of the expansion of 

(‘X-ir- 

6. Simplify 

2a; 2a;(x* H- 1) 

X* - I (x* - 1)* 

X* + 1 /(a;* + l)* / 

x*-l \(x*-l)* 

7. Simplify 

/ 2a®x^^ 5o®6»^\ . / 6c^ 25a^x \ 

\ 36® 6c®x*/ * 18a6c^/ 


8. Two men walk in opposite directions at the rates, respectively, of 3^ 
and 4^ mph, starting at the same time from the same place. In how many 
hours will they be 20 miles apart? 

9 . The denominator of a certain fraction exceeds the numerator by 13. If 
5 is subtracted from each term of the fraction, the resulting fraction has the value 

What is the fraction? 
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10. A milk distributor buys raw milk containing 4^ per cent butter fat. He 
wishes to standardize this milk by adding skim milk so that it will contain only 
3f per cent butter fat. How many pounds of skim milk must he add to each 
100 lb of raw milk? 

11. Solve for x: 

7x 5x ^ 12(g» - 1) 

a;+3 I — X — 3 ’ 

12. Solve for x: 

a b a --b 

13. Solve the following system of equations: 

2x — y + 2z = — 16 
® + 32/ + 2 = 41 
2a: + 2 / + 4z = 22 

14. Find the first four terms and the ninth term of the expansion of 


16. An hour after starting, a train meets with an accident, after which it 
proceeds at three fifths of its former speed and arrives 2 hr and 40 min late. If 
the accident had happened 50 miles farther on the line, the train would have 
been only 1 J hr late. Find the length of the journey. 

16. From the general equation pa;* + 2qx -f r « 0, derive a formula for 
solving any quadratic equation. 

17. Find the values of x which give x -f - twice the value it has for x = 3. 

X 

18. The diameter d of the rivet holes for a certain type of riveted joint is 

d* 

determined from the equation p = 0.56 y + d. If p = 1.50 and t = 0.25, find 

t 

d correct to two decimal places. 

19. (a) Find the values of K for which the equation 3x* — 2Kx + 1 = 0 
will have equal roots. 

(6) What values of K will give this equation roots that are not equal? 

20. Show graphically that the function —2 + x — x* cannot be equal to any 
positive value for a real value of x. 

21. Solve 

V* + 1 + Var + 1 = 2 

22. Solve 

X* + 3x — 1 — V 2x* + 6x + 1 = 0 


23. Divide 18xp"* — 23 + x'~^y + 6x'“‘2/* by 3x^p“^ + x^ — 2x~^. 

24. Simplify and express with positive exponents 

3tr* + 2a!~» 


2 
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25. Solve 


2a;* - 2i > 11a; 


26. Find the numerical value of 16“^^ + 16a;® — 16® — to the 


nearest thousandth. 


27. Simplify 7 | + 7 

2- Vs 


28. Simplify the expression 


2+Vs 

without radicals in the denominator. 

29. Solve 

Vdx - 4 4- Vs -X 


(1 + 2VS), expressing your result 


2Vx H- 1 


VSx — 4 — Vs — a; 2Vi — 1 


30. Solve the system 

2 x^ — xy = 6 y 
X + 2 y 7 

31. Solve the system 

a;* — a;y = 3 
2 /* + = 10 


32. Two travelers, A and B, set out at the same time on a trip; A is to go 
from the first town to the second, and B is to go from the second to the first. 
Both travel at uniform rates. When they meet, A has traveled 25 miles farther 
than B. A finishes his journey in 4 days and B in 6j days after they meet. 
Find the distance between the towns and the number of miles each travels per 
day. 

33. Is 1 a root of a;^® — 1 = 0? Is —1 a root of a;^® — 1 = 0? 


34.' Show by two methods that 3 is a root of a;® — x* — 7a; 4- 3 = 0. 

36. Find all the roots of x* + 5x® — 3x* — 31x — 12 = 0. 

36. Find all the roots of 6x^ — 13x® — 6x* 4- 6x 4- 2 = 0. 

37. Form the equation whose roots are 0, 7, ~2, J. 

38. Write the equation whose roots will be 3 less respectively than the roots 
of 2x* — 5a; — 3 = 0. 


39. Draw the graph of y = x® — 6x* — x + 27, and find the value of each 
real root of x* — 6x* — x + 27 = 0 to the nearest thousandth. 

40. Find the value of logs 27 4- logio V 0.01. 

41. Find the value of log? 49 — } log 2 64 + loge 216 4- logsi 3 — logs 2^^. 


42. Find the value of 


(0.07536)* Vl.0573 
(0.89304)^ 

43. If 2.3713 = (1.045)^ find the value of n. 
(1 4- - 


44. If S 
t - 0.046. 


B 


[<L±f^], 


find n when S » 1000, B - 200, and 
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— g--2» 

45. Draw the graph of y = 

A 

46. A body moves 20 ft the first minute, three times 20 ft in the second 
minute, five times 20 ft in the third minute, and so on. How far does it move in 
a half-hour? 

47. Find to the nearest thousandth the positive geometric mean between 
25 and 41. 

48. The geometric mean of several values oi, oa, as, 04, • * • , a„ is defined by 
the following formula: 


G = 


V^ai • 02 * as • a4 • • • an. 


Find the geometric mean of 25, 31, 28, 34, 36, and 27. 

49. A young man just graduating from college arranged to invest $100 at 
the end of each year for 12 yr, the money to earn compound interest at 5%. 
Find the amount to his credit at the end of the 12 yr, provided that he made all 
his payments as agreed. 

60. What is the least number that the sum of the terms of the infinite geo- 
metric progression 1 + i + 6 + ^ + ***, will never exceed? 

61. In how many ways may a committee of 5, consisting of a college president, 
a dean, and 3 professors, be chosen from a faculty consisting of a president, five 
deans, and 70 professors? 

62. In forming the committee in Exercise 51, what is the probability that a 
particular dean will be chosen? A particular professor? Assume that the 
committee is chosen by chance. 
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1. TRIGONOMETRY 

Trigonometry is a word of Greek origin which means the measurement 
of triangles. 

While the measurement or solution of triangles still forms an essential 
part of the study of trigonometry, the subject in its modern sense includes 
the study of the properties of certain ‘‘functions of the angles’ ' and their 
applications in pure and applied mathematics. 

In our use of the word triangle^ or rectilinear figures having three angles, 
we assume that the student is already somewhat familiar with the idea of 
an angle and, possibly, its measurement. For our purposes, however, it is 
desirable to define carefully what is meant by an angle and its measurement. 

8. DlREaED LINE SEGMENTS 

A portion of a line between two of its points Ay Bis called a line segment. 
We distinguish between two possible directions of the segment. The line 
segment AB means the line segment from A to B; while the line segment 
BA means the line segment from B to A, Hence, the line segment AB is 
opposite in direction to the line segment BA ; this fact is denoted by the 
symbolic statement AB = —BA, A directed line segment, therefore, is 
a line segment measured in a definite direction by designating one of the 
end points as the initial point and the other end point as the terminal point. 

3. DEFINITION OF AN ANGLE 

An angle is a geometric figure formed when two line segments have an end 
point in common. The common end point is called the vertex of the angle. 
To define what is meant by the magnitude of an angle, it is desirable to 
think of an angle as having been “generated” by the rotation of one line 
segment about the vertex into coincidence with the other segment. Thus, 
line-segment AB rotating in the same plane about A as a pivot from the 
position AB to the position AB' (Figure 1), or from AB to AB" (Figure 2), 
is said to generate the angles a and /S, respectively. The original position, 
that is, ABy is referred to as the initial line and the other position as the 
terminal line. 

It is evident from the figures that the line segment AB rotating about 
the vertex A may generate an angle either in a counterclockwise manner, 
as in Figure 1, or clockwise, as in Figure 2. It is customary to designate 
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the rotation in Figure 1 as giving a positive measure, and the rotation in 
Figure 2 as providing a negative measure. As a consequence of this 
statement, it is apparent that any angle may be measured positively or 
negatively. 



Fig. 1 Fig. 2 


4. MAGNITUDE OF AN ANGLE 

The magnitude of an angle is the amount of rotation about the vertex 
required to bring the line segment occupying the initial position to the 
terminal position. The magnitude, or measure, of an angle, therefore, 
depends upon the position of the initial side, the position of the terminal 

side, and the extent of the rotation. 

'^\ Obviously, it is necessary to have 

{ \ a unit of measurement in terms of 

\ ^ 4 B may measure magnitudes 

and compare angles. 

Pjq 3 If AB (Figure 3) rotates about A 

in the same plane and in the direction 
indicated by the circular arrow, from its initial position completely around 
to that position, it is said to generate an angle of one positive revolution. 

For many purposes of measurement the revolution is not a suitable 
unit, so other systems of units have been invented. One of the oldest 
is the sexagesimal system characterized as fol- 
lows: 

1 positive revolution = 360 degrees, written 
360®. 

1 degree = 60 minutes, written 60'. 

1 minute = 60 seconds, written 60". 

Hence, 1 degree = of a revolution. 

Another unit frequently used in measuring angles is called a radian, 
A radian is defined as the measure of a central angle subtended by an arc 
equal in length to the radius of the arc (Figure 4). 

From plane geometry we have the formula C = 27 rr, where C is the 
circumference and r the radius of the same circle. This formula means 
that the ratio of the circumference to the radius of any circle is 2^, where 
T = 3.14159, approximately. 

From the above definition of a radian we note that 

radians = 360®, 

T radians « 180®# 



Fig. 4 
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Hereafter, whenever we express a magnitude of an angle by a number 
symbol and with no unit indicated, it is to be understood that the radian is 
the unit of measurement. Thus, we write 

2ir = 360°, 

IT = 180°. 

180° 

Hence, 1 = = 57°17'45", approximately, 

IT 

IT 

or 1° = — = 0.01745, approximately. 

From the definition of a radian we also note that in a circle of radius r, 
a central angle 6, subtended by an arc of length a, contains a/r radians. 
This follows from the fact that arcs of the same circle are proportional to 
their subtended angles. Therefore, 

a = rO, 

where 6 is expressed in radians, and a and r are expressed in the same 
units of length. 

Hence, if we are given any two elements of the equation o = r0, we 
may determine the third. 

Illustration 1: Given a « 16 ft and r = 10 ft, find 0, From the 
relation a = rf , 



r 


After substituting the given values for o and r, we obtain 0 = 1.6 

radians. 

Since 1 radian = 57°17'45", B may now be calculated in degrees, 
minutes, and seconds. 

Illustration 2: Given a = 112 ft and B = 32°, find r. Since B in the 
formula a = is expressed in radians, it is necessary to change 32° to its 
equivalent value in radians. Since 1° = tt/ISO radians, it follows that 

327r 

32° = — radians. 


Therefore, r = ^ = 112 x ft = 200.5 ft. 

B oibTr oZtt 

180 


EXERCISES 1 

1 . How many degrees are equivalent to t/2 radians? tt/S radians? ir/12 
radians? | radians? 1.5 radians? 

2 . Express 30°, 45°, 120°» 300° in radian measure. In each case the result 
may be written as a multiple of tt. 
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3. Express each of the following in radians: 38®23'; 72°16'; 126®32'18"; 
86.7®; 142®17.3'; 47®22'46". 

4. Express each of the following in degrees and minutes: 3.2 radians; 
1.62 radians; 2.74 radians; 2.86 radians. 

6. Given r = 10 ft and 6 = 72®, find a. 

6. If the spoke of a wheel is 3 ft long, find the central angle subtended by 
a portion of the rim 2 ft long. 

7. A pendulum 18 in. long swings through an angle of 16®13'. Through 
how great an arc does the bob at the end swing? 

8 . A railroad curve is an arc of a circle of radius 927 ft. What is the length 
of the arc if it subtends an angle of 20° 18' at the center? 

9. The minute hand of a clock is 4.3 in. long. Through how great a dis- 
tance does its end move in 22 min? 

10. A point on a rotating wheel of radius 23 ft moves through a distance of 
9.2 ft in 1 sec. What is the angular velocity of the wheel in radians per sec? 
in degrees per sec? 

5. IMPORTANT FAaS AND DEFINITIONS FROM GEOMETRY 

(1) A positive right angle = } revolution = 90°. 

(2) A positive straight angle = ^ revolution = 180°. 

(3) If a and /3 are two angles such that a + /3 equals 90®, one is said 
to be the complement of the other; for example, a = 30° and *= 60° are 
complementary angles. 

(4) If a and are two angles such that a + p — 180°, then one is 
said to be the supplement of the other; for example, a = 60° and p = 130° 
are supplementary angles. 

(5) The sum of the interior angles of any triangle equals 180®. 

(6) Any exterior angle of a triangle is equal to the sum of the two 
opposite interior angles. 

(7) In a right triangle one acute angle is the complement of the other. 

(8) In two similar triangles the corresponding sides are proportional. 

(9) In a right triangle the sum of the squares of the two legs equals 

the square of the hypotenuse. • 

(10) In a right triangle, if one acute angle is 30°, the leg opposite it is 
equal to one half the hypotenuse. 

EXERCISES 2 

1. Find y and r from the data in Figure 5. 
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2. Find x and r from the data in Figure 6. 




3 . In a certain right triangle one of the acute angles is 30® and the hypotenuse 
is a ft; find the legs in terms of a. 

4 . Find x and y from the data of Figure 7. 

6. A pole 6 ft high casts a shadow 11.2 ft long at the same time that a taller 
pole casts a shadow 23.7 ft long. Find the height of the taller pole. 


6. TRIGONOMETRIC FUNaiONS 

If we consider the angle A in any of the figures of this article, where 
OX represents the initial position and OP the terminal position, and where 
P, whose coordinates are {x,y), is any point on the line OP except 0, and 
if we let OM = x, MP = y, and OP = r = Vz^ + it is possible to 
construct exactly six ratios of the lengths z, y, and r; namely, y/r^ z/r, 
y/z^ z/y, r/Zj and r/y. These ratios are defined as the sine of Z A, cosine 
of ZA, tangent of ZA, cotangent of ZA, secant of ZA, and cosecant of 
ZA, respectively. In these definitions r is always considered positive 
when measured from O in the direction OP, and z and y possess signs 
following the conventions usually associated with the coordinates of 
a point. 

The important definitions just given should be memorized by the 
student; the names of the various ratios, which are called trigonometric 
functions, may be abbreviated aa follows: 


sin A = 


ordinate 

distance 


cosA = - 

T 


abscissa 

distance 


^ r distance 

CSC A = - = — 1 

y ordinate 

. r distance 

sec A = - = -- — : — > 

z abscissa 


tan A = - 

X 


ordinate 

abscissa 


, . X abscissa 

cot A == - = — 

y ordinate 


We note that the coordinate axes divide the entire plane into four 
parts called quadrants. For convenience of reference these are numbered 
I, II, III, IV, as in Figure 14, the order being that given by the positive 
direction of rotation about the origin. 
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When an angle is drawn with reference to 
a set of rectangular axes, as described at the 
start of Section 6, the signs of the ordinate and 
abscissa of point P may be positive or nega- 
tive, depending upon the quadrant in which 
the Z A terminates. It is evident, then, that 
the signs of the trigonometric functions may 
be positive or negative also, depending upon 
the quadrant in which the ZA terminates. 

Thus, it is possible to construct a table such as the following: 



Y 

II 

I 


X 

0 


III 

IV 



First 

Second 

Third 

Fourth 


Quadrant 

Quadrant 

Quadrant 

Quadrant 

sin A 


+ 



cos A 


- 



tan A 
cot A 





sec A 


— 



CSC A 


+ 




It is left as an exercise for the student to complete this table from a 
study of Figures 8 to 13. The table should not be memorized, however. 

It is to be observed that the ratios y/x and r/x are not defined when 
X = Of and the ratios x/y and r/y are not defined when i/ = 0. These 
special cases are considered later. 

In Figure 8, where ZA is an acute angle, we note that y is opposite 
ZAf X is described as adjacent to ZA, and r is the hypotenuse of the 
right triangle containing ZA, Hence, in the particular case of a right 
triangle it is often convenient to use the following special definitions for 
the trigonometric functions: 


sin A 
cos A 
tan A 


side opposite 

— j 

hypotenuse 

side adjacent 

> 

hypotenuse 

side opposite 
side adjacent 


CSC A 

at\ n A 
jTX 

cot A 


hypotenuse 
side opposite 

hypotenuse 
side adjacent 

side adjacent 
side opposite 


The student must learn these definitions thoroughly, as the study of 
the trigonometry of the right triangle is based upon them. 

In AOMPf in Figure 8, we denoted the positive acute angle complemen- 
tary to ZA as ZB, then the side opposite ZA is adjacent to ZB, and 
the side adjacent to ZA is opposite ZB, Hence, if we use the special 
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de&nitions of the functions just given, we obtain the following relations: 
sin A = cos J5 = cos (90® — A), 

cos A = sin B = sin (90® — A), 

tan A =* cot J5 = cot (90® — A), 

cot A = tan B = tan (90® — A), 

sec A = cscB = esc (90® — A), 

CSC A = sec B = sec (90® — A). 

Hence, any function of a positive acute angle is the cofunction of its 
complementary angle. 

7. ADDITIONAL DISCUSSION OF TRIGONOMETRIC FUNCTIONS 

’The student must note that when the angle is given it determines, in 
general, the six numerical values which we have defined as the trigono- 
metric functions of that angle. It is obvious that if the angle is constructed 
as in Section 6, and if from any point except the origin on the terminal 
side a perpendicular is dropped to the initial line, we may measure the 
ordinate (y), abscissa (a;), and distance (r), and calculate the six required 
ratios, except for y/x, r/x, when x = 0, and x/y, r/y, when y == 0. 

To describe the situation still more completely, we note that the trig- 
onometric functions depend solely upon 
the position of the terminal line. They 
are independent of the direction of rota- 
tion and of the point on the terminal 
line from which the perpendicular is 
dropped. 

8. TRIGONOMETRIC FUNaiONS OF 
SPECIAL ANGLES 

If the numerical measure of an angle 
is given, there are methods by me^ns of 
which the values of the trigonometric 
ratios may be obtained. In general, 
this requires more mathematics than the student has at his com- 
mand at this time. However, for certain special angles, such as 
integral multiples of 45® and 30®, we can readily calculate the trig- 
onometric functions. 

Illustration 1 : Let us find the functions of 30®. Refer to Figure 15. 

If we take any point P on the terminal line a distance r from 
the origin and drop a perpendicular to the initial line, we know from 
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elementary geometry that y = r/2. Consequently, by the Pjrthagprean 
theorem, 




Thus, 


an 30“ = - = i = 0.50000; 
r 2 

xV3 


COS 30° = 


V3 


= 0.86603, approximately; 


2 1 a/S 

tan 30° = -j;— = = 0.57735, approximately; 

|V3 ® 


CSC 30° = - = 2; 
r 


r 2 2\/3 

sec 30° —p. = — — = 1.15470, approximately; 

r \/3 3 

2V3 


cot 30° = — = V 3 = 1.73205, approximately. 
r 


Of course, the last three values are the reciprocals, respectively, of the 
first three. 

It is apparent that we might assign to any one of the three variables 
r, a;, or y some convenient numerical value and calculate the numerical 
values of the other two corresponding variables and thus obtain the same 
values of the trigonometric functions as obtained above. Thus, when the 
angle is 30°, if we let r = 2, then y = 1 and x = V3; when the angle is 
45°, if we let y == 1, then a; = 1 and r = V2. 
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EXERCISES 3 

1. Find the six trigonometric functions of the angles described in Figures 16, 
17, and 18. Recall that x is negative in Figure 17. 



0] X 


Fig. 18 

2. Draw appropriate figures and find the six trigonometric functions of the 
angles listed in the following table: 


Angle 

sin 

cos 

tan 

CSC 

sec 

cot 


120° 








-60° 







-240° 







150° 







225° 







315° 







-135° 








3. Find the trigonometric functions of 30® by taking r = 2; of 46® by taking 
y « 1; of 60® by taking « = 1. 

4. Find the six trigonometric functions of iir, ^ir. 

9. THE TRIGONOMETRIC FUNOTONS OF 0%90M80% AND 270* 

The evaluation of the trigonometric functions of 0®, 90®, 180®, and 
270® requires special consideration. The angle corresponding to 0® ter- 
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minates on the initial line. Hence, in our attempt to satisfy the previous 
definitions of the trigonometric functions for such an angle, we may take 
any point P on the x axis (see Figure 19) as r units from the origin and 
define our reference triangle to be such that x = r and y = 0, 

Thus, the six functions of 0® may be y 

written down as follows: 

V 0 

sinO® = ^ = - = 0; 
r r 

T. r f ^ 

cos0® = - = -=l; 0 

r r 


tanO® = 


Fig. 19 


CSC 0 = - = - 

y 0 


(does not exist); 


T r 
sec 0® = - = - 
X r 


^ X X 

cotO® = - = - 

y 0 


(does not exist). 


It is observed that cot 0® and esc 0® involve division by zero, which is 
not permitted in mathematics; consequently, they are said not to exist. 

However, let us consider the ratios x/y and r/t/, where r is held fixed 
in length, if y is made to decrease and approach the value zero. 

Thus, in Figure 20, let 

r = 1 and y = t^; 



X = Vl — (y^)2 = approximately 1. 

Therefore, if the angle under consideration 
is designated by A, cot A = x/i/ is approx- 
^ imately equal to 100. 

Similarly, let y = njW) then cot A = 1000, approximately. 

In fact, as y remains positive, but becomes smaller and smaller, the 
numerical value of cot A increases without limit. Of course, ZA is 
approaching 0®. This entire situation is frequently described symbol- 
ically as follows: 

lim cot A = 00 . 

The symbol oo is the sign for infinity; it does not represent a number. 
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The previous S 3 anbolic statement is read, ''cot A approaches infinity as 
a limit when A approaches 0” This is a convenient way to express the 
fact that cot 0® does not exist, but that Z A tends to decrease to zero, 
cot A tends to increase beyond any given positive value. 

In the previous discussion it is assumed that the Z A approaches zero 
through positive values. Similar considerations will show that esc A 
increases without limit as ZA approaches zero, and one may write 
lim CSC A = 00 with a similar significance. 

A — *0 

If the angle A approaches zero through negative values, then y 
approaches zero through negative values, and cot A and esc A are both 
negative, although numerically they become and remain larger than any 
given quantity. The situation may be described symbolically 

lim cot A = — 00 and lim esc A = — oo . 

A — *0 A — >0 

EXERCISES 4 

1. In a manner similar to that of the previous illustrations, assign values to 
the functions of 90®, 180®, and 270®. 

2. Fill in the appropriate number under the radical in each numerator of the 
following table: 


X 

0“ 

30® 

45® 

60® 

90® 



v 



\A- 


2 

2 

2 

2 

2 


V" 

^ * 




cos X 

2 

2 

2 

1 ^ 

2 


•3. Find the numerical value of sin 60® + 2 cos 45®. 

' 4. Find the numerical value of cos 0® sin 45® + sin 90® sec^ 30®. 

Note: sec® 30®, by definition, means (sec 30®)®. 

3. Find the value of a; if x cot® 45® sec® 60® =11 sin® 90®. 

6. Find the value of a; if a; (cos 30® +2 sin 90® +3 cos 45®) = 2 sec 180® ~ 5 sin 90®. 

7. Draw an angle of 163®, and find the values of the functions by measurement. 
Note: The approximate values of the trigonometric functions of any angle 

may be found graphically. We construct the angle by use of a protractor, select 
a point on the terminal side of the angle, and draw a perpendicular to the initial 
side. We then measure the lengths of the sides of the triangle formed and write 
the values of the trigonometric functions by use of the definitions. 

8. Draw an angle of 320®, and find the values of the functions. (See the 
note in Exercise 7.) 

9. Which trigonometric futactions of 90®, 180®, and 270® do not exist? 

10. THE TRIGONOMETRIC FUNCTIONS OF ANY ANGLE 

Tables of trigonometric functions give the functions of angles from 
0® to 90®. Frequently in solving practical problems it is necessary to 
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know the functions of an angle larger than 90® and sometimes of a nega- 
tive angle. The functions of such angles may be found through the use 
of the limited tables, however, by a comparatively 
simple process. 

To illustrate the process that we shall employ, 
let us consider the functions of 310®. This angle 
appears in Figure 21, wherein the vertical dotted line 
has been drawn to the horizontal axis from any point 
P{x,y) on the terminal side of the angle. By defi- 
nition, sin 310® = y/r] since the angle terminates in 
the fourth quadrant, y is negative, thereby causing 
the ratio to be negative. Numerically, except for 
sign, the value of the ratio is obviously the same as 
sin 50®, the angle 50® being the acute angle at 0 within the right triangle 
having the dotted line as one leg. Thus, it follows at once that 

sin 310® = — sin 50®. 

If sin 50® is obtained by reference to a table of trigonometric functions, 
sin 310® is completely determined. 

Similarly, 

cos 310® = - = cos 50®; 

r 

tan 310® = - = — tan 50®; 

X 

CSC 310® = - = — CSC 50®; 

y 

sec 310® = - = sec 50®; 

X 

cot 310° = - = cot 50°. 

V 

The method employed in the case of 310® may be generalized to obtain 
the functions of any angle not listed in a standard table. Specifically, 
any function of an angle B is numerically equal to the same function of a, 
where a. is the acute angle between the terminal side of B and the horizontal 
axis, but the sign of the function must be determined from the quadrant 
in which the angle B terminates. The idea is illustrated further for the 
trigonometric functions of —167® and 737® (note Figures 22 and 23). 
The angle of measure — 167® terminates in the third quadrant, with the 
terminal side forming an acute angle of 13® with the horizontal axis. The 
angle of measure 737® terminates in the first quadrant, with the terminal 
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Fig. 22 Fig. 23 


side forming an acute angle of 17® with the horizontal axis. Consequently, 
sin (-167“) = - = -sinl3“; 

T 

cos (-167“) = - = -cosl3“: 
r 

tan (-167“) = = tan 13“; 

X 

CSC (-167“) = - = - CSC 13“: 

y 

sec (— 167“) = - = — sec 13“; 

X 

cot (-167“) = - = cot 13“. 

V 

Also, 

sin 737“ = ^ = sin 17“: 
r 

cos 737“ = - = cosl7“; 
r 

tan 737“ = - = tan 17“ ; 

X 

CSC 737“ = - = CSC 17“; 

y 

sec 737“ = - = sec 17“; 

X 

cot 737“ = - = cot 17“. 

y 



§ 111 COMPUTING TRIGONOMETRK FUNCTIONS 209 

EXERCISES 5 

1. Draw a figure and express the trigonometric functions of each of the 
following angles in terms of functions of a positive acute angle: 

(а) 119® (e) -37® (i) 372® (m) -690® 

(б) 213® (/) -“165® (j) 544® (n) 800® 

(c) 296® (jg) -215® (k) -544® (o) -800® 

(d) 400® {h) -340® (0 690® (p) 540® 

2. Draw a diagram and find the functions of the angle 180° — A in terms of 
the functions of Z A, where* Z A is some positive acute angle. 

3. Draw a diagram and find the functions of the angle 180° + A in terms of 
the functions of Z A, where Z A is an acute angle. 

4. Draw a diagram and find the functions of the angle —A in terms of the 
functions of ZA, where ZA is an acute angle. 

6. Draw a diagram and find the functions of the angle 90° + A in terms of 
functions of ZA, where Z A is some positive acute angle. 

6. Consider the answer to Exercise 4 if Z A is any angle. 

11. TO COMPUTE THE TRIGONOMETRIC FUNCTIONS IF THE VALUE OF 
ANY ONE FUNCTION IS GIVEN 

Suppose we know that sin A = f . Since sin A = y/r, and since r is 
always positive, y must be positive. Moreover, as a practical expedient 
in drawing a figure to represent the situation, we may choose any two 



Fig. 24 


positive numbers for y and r in the ratio f . If we choose p = 3 and r = 5, 
we may construct the two possible cases displayed in Figure 24, thereby 
determining where the possible angles must terminate. 

It is evident that the given value for sin A determines an unlimited 
number of angles, but they must all terminate on OP or on 0P\ We have 
then, by calculation, if we take p = 3 and r = 5, OM = 4 and OAf' = — 4. 
Hence, for the angles terminating on OP, we have cos A = tan A = f , 
cot A = ^, sec A = T, CSC A = f ; and for the angles terminating on OP', 
cos A' = — I, tan A' = — f, cot A' = — sec A' = — f, csc A' = 

We note that of the unlimited number of angles whose sine is f there 
are two positive angles less than 360®. These two angles are called the 
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principal angles^ determined by sin A = f . In general, we are in a posi- 
tion to construct the principal angles, if the value of any one function is 
given, and we may then compute the remaining functions. 

If either sin A, cos A, sec A, or esc A is given, and we are required to 
construct the principal angles it is best to draw a circle with a chosen r as 
a radius, then determine y ox x from the given function. It is then com- 
paratively simple to determine where the re- 
quired angles must terminate. 

If we are given either tan A or cot A, to 
construct the principal angles, we measure 
the required values of y and x and thus de- 
termine the angles without the construction 
of a circle. 

Illustration: If cos A = ^ and the problem 
is to construct the principal angles, we may 
choose r = 7; then x = 3. Of course, one 
may select any other two positive numbers 
for r and x in the ratio y. Next, construct 
a circle with r = 7 as a radius, and draw a line parallel to the y axis and 
three imits to the right of it, as in Figure 25. We have thus determined 
the required angles A and A'. We may now readily compute the other 
functions of A and A' if desired. 
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1 . Given esc A = construct the principal angles, and find the values of 
the remaining functions. 

2. Given sec A = yj; construct the principal angles, and compute the 
values of the other functions. 

3. Given sin A = and cos A is a positive number; construct the one 
principal angle determined by these two conditions, a)nd find the value of the 
remaining functions. 

4 . Given cos A = — f and tan A is a negative number; construct the 
principal angle, and find the remaining functions. 

6. Given tan A = construct the principal angles, and find the remaining 
functions. 

Note: Here we have 


y 

X 



-7 


6. Given cot A «= f and sin A is negative; construct the principal angle, 
and find the remaining functions. 

7 . Given sin A = and cos A is positive; find the value of 

(a) (sec A) (tan A) + (cos A) (cot* A); 

. cos A sec A 
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8. Given tan A = — ^ and sin A positive; find the value of 
cosA—Scot A 
csc^ A 


9* Given cos A = ^ and tan A negative; find the value of 

[(sinA)~^ — (cotA)"^]^ ^ 

(secA)° * 


(a) 




r)- 


<cos2 A / Vcsc^ A -- cot^ Ay 
10. Given sec A = — f and sin A negative; find the value of 

cot A^* 


(1-sinM)^ / 1 
tan A \cos A 


12. LINE VALUES OF THE TRIGONOMETRIC FUNOTONS 

It is evident from Figure 26 that if we construct any angle 6 terminating 
in the first quadrant, and take OP = r = 1, then sin d = y/r — yfl = y 
= MP. Likewise, cos d = x/r = x/l = OM. If we draw ST and QV 
tangent to the circle at S and Q, respectively, then tan B = ST /OS = 
ST/l = ST, and sec B = OT/OS = OT/l = OT. 

Since Z.0VQ — ZB (why?), it is also seen that 


csc^ = 


OV 

OQ 



and 


cot 0 = 


QV 

OQ 


QV 

1 





Hence, we speak of y, x, ST, OT, OV, and QV as the line values of 
sin B, cos B, tan B, sec B, esc B, and cot B, respectively, since the lengths of 
these lines in terms of the length of OP as a unit are the values of these 
functions of B. 

If ZB terminates in the second quadrant, as in Figure 27, the line 
values of the functions sin B, cos B, tan B, sec B, esc B, and cot B are still 
numerically equal to the lengths of the lines y, x, ST, OT, OV, and QV, 
respectively. Irrespective of the quadrant in which the angle terminates, 
S is taken as the point (1, 0) and Q as (0, 1). It is important to note this 
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time, however, that for an angle terminating in the second quadrant, 
X, STf OTf and QV are to be regarded as negative magnitudes. The 
fact that the vertical or horizontal distances x, ST, and QV are to be taken 
as negative is readily called to our attention because of the conventional 



scheme of signs associated with our axis system. A negative sign is 
associated with OT, since its direction is opposite to that of the terminal 


side OP. 


Y 



Fig. 28 


If Zd terminates in the third quadrant or fourth quadrant, the line 
values of the functions sin 0, cos 6, tan 6, sec 0, esc and cot d are 2/, a:, ST, 
OT, OV, and QV, respectively, of the corresponding Figures 28 and 29. 
But it is to be noted that in Figure 28, y, x, OT, and OV are negative mag- 
nitudes and that in Figure 29, y, ST, OV, and QV are negative magnitudes. 
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The student should be able to reproduce these figures for any angle 
terminating in any quadrant. 

In each figure it is also possible to describe the line value of Z 9 in 
radians as the measure of the arc subtended by 6, in the direction of d. 



From an examination of the line values of the functions it may be seen 
that sin d and cos 6 cannot equal any number greater than 1 or less than 

— 1 ; that sec 6 and esc d may equal any finite number less than or equal to 

— 1, or any finite number equal to or greater than 1; and that tan 6 and 
cot 6 may equal any finite number. 

13. GRAPHS OF TRIGONOMETRIC FUNCTIONS 

We now have a convenient method of graphing the trigonometric 
functions, namely, by laying off the line values of the angles as abscissas 
and the line values of the corresponding functions as ordinates. 



Thus, to graph sin d, draw a circle of unit radius and various arbitrary 
angles Biy 62, Bs, and so on, whose terminal lines intersect the circle in such 
points as a, b, c etc., as shown in Figure 30. 
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Next choose some convenient point 0 as an origin, located on a straight 
line through the center of the circle, and lay off the line values of the various 
angles as abscissas and the corresponding sines of the angles as ordinates. 
A smooth curve drawn through these points, as in Figure 30, is a portion 
of the graph of sin 6. Figure 31 shows the graph and its mechanical 



construction when 0 ranges from 0 to 27r. When constructing the curve, 
it should be noted that in terms of the radius of the circle as the unit, 
T is approximately Sj times the unit. 



The graph for cos 6, when 6 ranges from 0 radians to 27r radians, appears 
as Figure 32. 

SA = OA' = cosO = 1; 

SAi = BAi = cos^i; 

SA 2 = CAi = cos dzl 


From the graph of sin 6 we see that as $ increases from 0 to ir/2, sin 6 
increases from 0 to 1 ; as 0 increases from ir/2 to tt, sin 6 decreases from 1 
to 0; as 6 increases from t to 37r/2, sin $ decreases from 0 to — 1 ; and as 
d increases from Sw/2 to 27r, sin 6 increases from — 1 to 0. Moreover, this 
segment of the curve repeats itself from 2w to 4ir, from 4ir to Gtt, and so on. 
In general, for any value of 

dn ^ = sin (6 + 2nv)f 
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when n =» 0, 1, 2, 3, • • • . We therefore describe sin 0 as a periodic func- 
tion with a period 2t. 

Similarly, for any value of 6, 

cos 6 = cos (d + 2nir)y 

when n = 0, 1, 2, 3, • • • ; thus, cos 6 is also a periodic function with a 
period of 27r. 

14. THE GRAPH OF SIN M 

If we consider the graph of the function sin 26, it is observed, for any 
value of 6, that 

sin 26 = sin {26 + 2mr) = sin 2{6 + nir), 



when n = 0, 1, 2, 3, • • • • Hence, sin 26 is a periodic function with a 
period tt; that is, the curve representing sin 26 between 0 and x is repeated 
between x and 2x, between 2x and 3x, and so on (note Figure 33). 

In the same way it can be shown that 


sin 36 = sin 3 



when n = 0, 1, 2, 3, • • • . Thus, the values of sin 36 corresponding to 6 
in the range from 0 to 2x/3 will be repeated over and over again; so sin 30 
is a periodic function with a period 2x/3. 



Fia. 34 

If we graph the functions sin 6, sin 20, and sin 30 relative to the same 
axes and to the same scale, we have the situation depicted in Figure 34. 
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The figure shows sin B for one period, sin 20 for two periods, and sin 30 
for three periods. This pictorial representation makes clear the difference 
that exists between the various curves and emphasizes the fact that sin B 
is a periodic function whose period is 27r, that sin 20 is a periodic function 
whose period is ir, and that sin 30 is a periodic function whose period is 27r/3. 

In general, the function sin 60 is a periodic function whose period is 
27r/| 6 |. As an illustration of this general conclusion, the graph of sin 0/2 
is given in Figure 35, from which it is readily seen that sin 0/2 is a periodic 
function whose period is 2ir/J or 4ir. 



Fig. 35 
EXERCISES 7 


1. Construct the graph of 3 sin 0 for 0 ^ 0 ^ 

Note: The ordinate of the graph of 3 sin 0, for each value of 0, is three times 
the corresponding ordinate of the graph of sin 0. The period of 3 sin 0 is the 
same as the period of sin 0. 

2. Construct the graph of i sin 0 for 0^0^ 27r. (See the note after 

Problem 1.) 

3. Construct the graph of 2 sin 30 for one period of the function. 

4. Construct the graph of 3 sin (20/3) for one period of the function. 

6. Construct the graph of cos 20 for 0 ^ 0 ^ 27r. 

6. Construct the graph of cos 30 for one period of the function. 

7. Construct the graph of cos (0/2) for one period of the function. 

8. Construct the graph of each of the following for one period: 

(a) 2 cos 30; (6) ^ cos 20; (c) § cos 30 

9. (a) By use of a construction similar to that used in drawing the graph of 
sin 0, and by employing the line values for tan 0, draw a graph for tan 0 
as 0 increases from 0 = 0® to 0 = 360®, 

(6) From your graph discuss the variation in the value of tan0 as 0 
increases from 0® to 180®. 

10. Construct the graph of cot 0 from 0 = 0® to 0 = 360®. From your graph 
discuss the variation in the value of cot 0 as 0 increases from 0 *= 0® to 0 = 180®. 

11. (a) By use of line values for sec 0, construct the graph of sec 0 from 
^ = 0® to 0 = 360®. 

(6) From your graph discuss the variation of sec 0 as 0 increases from 
0® to 180®. 

12. (o) Construct the graph of esc 0 from 0 = 0® to 0 = 360®. 

(6) Discuss the variation of esc 0 as 0 increases from 0® to 180®. 

15. THE GRAPH OF a tin (>(6 + c) 

If we graph sin 0, sin (0 + 7r/3), and sin (0 — ir/3), either by use of 
line values or by use of a table of sines, we have Figure 36. 
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These curves show that the three given functions are periodic, each 
with a period of 2ir. In fact, if every point of sin d is moved to the left 
parallel to the axis of 0 a distance t/ 3 units, we obtain the graph of 
sin {$ + ir/d); if every point of sin 6 is moved to the right parallel to the 



axis of 0 a distance of tt/S units, we obtain the graph of sin (B — t/3). 
The graph of sin {0 + ir/3) is said to have a lead of tt/S relative to the 
graph of sin d; whereas the graph of sin (6 — t/3) is said to have a lag 
of v/3 relative to the graph of sin 6. In general, the graph of sin (d + c) | 
has a lead of c relative to sin 0 if c is positive, or it has a lag of c relative to 
sin 0 if c is negative. * 



Let us now consider the function y = a sin (6^ + c). The graph of 
this function is constructed in Figure 37. It is evident from the figure 
that the greatest value of y is a, and the smallest value of y is — o. This 
value a is designated as the amplitude of the function. We have seen 
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that the function y = sin M is zero when ^ = 0, but in the case of the 
function y = asm {bd + c), y — asm c when 6 — 0, and y — 0 when 
6 = —c/6. Hence the graph y ^ asm {hO + c) is said to be in the lead 
o f M = sin b o bv the ani^ila.r valiiP! r./h. Tf c n.n(^ h nm of oppoaite sign, 
the graph oi y = a sin {bS + c) is said to lag in reference to y = sin bS by 
the angular value —c/6. It is not expected that c will be numericall y 
greater than if such b^ th^ case^ however, the lag or lead will b e 
( c --- 2nv)tb, where n is an integer large enough to makft | c — 2nT | ^ tt. 

' We note that since sin (bS + c) = sin [b{d + 2nw/b) + c], the values of 
y corresponding to 6 from 0 to 2r/b will be repeated over and over. Hence 
2v/\ 6 I is said to be the period of the function 2 / = a sin (bd + c), and the 
function is said to be a periodic function of period 2t/\ 6 |. 

EXERCISES 8 

1. What is the amplitude, lag or lead, and period of 5 sin (3a; — 5)? 

2. What is the amplitude, lag or lead, and period of ^ cos (4a; + 7r/2)? 

3. In the function y = a sin {bd + c), assign values to a, 6, and c so that 
the amplitude is 10 and the period is tt/S radians. 

4. Is the value of c in Exercise 3 fixed by the given conditions? 

5. Fix the value of c in Exercise 3 so that the function will have a lag of 
ir/4 radians. 

6. Show that y = cos 6 has the same period as y — sin 6, but has a lead of 
ir/2 relative to y = sin 6. Note that y — sin {6 — 7r/2). 

Sketch the graphs of each of the following functions and state the amplitude, 


lag or lead. 

and period for each function. 





7. 

y = 

2 sin (2a; + 2) 

8 . 

y 


sin (3x — 7r/3) 

9. 

y = 

3 sin {x/2 4- tt) 

10. 

y 

= 

10 sin (10a; — 5) 

11. 

y = 

2 sin {2x — 7) 

12. 

y 


cos {x 7r/3) 

13. 

y = 

cos (a; — 7r/3) 

14. 

y 

= 

cos (2a; + 7r/2) 

15. 

y = 

1 

0 

16. 

y 

= 

5 cos {x/2 -h tt) 

17. 

y = 

J cos (3a; — 2) 

18. 

y 

= 

10 cos (20x — 5) 


19. The graph of the function y = Fi{x) + F^ix) -f Fz{x) may be sketched 
by graphing = F\{x), yz = ^ 2 ( 0 ;), yz = Fz{x) on the same axes and noting 
that for any value of a;, 2 / = 2/1 4- 2/2 + yz^ Hence, any ordinate y on the desired 
graph may be obtained by adding graphically through the use of a ruler the cor- 
responding ordinates of 2 / 1 , 2 / 2 , and 2 / 8 . By this device, sketch the graphs of 
each of the following: 

(а) 2 / = sin ^ -h 2 sin 2^ -f- 3 sin 3^ 

(б) y — 2 sin 6 — cos 2B 

(c) y — X sin x 

(d) 2 ^ = 3 + sin a; 

(e) 2 ^ = 2a; — 3 -h 2 sin a; 

(jf) 2 ^ * 3a; — sin 3a; 

16. INVERSE TRIGONOMETRIC FUNCTIONS 

In the previous sections we have graphed the trigonometric functions 
by designating the values of a given function as the ordinates and the 
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corresponding angles as the abscissas. It was assumed that the angle 
was the independent variable and the function was the dependent variable. 
The study was obviously facilitated by the fact that the trigonometric 
functions are single-valued; that is, by assigning a value to the angle, 
one and only one value of the function is determined. 

In many applications of trigonometry we meet an inverse problem; 
that is, we are required to find the angle or angles when the value of the 
function is assigned. In this case the independent variable, chosen as 
the abscissa, denotes values of the function while the angle or angles 
corresponding to a particular function are designated as ordinates. To be 
more specific, if x denotes values of sin i/, then y is said to be the inverse 
sine of x; the fact is represented symbolically by y = sin“^ x. This is 
read, as just implied, y is the angle (or angles) whose sine is x. We must 
note that the — 1 is not used as an exponent in this case; rather sin“^ x 
is merely a new symbol for the angle or angles y. This particular example 
may be generalized to apply to the inverse cosine, the inverse tangent, 
and so on. 

Illustration 1 : Let us graph y = sin”^ x. 

Since the statement 

y = SITT^X 


means 


X = sin 2/, 


we note that as y increases from 0 to 7r/2, x increases from 0 to 1 ; as 2 / 
increases from ir/2 to tt, x decreases from 1 to 0; as t/ increases from tt to 
37r/2, X decreases from 0 to —1; and as y increases from Zt/2 to 27r, x 
increases from —1 to 0. Hence, the graph of 2 / = sin~^a; is merely the 
sine curve as previously studied, but drawn relative to the y axis. Since 
the sine of an angle varies between — 1 and +1, we can only assign values 
to X between —1 and +1. 

This now brings us to an important feature of such a curve as 2 / = sin“^ x; 
namely, any value assigned to x will determine an unlimited number of 
values for y. Thus, if x = 0, 


if X = 


2 / = 0, ±7r, =t:27r, dzSir, etc.; 


TT Stt IStt ITtt 


For this reason, the inverse sine is said to be multivalued. 

If in Figure 38 we restrict ourselves to the portion AB of the graph of 
y = sin“^x, where —7r/2 ^ 2 / = the function becomes single-valued, 
and the values of the function along AB are called the 'principal values of 
the sin“^ x. 

In Section 13 we graphed 2 / = sin x by employing the line values of 
the angles as abscissas. But if r = 1, as in Section 13, the line value of 
the angle equals the arc that intercepts the angle. Hence, the angle is 
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sometimes indicated by arc sin x and the relation y =» sin~^ x is written 
as 2 / arc sin a;. 




Illustration 2: Let us graph y = co8~^ x (note Figure 39). 

Since the cosine of an angle varies between — 1 and +1, we can assign 
values to x only between —1 and +1. As in Illustration 1, however, the 
assignment of any value to x between —1 and +1 will determine an 
infinite number of values for y. Thus, if x = 0, 


if « = 


TT StT StT 7w 

= dtz — * zk t dt ^ 9 dtz '-^9 etc.. 
2 2 2 2 ' 


6t 




y=±-, 


it 


IItt 

— .etc. 


Hence, we note that the function y = cosr^ x is also a multivalued 
function, but if we restrict ourselves in Figure 39 to the portion AJ5, 
where 0 ^ y ^ v, the function y = cos"^ x becomes single-valued, and 
the values of the function along AB are called the 'principal values of cos”^ x. 
Similarly, csc~^ x and tan”^ x are frequently restricted to values between 
— ir/2 and +^r/2, and cot“^ x and sec"^ x are restricted to values between 
0 and v in order to make the functions single-valued. 
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Sketch the graph of each of the following functions: 


1. 2^ s arc sin x 

2. 2/ = arc cos x 


3. y = tan“"^ X 

4. 2 / = 2 sin~^ x 


6. 2/ = sin~^ 2x 

6. 2 / = 2 sin“^ 2a? 


1. y — cos“"^ 3a? 

8. 2 / — 2 cos~^ 3a? 


9. 2/ “ sin“^ 2a? — 7r/4 

10. y = cos“^ 3a? — 7r/3 
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Trigonometric Identities 
and Conditional Equations 


17. FUNDAMENTAL TRIGONOMETRIC IDENTITIES 

In Book I, we defined an algebraic identity as an equation that is 
valid for any permissible value of the unknown. Thus, 

{x + ly = X* + 3x2 + + 1 

is an algebraic identity. Likewise, the equation 

1 1 1 
x2 - 1 “ 2(x - 1) 2(x + 1) 

is an identity, but in this case x = 1 and x = — 1 are not permissible 
values of the unknown. When x = 1 or — 1, l/(x2 — 1) does not exist. 
Similarly, the first fraction on the right does not exist when x = 1, and 
the second fraction on the right does not exist when x = — 1. A defini- 
tion of an identity, equivalent to the meaning just expressed, is 

An identity is an equation that is true for all values of the unknowns for 
which both members are defined. 

In this chapter, we shall study trigonometric identities. Just as in 
algebra, a few trigonometric identities are of sufficient importance to be 
developed and memorized. 

The simplest identities follow immediately from the definitions of the 
trigonometric functions. These are 



(2) CSC A = . . 

sm A 


(4) cot A = 

tan A 

(6) cosA = . : 

sec A 

(6) sec A = — - 
COS A 


qM *17 

Since sin A * - and cos A = - > it follows that 
r r 


282 



§171 


FUNDAMENTAL TRIGONOMETRIC IDENTITIES 


223 


( 7 ) 


Similarly, 

( 8 ) 


y 

sin A __ r 
cos A X 


- = tan A. 

X 


r 


cos A 
sin A 


cot A. 


By referring to the figures of Section 6, we see that x^ + = r\ 

After dividing each member of this equation by and r^, respectively, 
we have 



l! 

x2 


x^ 



= 1 . 


The various ratios appearing in these equations may be replaced by 
the appropriate trigonometric functions, thereby giving 

(9) 1 + tan^ A = secM; 

(10) cot^ A + 1 = csc^ A ; 

(11) cos^ A + sin^ A = 1. 

These three latter identities may appear in various forms; thus, from 
1 + tan^ A = sec* A, we obtain 

• tan A = ±Vsec*A — 1, and secA = zty/l +tan*A. 

From cot* A + 1 = esc* A, we obtain 

cot A = =tVcsc*A — 1 and esc A = zh Vl + cot* A. 

Also, from cos* A + sin* A = 1, we obtain 

sin A = ifc V 1 — cos* A and cos A = zbVl — sin* A. 

The identities involving radicals are ambiguous since they involve two 
signs ^efore the radicals. The sign to be chosen in each case depends on 
the quadrant in which A A terminates. Thus, if ZA terminates in the 
first or fourth quadrant, 

cos A = Vl — sin* A, 


sec A = Vl + tan* A; 
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but if Z A terminates in the second or third quadrant, 
cos A = — Vl — sin* A, 
secA = — Vl + tan* A. 


These fundamental identities which have been proved may now be 
employed to establish an unlimited number of other trigonometric identities. 

Illustration 1: Find various expressions that are identical to 
tan <t) + cot 0. 

From the Fundamental Identities ( 7 ) and (8), we obtain 


tan 0 + cot 0 = 


sin 0 ^ 
COS0 


COS0 

sin0 


The right member may be written 

sin* 0 + cos* 0 

— : or 

sin 0 COS 0 

since sin* 0 + cos* 0 = 1 . The fraction 

1 1 


1 


sin 0 cos 0 


sin 0 cos 0 sin 0 cos 0 


and 


1 


1 


= CSC 0 • sec 0, 


sin 0 cos 0 

by Fimdamental Identities ( 2 ) and (6). Thus, 

1 


sin0 , COS0 
tan 0 + cot 0 = : + 


cos 0 sin 0 sin 0 cos 0 


CSC 0 sec 0 . 


As it appears from this illustration, we could obtain an unlimited 
number of expressions identical to a given expression. 

Illustration 2 : Express tan 0 + cot 0 by an expression identical to it 
involving only tan 0. 

From Identity ( 4 ), 

tan 0 + cot 0 = tan 0 + • 

tan 0 


Similarly, if it had been requested, we could express the given sum as 
an expression involving only cot 0. Thus, by Identity ( 3 ), 

tan 0 + cot 0 = —7 h cot 0. 

cot 0 

In later mathematical work it is often necessary to find various expres- 
sions that are identical to certain given expressions. It will also be neces- 
sary in many cases to state a given expression in terms of one trigonometric 
function. 
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lUuatration 3 : Determine whether or not 


is identical to 


tan 4 > + cot ^ 

sec*0 

tan0 


This may be done in various ways. In general, an attempt is made 
to transform the left member into the right member by the use of funda- 
mental identities; or an attempt is made to transform the right member 
into the left member; or an effort is made to transform both members 
into the same expression. 

Since sec* 0=1+ tan* 0, it follows that 

sec* 0 __ 1 + tan* 0 __ 1 ^ tan* 0 

tan 0 tan 0 tan 0 tan 0 

But, knowing that cot 0 is the reciprocal of tan 0, we have 

sec* 0 ^ . X 

: = cot 0 + tan 0, 

tan 0 


which establishes the identity by virtue of the fact that we have succeeded 
in transforming one member into the other. 

Since the left member of the last equation is not defined for tan 0 = 0 , 
we shall understand that tan 0 5^ 0. 

Illustration 4 : Prove that 


tan 0 + cot 0 = 


sec*0 * 
"■ > 
tan 0 


by showing that both members are identical to some other expression. 
We may proceed as follows: In Illustration 1 we showed that tan 0 + cot 0 
is identical to esc 0 sec 0. 

Also, since 

sec* 0 = [Identity (6)], 

cos* 0 

sin 0 

and tan = [Identity ( 7 )], 

COS 0 


then, 


1 


sec* 0 cos* 0 1 

= : — = sec 0 esc 0, 

tan 0 sm 0 cos 0 sm 0 


cos 0 


by Identities ( 5 ) and (6). So both members are identical to the same 
expression, namely, esc 0 sec 0. 

* The symbol « may be read “is identical to.” 
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Caution: The student is cautioned to avoid a common type of error 
in working with identities. For example, it is true that Va^ — 2ab + b^ = 
2db + a*. But either radical may be simplified only to a — 6 if 

o — 6 > 0, or to 6 — a if 6 — a > 0. In other words, it must be kept in 

mind that the radical sign denotes the positive square root. 

Thus, we cannot write 

V 1 — 2 tan X + tan^ x = 1 — tan x, 

unless it is known that 1 — tan a: > 0. If 1 — tan x is negative, the value 

of the radical is tan x — 1. 


EXERCISES 10 


Transform the left member of each of the following identities into the form 
of the light member: 

1. cos X tan x + sin x cot x = sin x + cos x 
_ cos X 

2. TT- = tan X 

sin X cot* X 

3. (tan X + cot x) sin x cos x «= 1 
(sin X + cos x) (tan x -1- cot x) 

sinx 


4. 

6. cotx 4* 


sec X + esc X 


6. 


1 4 cos X 
tan X — cot X __ 2 

tan X 4 cot X esc* x 


esex 


- 1 


7. 


sec* X — (tan x — 1) sec x tan x 
sec* X 

8. cos*x(l 4 tan*x) = 1 

9. cot* A — cos* A a= cos* A cot* A 


= sinx 4cosx 


10. 


tan^ 

1 4 sec ^ 


[a 


tan* $ 


43 


2 sin 6(co8 0-^2) 
(1 4 cos 0)* 


4 sec 0)* 

Establish each of the following identities by any method. 

11. (tan A + cot -A)* = sec* A + esc* A 
sec A tan A 


cos A cot A 
13. (esc A — cot A)* 


1 — cos A 


14. 


16. 


16. 


17. 


1 4 cos A 
tan A — 1 1 — cot A 


tan A 4- 1 
1 4 cot* A 


1 4 tan* A 
V 1 4 tan* 6 sec* $ 


1 4 cot A 
cot* A 

cos^ 


tan* d 


sm^6 


tan* $ 
sec* 6 


cos B sin* B 
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18. 

19. 


sec X (sec x + tan x)* = sec® x(l + sin x)* 
tan X cos x — sin x sec® x 


tan® X 


20. sec® X tan x + sec® x = 


= — sin X 


tan X + sec X 


21 . 

22 . 

23. 

24. 
26. 


(1 + cos® 8) = sin 0 (sec® ^ + 1) 


27. 

28. 
29. 


tan 6 
cos 8 

cos® X — sin® X cos X — 4 sin x cos x = cos x(l — 4 sin x — 2 sin* x) 

tan® X = sec® x (tan® x — tan x) + tan x 

(1 — cos x)® sin X cos X sin® x(l — cos x) _ — sinx 

(1 — cos x)^ (1 — cos x)® 

esc ^[tan ^ sec ^ +2 sec® 6 tan 6] — tan® 6 sec 0 esc 0 cot d 

CSC® d 

= tan® 6(3 tan® 8 4- 1) 

(sec X —tan x) (sec x tan x 4-sec® x) — (sec x -f tan x) (sec x tan x —sec® x) 
(sec X — tan x)® 

= 2 sec® x(l + sin x)® 

• /I o /I cot 6 , tan 6 . ^ ^ ^ i 

Express sin 6 cos® 6 ^ . 7 . 4 in terms of sin 6 only. 

cos 8 sin 8 cos 8 

Express in terms of tan A the expression cot A 4 - sec A — esc A. 

Express in terms of cos A, ^^—4 4- * 

cos A cot A 


18. TRIGONOMETRIC CONDITIONAL EQUATIONS 

In trigonometry, as in algebra, an equation that is not true for all 
values of the unknown for which both members are defined is called a 
conditional equation. As in algebra, the determination of the values of 
the unknown for which the equation is true is called solving the equation. 

Illustration 1 : Solve the equation 

(2 sin 4> — l)(tan 0 4“ 1) = 0. 

Since the right member of this equation is zero, and since the left 
member is already factored, the desired solution may be obtained by 
solving the two equations 

2 sin 0 — 1 = 0 and tan ^ 4" 1 = 0. 

From the first equation we have 

sin <#>==}. 

We wish, therefore, to determine all the values of ^ that satisfy this 
equation. The two positive angles less than 360° are 0 = 30° and 0= 150°. 
Hence, all the roots of 2 sin 0 — 1 = 0 are given by the formulas 

0 = 30° =h n • 360°, n = 0, 1, 2, 3, • • • 

0 = 150° ± n • 360°, n = 0, 1, 2, 3, • • • . 


and 


( 1 ) 

( 2 ) 



8S8 


TRKSONO/AETRK IDENTITIES AND CONDITIONAL EQUATIONS [Ch. 2 


From the second equation, we have 

tan ^ — L 

Hence, <l> ~ 135^ ifc ti * 360°, ti ** 0, 1, 2, 3, • • • (3) 

and 0 = 315° ± u • 360°, ti = 0, 1, 2, 3, • • • . (4) 

Thus, the roots of the original equation are given by (1), (2), (3), 
and (4). 

The positive angles between 0° and 360° satisfying a conditional equa- 
tion are the principal roots. The general or complete solution is obtained 
by adding n(=fc360°), n == 0, 1, 2, 3, • • *, to the principal roots. 

Illustration 2: Solve the equation sin^ ^ + 3 cos ^ — 3 = 0. 

First, we replace sin* by 1 — cos* </>, so that the equation involves 
only one function. Thus, we have 

1 — cos* -f 3 cos — 3 = 0, 

or cos* 0 — 3 cos 0 + 2 = 0, 

or (cos 0 — 2) (cos 0 — 1) = 0. 

The roots of this equation are obviously obtained by solving the two 
equations, 

COS0 = 2 and cos0 = 1. 

The first equation has no roots. (Why?) 

From cos 0=1, the principal root is 0 = 0, and the general solution 
is 0° =h n • 360°, n = 0, 1, 2, 3, • • • . 

Illustration 3: Solve the equation 

sin 0 + cos 0 = i. 

It is desirable to obtain an equivalent equation involving only one 
function. Since sin* 0 + cos* 0 = 1, we have 

cos 0 = =t Vl — sin* 0. 

After substituting this value for cos 0 into the given equation, we have 
sin 0 ± Vl — sin*0 = J, 

or ± Vl — sin* 0 = i — sin 0. 

After squaring each member, this equation becomes 

1 — sin* 0 = i — sin 0 + sin* 0, 
or 2 sin* 0 — sin 0 — i = 0. 

By means of the quadratic formula, it is determined that 

1 ± V7 

sin0 = 


4 


0.91144 and -0.41144. 
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The principal values of when sin<^ = 0.91144, are represented in 
Figure 40 by and ^ 2 . 



Obviously, since sin = 0.91144 and cos </>i is positive, we cannot 
have sin + cos 0i = Hence, <l>i is not a root of the original equa- 
tion. It is not uncommon in trigonometry, as in algebra, to have an ex- 
traneous root when it has been necessary to square both members of an 
equation in order to solve it. 

From Figure 40 we note that </>2 = 180° — <J>i and from Table 2 in the 
Appendix we find that = 65°42'20". Hence, 02 = 1 14°17'40". 

The principal angles 08 and 04, when sin0 = —0.41144, are repre- 
sented in Figure 41. Since sin 0 + cos 0 = both sine and cosine cannot 



be negative; hence, 0 can terminate only in the fourth quadrant. It 
follows, then, that 08 is not a solution of the original equation. 

From Figure 41 and by use of Table 2, which is explained in the next 
section, we have 

04 = 360° - 24°17'44" 

= 335°42'16". 

Hence, the two principal angles satisfying the equation are 02 and 04 . 
The complete solution of the given equation is therefore 

114°17'40" db n(360°) 

335°42'16" ± n(360°), where n = 0, 1, 2, 3, • • • . 


and 
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We may summarize the method of solving a trigonometric equation 
as follows: 

(1) Transform the given equation into one containing only a single 
function, or, when possible, express the equation in the form <t>{x) = 0, 
where <l>(x) is factorable into factors, each of which contains only a single 
trigonometric function. 

(2) Solve the equation, algebraically, for these functions as the un- 
known quantities. 

(3) Find the value of the angles from the table or, in special cases, 
from a triangle. 

(4) Test all solutions by substituting in the given equation. 

19. THE USE OF TABLE 2 

It is apparent from the previous discussion that Table 2 in the 
Appendix will be used frequently in the material that follows. Conse- 
quently, a brief explanation of it may be desirable. Two problems con- 
nected with its use will be considered. 

Problem I. To find the value of a specified trigonometric function of an 
angle when the measure of the angle is given. 

(1) Find the value of sin 32®20'. In the particular part of Table 2 
headed 32®, look in the marginal column on the left for the number 20'. 
In the same row with this latter number and in the column headed sin, 
we find the value, .53484. This is the desired reading. Also in the same 
row we find tan 32®20' = .63299; cot 32®i^' = 1.5798; and cos 32®20' = .84495. 

(2) Find the value of sin 62®20'. At the top of the various par's of 
Table 2 the headings only go as far as 44®. But it will be observed that 
the various parts are marked at the bottom also; these listings start at 
45® and continue to 89®. When using the tabular headings that appear 
at the bottom, it is also necessary to use the column designations given at 
the bottom; this comment is most important, for it is noted that the 
designations at the bottom are different from those at the top. The 
corresponding marginal entries will now be found upon the right. This 
extension of the table to angles between 45® and 90° is made possible by 
the identities involving functions of complementary angles. 

In the row corresponding to 62®20', we find sin 62°20' = .88566. Also, 
cos62®20' = .46433; cot62®20' = .52427; tan62®20' = 1.9074. 

(3) Find the value of sin 28®13'15". The desired reading obviously 
lies between the values of sin 28®13' and sin 28®14'. 

sin28®14' = .47306, 
and sin 28®13' = .47281. 

Thus, a difference of 1', or 60", makes a difference of .00025 in the 
tabulated values. 

At this point we shall use simple interpolation, which is based on the 
assumption that a small change in the value of a function is proportional 
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to the change in the angle. Hence, the change x in the value of the sine 
corresponding to an increment of 15" in the angle is given by 

a; ^ 15" 

.00025 ■“ 60" ‘ 

Thus, X = .00006, approximately. 

So it follows that 

sin 28°13'15" = .47281 + .00006 
= .47287. 

With a little experience, interpolation can be performed mentally. 

(4) As a second problem involving interpolation, let us obtain 
cos 52°18'10". 

cos52®18' = .61153, 
and cos 52^9' = .61130. 

Thus, a difference of 60" represents a change of .00023 in the tabulated 
values, or 10" corresponds to an increment of .00004 in the tabulated values. 

Therefore, cos 52n8'10" = .61153 - .00004 

= .61149. 

Notice that the difference .00004 was subtracted this time. (Why?) 
Problem II. To find the angle when the value of one of its trigonometric 
functions is given. 

(1) Determine the acute angle 0 if sin 0 = .60761. 

This time we investigate the columns headed sin imtil the proper angle 
is identified. The desired angle is 37°25'. 

(2) Determine the acute angle 9 if sin 9 = .34540. 

It is apparent from an examination of the tables that the desired angle 
is between 20®12' and 20®13'. In fact, 

sin 20°13' = .34557, 

and sin 20^2' = .34530. 

The increment x, to be added to 20®12' to obtain an angle correspond- 
ing to the value .34540, may be obtained through interpolation by solving 
the equation 

X __ .00010 
60" " .00027 ’ 

wherein .00027 is the difference between the two readings displayed above, 
and .00010 is the difference between the value of sin 20®12' and the given 
value .34540. The solution of this equation provides 

a; = 22". 

Thus, the desired angle is 20®12'22". 
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20. THE ACCURACY OF TABLES 

In general (exceptions are discussed below) for values of functions 
correct to two, three, four, and five significant figures, respectively, the 
corresponding angles may be determined from tables and through the 
use of interpolation correct to 1®, 10', 1', and 0.1', respectively. Con- 
versely, in general (exceptions are discussed below), for angles correct to 
1®, 10', 1', and 0.1', respectively, the corresponding function values can be 
determined from tables and through the use of interpolation correct to 
two, three, four, and five significant figures, respectively. We note that 
though an angle cannot be determined more accurately than to the nearest 
0.1' when a function is given correct to five significant figures, it will be 
our practice to interpolate to the second in giving an angle, with the 
understanding that the angle may be in error as much as 3" in either 
direction. 

The exceptions noted above in parentheses refer to the determination 
of angles from 0® to 4® by reference to a table of values of the cosine and 
the determination of angles from 86® to 90° by reference to a table of 
values of the sine. The exceptions also refer to the determination of the 
cotangent to five significant figures from a five-place table for angles from 
0° to 4®, and the determination of the tangent to five significant figures 
from a five-place table for angles from 86® to 90®. 

A reference to the graph of the cosine near 0® and to the graph of the 
sine near 90® shows that the cosine is changing very slowly near 0®, and 
the sine is changing very slowly near 90®. Thus, a five-place table of 
values for the cosine gives 1 as the cosine of all angles from 0® to 10'. The 
table gives .99999 for all angles from 10' to 18'. In fact, the table shows 
that the cosine varies only from 1.00000 to .99995 as the angle varies 
from 0® to 35'. Hence, a small angle cannot be determined to the accuracy 
of 0.1' from its cosine. Similarly, an angle near 90® cannot be determined 
to an accuracy of 0.1' from its sine. 

A reference to the graph of the cotangent near 0® and to the graph of 
the tangent near 90® shows that the cotangent is changing very rapidly 
near 0®, and the tangent is changing very rapidly near 90®. Thus, a five- 
place table of values for the cotangent gives 3437.7 for 2' and 1718.9 for 3'. 

The determination of the cotangent of 2'12", for example, from such 
a table gives 1603.9. If, however, we determine cot 2'12" from the formula 
log cot OJ = — log tan x and the calculated value of the log tangent, by 
use of special tables for logs of functions for small angles, we have 

logcot2'12" * - logtan2'12" « -(6.80615 - 10) = 3.19385. 
Hence, cot 2'12" = 1562.6. 

Thus, the value 1603.9 for cot 2'12" is correct to only two significant 
figures. This illustrates the fact that the cotangent cannot be determined 
correct to five significant figures from a five-place table for angles from 0® 
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to 4®. Similarly, the tangent cannot be determined correct to five sig- 
nificant figures for angles from 86® to 90®. 

In practical calculations the possible inaccuracies due to the exceptions 
discussed above may be avoided by a choice of formulas that will not 
involve these inaccuracies. 


EXERCISES 11 


Find the value of each of the following functions by using Table 2. 

1. sin 27®18' 2. cos 47®37' 


3. tan36°8' 

6. tan29°32'l8" 

7. cos82°7'l3" 


4. cot69®42' 

6. sin 74°18'49" 
8. sin53®46'14" 


9. tan47®19.2' 


10. cos64°34.6' 


Find the acute angle 6 corresponding to each of the following: 


11. sin e = 0.41072 
13. tan d = 1.2726 

16. sin Q = 0.63729 

17. sin 6 = 0.63827 
19. cos 6 == 0.83005 


12. cos e = 0.79300 
14. cote = 1.1731 

16. cos e = 0.23726 

18. tan e = 0.93824 
20. sin^ - 0.32116 


EXERCISES 12 

Find the principal roots for each of the following equations, and construct 
the angle in each case. Look up the value of the angle in the table when neces- 
sary; also express the complete solution in each case. 

1. (a) sin^ = (b) cos 6 = — Vf; (c) tan0 = 6 

2. (o) sine = -f; (6) cos 6 = 0.26037; (c) cot^ = 0.55555 


3. tan ^ = 2 — sin <#> sec ^ 

6. tan <tf — cos* 0 = sin* + 5 

7. sec B + tan 6 — 2 
9 . sec X tan x — 2\/3 

11. sec* <t> — tan </> — 1 = 0 

13. 10 cos* ^ - 10 tan* 6-3 = 0 

14. sin* 0 — tan 0 -h I = 0 

Hint: Use Horner’s method, if necessary, 

15. cos* X — sin* x + cos x = 0 

17. 2 csc» - 4^ -2 = 0 

sin*^ 

18. sin 6 tan 6 — 7 cos 0 -f 5 sec 0 = 0 


4 . tan* </> + 1 = 2 sec ^ 

6. tan 0 4- cot 0 = 2 
8 . sin 0 -h CSC 0 = —f 
10. cos X cot X = 

12. 3 sin* <t> + cos* <t> + sin <t> 


16. 27 CSC X cot X = 8 sec x tan x 


19. 2 sin 0 — 3 cos 0 


Solve the following systems of trigonometric equations for r and 0, and prop- 
erly pair your roots. 

20. r sin 0 = 5 
r cos 0 = 5 

Hint: Divide the members of the first equation by the corresponding mem- 
bers of the second to eliminate r. After determining 0, substitute to find r. 
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21. r cos 9 + r edn 0 >3 5 22. r 10 cos 9 

r cos 9 » 3 r - 6(1 + cos 9) 

r = 5(2 + cos 6) 

Solve the following systems of three trigonometric equations to determine 
the related sets of values of r, 6^ 

24« r cos 9 cos 0 = 3 26. r cos 9 cos 0 = — 1 

r cos 9 sin 0 = 4 r cos 9 sin 0 = 2 

r sin 6 = 5 r sin 9 = \/5 

21. SIN (A + « AND COS (A + fi) 

We shall next establish certain fundamental identities involving two 
different angles and, as special cases, relations involving the double angle 
and the half angle. We start with the sum of two angles and establish 
the important identities 

sin (A + B) = sin A cos B + cos A sin B, 

jand cos (A + 5) = cos A cos J5 — sin A sin B. 




Fig. 42 Fig. 43 

These two identities will be proved when A and B are positive acute 
Angles. 

There are three cases: (a) when {A + B) < 90° (Figure 42); (6) 
when 90° < (A + B) < 180° (Figure 43); and (c) when A + B = 90°. 

We shall establish the identity for the first two cases. The third case 
is left as an exercise for the student. 

In either Figure 42 or Figure 43, if we let OP = 1 and make the con- 
structions QP ± OS, QN ± OX, RQ || OX, MP ± OX; then 
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QP = sin B, 

and OQ = cos 5. 

Also, MR * NQ = OQ sin A — cos B sin A, 

and ON = OQ cos A = cos B cos A. 

Since ZRPQ = ZA, it follows that 

RP = QP cos A 
= sin B cos A, 


and 

MN = QP sin A 



= sin B sin A . 


Hence, 

MP 

sin (A + B)^ — = MP==MR + RP 



= cos B sin A + sin B cos A 



= sin A cos B + cos A sin B. 

(1) 

Likewise, 

cos (A +B) = ^ = OM = ON - MN 



= COS B cos A — sin B sin A. 

(2) 

These two identities hold when A and B are of any magnitude, positive 


or negative, although they have been established only under the conditions 
stated above. 

22. SIN (A - B) AND COS (A - B) 

If we accept the universal nature of Identities (1) and (2), we may 
substitute — S for B and write 

sin (A — B) = sin [A + {—B)] = sin A cos (— B) + cos A sin (—B). 

It has already been noted that cos {—B) = cos Band sin (— B) = — sinB; 
hence, 

sin {A — B) = sin A cos B — cos A sin B. (3) 

Similarly, 

cos (A — B) ~ cos [A + (—B)] 

= cos A cos (— B) — sin A sin (—B) 

= cos A cos B + sin A sin B. (4) 

These four identities are very important in the development of the 
formulas for the solution of oblique triangles to be used in the next chapter. 
They are also fundamental in the development of many important iden- 
tities that are of value in simplifying formulas found in practice. 
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83. TAN (A + S) AND TAN (A - B) 

To obtain an identity for tan (A + B) m terms of the tangents of A 
and Bj we may write 


tan (A + B) 


sin (A + B) _ sin A cos J? + cos A sin B 
cos (A + B) cos A cos B — sin A sin 


After* dividing both the numerator and the denominator of the second 
member by cos A cos B, we have 


tan (A + B) = 


tan A + tan B 

■ I • 

1 — tan A tan B 


( 5 ) 


Since 

we may substitute 


tan (~B) = — tanB, 

-B for B in Identity (5) and obtain 
tan A + tan (— B) 


tan (A — B) = 


1 — tan A tan (—B) 
tan A — tan B 

i. ■ .I. • 

1 + tan A tan B 


( 6 ) 


Illustration: Given sin A = where A terminates in the first quad- 
rant, and sin B = f , where B terminates in the second quadrant. Find 
the trigonometric functions of (A + B) and (A — B). 

Since sin A = i and sin B = f , it is readily determined that 


Therefore, 
sin (A + B) 


cos A = 


2V2 

3 


and cos B 


2\/l0 
■■ • 

7 




-2(3.1623) + 6(1.4142) 
21 


2.1606 

21 


0.1029. 


It is left as an exercise for the student to obtain the remaining func- 
tions of A + B and A — B. 


EXERCISES 13 

1. Given tan A = where A terminates in the third quadrant, and 
sinB « it where B terminates in the first quadrant. Find the functions of 
(A + B) and (A - B). 

2. Evaluate sin 75**. 

Hint: 76® » 45® + 30®. Hence, 

sin 75® « sin (46® + 30®) - sin 46® cos 30® + cos 45® sin 30® - f 

3. Evaluate cos 76®. 

4 . Evaluate sin 16®. 

6. Evaluate sin (90® - B) in terms of functions of B. 
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6. If sin A s f and sin B ^ find all possible values of tan (A + B). 

7. If tan A a= 1 and cot B = — 1, find all possible values of tan (A — B), 

8. Substitute A = B in Formula (5) (Section 23) and thus obtain a formula 
for tan 2B. 

9. Show that sin (30® + A) — sin (30® — A) = sinA. 

10. Show that — = tan A + tan B. 

cos A cos B 

11. Show that cos (A + 4fi°) -f sin (A — 45®) * 0. 

Ai. _ A j. I A i?o\ 1 "i” tan 


12. Show that tan (x + 45®) = 


1 — tana; 


13. Show that cos nd cos ^ + sin sin 0 = cos (n — 1)^, 

14. By the use of Formulas (1) and (2) (Section 21), find the sine and cosine 
of 90® 4- A in terms of functions of A. From your results find other functions 
of 90® + A in terms of functions of A. 

16. By a method similar to that used in Section 23, establish the identity 

A / i . cot A cot B - 1 

cot (A 4 B) = — — p- 7 ^ • 

cot A 4 cot B 

24. SIN 2A AND COS 2A 

If in Formula (1) (Section 21) we let B = A, we have 
sin (A + A) = sin A cos A 4“ cos A sin A 
or sin 2A — 2 sin A cos A. (7) 

Similarly, if we let B = A in Formula (2) (Section 21), we have 
cos (A 4 A) = cos A cos A — sin A sin A 

cos 2A = cos^ A — sin^ A (8) 

= cos* A — (1 — cos* A) 

= 2 cos* A — 1 (9) 

= 1 — 2 sin* A. (10) 

Hence, if we know the functions of any given angle. Formulas (7) to 
(10) enable us to obtain the functions of an angle twice as large as the 
given angle. These identities are very useful in simplifying complicated 
formulas and in solving trigonometric equations. 

S5. SIN I AND COS ^ 

If in (10) (Section 24) we replace A by A/2, we have 
cos A = 1 — 2 sin* — » 


. A 

8in- = d=. 


1 — cos 4 
2 
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Similarly, when we employ (9) (Section 24), we have 
cos A =* 2 cos* ^ 

A ll + cos A 

or coe-^dzyj (12) 

The sign before the radical in both (11) and (12) is determined by the 
quadrant in which A/2 terminates. 


EXERCISES 14 


1. If cos A = J, where 0 < A < 90°, find the functions of 2A. 

2. If sin A = — f, where 180° < A < 270°, find the functions of 2A. 

3. Derive a formula for tan 2A in terms of tan A. 

4 . Express sin 3 A in terms of sin A. 

Hint: Let sin 3A = sin (2A -f A). Then use Formulas (1) and (10). 

6. Express cos 3 A in terms of cos A. 

6. Express cos 6 A in terms of functions of 3A. 

7. If cos A = where A is a positive angle less than 360° terminating 
in the second quadrant, find the functions of A/2. 


8. Show that tan ; 


9. Show that tan ;r = 


■4 


COS X 


+ COSO? 

1 ~ COS X sin X 


sin X 1 + cos X 
10. Verify each of Formulas (7) and (8) (Section 24) and (11) and (12) 
(Section 25) for A = 60° and for A = 90°. 

sin 2x . tan 2x 


11 . Show that 


12. Show that 


1 + cos 2x 
1 — sin 2x 


tan a: = , , _ 

1 4- sec 2a; 

1 ~ tan X 


cos 2a; 1 -f tan x 

13 . Show that esc x — cot x = tan Ja;. 

14 . Show that sin 4A = cos A (4 sin A — 8 sin"* A). 

15 . Show that cos 4A = 8 cos^ A — 8 cos* A + 1. 

16 . Express sin 26 cos 26 in terms of functions of 6, 
3 4" 4 cos 26 4" cos 46 


17. Show that cos^ 6 


18 . Show that sin^ 6 = 


8 

3 — 4 cos 2^ — cos 46 
■ — - - ■ ■ — ■■■ • 

8 


26. SUM OF SINES OR COSINES 

From Formulas (1) (Section 21) and (3) (Section 22), we have 
sin (A + B) — sin A cos if 4“ cos A sin B, 
and sin {A — B) = sin A cos H — cos A sin B, 

If we first add the corresponding members of these equations and then 
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subtract them, we obtain the two following relations: 

sin (A + B) + sin {A — B) = 2 sin A cos B, 
and sin (A + 5) — sin (il — B) = 2 cos A sin B, 


Now let 

A + B = x 

and 

A- B = y, 

so that 

A-^ + y 
^ ■ 2 

and 

n-^~y 

2 • 


After substituting these values in the two preceding relations, we 
obtain 


^ . x + y X — y 
sin X + smy = 2 sin — - — cos — * 

2t 2 

j . . ^ X y , X — y 

and sin x — smy = 2 cos — r — sin • 

2 2 

Similarly, from the formulas 

cos (A + B) = cos A cos B — sin A sin B, 
and cos (A — B) = cos A cos B + sin A sin B, 

we may obtain 

X + y X — y 
cos X + cos y — 2 cos — - — cos > 


(13) 

(14) 


and 


o . Xi + y , X — y 

cos X — cosy = —2 sm sin ^ • 

2 2 

MISCELLANEOUS EXERCISES 15 


(16) 

(16) 


The following identities may be established by making use of the funda^ 
mental identities derived in the preceding sections. 

Establish the following identities: 


1. 2 sin ^ + sin 26 = 


2 sin* 6 


1 — cos ^ 


sin 3a; 


= 1+2 cos 2a; 


6 . 


sm X 

sin 2a; + sin 2y _ tan (a; + y) 
Bin 2a; ~ sin 2y tan (a; — y) 

X 


tan* ; 


7. 


= cos a; 


2. tan 6 cot 9 = 2 esc 26 

. ^ X 1 + sin a; — cos x 

4. tan - = ■; : 

2 1 + sm a; + cos x 

sin a; + sin 2/ a; + y 

o, ———————— — tan TT 

cos X + cos y 2 

cos* X + sin* X 2 — sin 2a; 


8 . 


1 +tan*| 

Hint: Use Problem 8 in Exercises 14. 
. sin 5a; — sin 2a; ^ lx 

n T" cot TT- 

cos 2a; — cos 5a; 2 


cos X + sin a; 


10. cos* 6 sin* 6 — 


1 — cos AB 


8 
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11. sin a; 
sin X 


13. 


X 

tan 2 


2 tan \x 
1 + tan® ix 
2 

sec® 2 


12. sec 0 + tan $ 



14. tan 3a; 


3 tan X — tan® x 
1—3 tan® X 


16. sin® d — sin® ^ = sin {6 -|- </>) sin ($ — <l>) 

16. cos® 6 — sin® <t> = cos (B + <l>) cos (B — <t>) 

17. sin 30® + sin 60® * V2 cos 15® 

18. cos 3a; sin a; = i sin 4a; — i sin 2a; 

19. cos 6a; cos a; = i cos 6a; + ^ cos 4a; 

20. cos 5a; — cos 3a; = —8 sin® x cos x cos 2a; 

sin (x + 2 /) ^ ^ ^ «« sin (x — y) 

21. — 2- = cot X tan y + 1 22. = tan x — tan y 

sin X cos y cos x cosy 

23. If A H- J5 + C = 180®, sin A + sin B + sin (7 = 4 cos ^ cos ^ cos ^ 

A ib 2 

24. If A + B + C = 180®, 

cos A + cos J5 + cos C7 = 4 sin §A sin \B sin §(7 + 1 


27. TRIGONOMETRIC EQUATIONS 

We have previously outlined a method for solving certain trigonometric 
equations. The equations given below differ from those considered 
earlier, however, in that they involve functions of multiple angles. Of 
course, it is possible to express an equation involving multiple angles in 
terms of functions of the single angle. 

Illustration 1. Solve 

cos2a; + anx = 1. (1) 

From Formula (8) (Section 24), 

cos 2x = 1 — 2 sin® x. (2) 

After substituting this value for cos 2x in Equation (1), we have 
1 — 2 sin® X + sin X = 1, 
or —2 sin® x + sin x = 0. 

The left member may be factored to provide 

sin X (—2 sin X + 1) =0. 

Therefore, sin x = 0 and §. 

Hence, the principal angles are x = 0, x — ir, x =* tt/G, x = Sir/G. 
Illustration 2. Solve 

sin 3x + sin 2x + sin X = 0. (1) 

After applying Formula (13) (Section 26) to the first and third terms 
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of this equation, we have 

2 sin 2x cos x + sin 2x * 0. 

This equation may be rewritten in the form 

sin 2x{2 cos x + 1) = 0. 

Therefore, sin2x = 0 and cosx = — i* 

From sin 2x = 0, we obtain 

2x = 0 =b 2nir, or x = 0 d= nir, n = 0, 1, 2, 3, • • • , 

and 2x = TT db 2mrj or x = ^ n^r, n = 0, 1, 2, 3, ••• • . 

A 

Hence, the principal angles are 



From cos x = — the principal angles are a: = ^ ^ • 

o o 

Illustration 3. Solve 

We have mx == 0 zb 2mr 
2mr 


hence, 


X = 0 zb 


sin mx = 0. 

and TT db 2nx, n = 0, 1, 2, 3, • 

IT zJz 2mr 


m 


and 


m 


( 2 ) 

( 3 ) 


EXERCISES 16 


Solve each of the following equations 

1. cos 2x = 2 sin^ x 

3. tan^ X — cot^ x = 4 cot 2x 

5. cos 2x = sin 3x 

7. cos ^2x = sin ^3x + ^ 

8. sin i) ^ ^ 

9. cos 2x + sin X + 2 == 0 

11 . sin X + sin 3x = cos x — cos 3x 

13 . cos 2x + 2 cos* ^ = 1 

16 . tan X 4“ tan 2x = tan 3x 

17 . 2 sin X sin 3x — sin* 2x = 0 


and check the results: 

2. 2 cos 2x = 1 — 4 cos x 
4 . tan 2x = 5 cot x 

6.sin(2*+|) = sin(x-|) 


10 . 2 sin X = sin 2x 
12. cos 2x — tan 2x =* 0 

14 . sin 3x -f sin X = sin 2x 

16 . cot 2x = tan x — 1 
18 . 3 tan* 3x + 8 cos* 3x =» 7 


Solve the following systems of trigonometric equations for r and 8; 

19 . r sin 26 = Z 20. r sin 3^ = 1 

r cos 3 = 4 r(l + 2 cos 26) = 2 
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Eliininate $ from each of the following systems of equations: 

21. a; 2sin0 
y = 3 co8 6 

Hint: sin^ 6 + cos* ^ = 1. 


22. a; ~ a cos* 6 
y = 6sin*^ 


23. X ^ 2a cos* 6 


2 / = 


2a cos* $ 
sin 6 


2L X — aS COB 6 26. x = a sin ^ 

y aS Bind y = b cos* d 

26. X = a tan 6 21. x — a cos 2B 

y — a cos* 6 2 / — 2a sin ^ 

28. X = 3 sin 2^ 
y = 2 sin* d 

29. If the angle at the vertex of a cone is represented by 0, find 0 for the 
cone which has a volume of ISOOtt cu in., and which has a base of radius 20 in. 

30. It can be shown that in a reciprocating engine the crank angles for 
maximum velocity of the piston are represented by the solutions of the equation 
cos 0 + i cos 26 = 0. Find 0, 

31. In studying the problem of balancing one sphere upon another, there 
arises the equation m cos* 0 = (M + m) (3 cos ^ — 2), where M and m are the 
masses of the lower and upper spheres, respectively, and 0 is the angle that the 
straight line joining the centers makes with the vertical. Find 0 when M *= 50 
and m = 30. 


28. EQUATIONS INVOLVING INVERSE FUNQIONS 

It is occasionally necessary to solve equations involving inverse func- 
tions. We shall confine ourselves to the principal values of the inverse 


functions (Section 16). 

Illustration 1 : Find x, if 

^tan*"^ X + tan-^ (1 — x) = tan”^ 1. (1) 

Solution: Let 

a = tan~^x, (2) 

and = tan“i (1 — x). (3) 

Hence, we have from (1), (2), and (3), 

a + ^ = tan-i (4) 

or tan (a + /?) = (5) 

After expanding the left member, there results 


tan a + tan 4 
1 — tan a tan jS 3 


( 6 ) 


But from (2) and (3), we have 

tan a = X and tan jS = 1 — x. 


( 7 ) 
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Hence, after substituting the values from (7) in Equation (6), we obtain 



X + 1 — X 4 



1 -x(l - x) ■" 3* 


or 

4x2 — 4a; + 1 = 0. 

(8) 

Therefore, 

X = 

(9) 

Illustration 2. 

Find X if 



sin“^ X + sin“^ 2x = 

(1) 

Solution: Let 

a = sin”^ X, 

(2) 

and 

P = sin“^ 2x. 

(3) 

Hence, from (1), (2), and (3), we have 




(4) 

So it follows that 

TT 

cos (o£ + iS) = cos g = §» 

(5) 

or 

cos a cos — sin a sin 

(6) 

From (2) and (3) 

we have 



X = sin a and 2x = sin j3. 

(7) 

Since x = sin a, it follows that 



cos a = ±\/ 1 — x2, 

(8) 

and since 2x = sin we have 



cosi3 = ±Vl — 4x2. 

(9) 

Therefore, from (6), (7), (8), and (9), there results 


(iVl - x=‘)(±Vl - 4x*) - 2x* = J, 

(10) 


or iVl — Vl — 4x2 = 2x^ + 

After squaring each member, we obtain 

(1 - x2)(l ~ 4x2) = 4x^ + 2x2 + i, 
or 1 - 5x2 + 4^.4 = 4x* + 2x2 + J. 

The solution of this last equation yields 

X = dh -77-* 
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The positive value, x « -7-- » is the only value that satisfies equa- 

14 

tion (1). The remaining possible root x ^ is extraneous; it was 

introduced when the members of the equation were squared. 


Iltustration 3: Prove that 

sin-^ i + sin”^ xV = H- (1) 

Solution: Let 

a = sin-' f and = sin"' (2) 

Hence, the given relation is equivalent to 

sin (a + |3) = ff, (3) 

or sin a cos /3 + cos a sin /S = U. (4) 

But sin a = i; 80 cos a = (5) 

Also, since sin = -^y, cos /3 = dbxy. (0) 


It is now necessary to establish that the left member of (4) is equal to 
the right member. The value of the left member is 

y(±iT) + (=t3-)(TT)* 

If we confine ourselves to the principal values of the functions, cos a 
and cosff must be positive, and we have It + fi = fy* Statement (1), 
therefore, is correct. 


EXERCISES 17 


Solve the following equations, restricting the functions to principal values: 


1. sin”' X — cos-' X = 7r/6 
3. sin”' X + sin-' 2x = tt/S 

6. sin-' X = 2 cot-' x 

7. sin”' X ^ 2 tan-' x 

9 . tan-' 3a; 4 * tan-' 2x = ir/4 

Justify each of the following; 


2. sin-' 2a; — cos-' x = tt/G 
4. tan”' a; -h 2 cot”' x = 2ir/3 
6. sin”' 3a; — sin”' a; =* ^tt 
8 . 2 sin-' X — cos-' x 


10. 2 tan-' f = tan-' 11. cos-' | + cos-' =* cos”' 

12. tan-' 2 + cos”' | Vs = ir/2 13. tan-' -J- + tan-' | = 7r/4 

14. sin-' I -h sin-' | = v /2 
16. cos-' f + tan-' 4* sin-' ** 7r/2 
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29. SOLUTION OF TRIANGLES 

A triangle has six elements, namely, three sides and three angles. 
If three elements, including at least one side, are given, it is possible, in 
general, to find the other three elements and the area of the triangle. The 
process of computing the unknown elements from those which are known 
is called solving the triangle. 

A triangle may be solved by graphical methods or by formulas involving 
the trigonometric functions. A graphical method may be used when con- 
siderable approximation is permitted; whereas the second method may be 
employed to obtain a solution that is restricted in accuracy only by the 
accuracy of the given data and the accuracy of the tables. 

The graphical method is used frequently as a check upon the solution 
obtained by the second method; moreover, it is also desirable that the 
solution be checked analytically by formulas that are independent of the 
formulas used in obtaining the solution. 

30. GRAPHICAL METHOD 

To solve a triangle graphically, merely construct the triangle to some 
convenient scale by means of a ruler and protractor so that it contains the 
given elements; then measure the unknown sides and angles. 

The student should review the construction of a triangle as given in 
plane geometry. Also, it is recalled that a triangle is uniquely determined 
when two sides and an included angle, two angles and an included side, or 
three sides are given. On the other hand, when two sides and an angle 
opposite one of the sides are given, there may be one triangle, two triangles, 
or no triangle satisfying the given data. This latter case will be studied 
in greater detail later in this chapter. 

In the following data the small letters indicate the sides of a triangle, 
and the capital letters indicate the angles opposite the sides designated 
by the corresponding small letter. 

EXERCISES IS 

Solve the following triangles graphically: 

1. Given A = 35^ B = 67®, o « 18 ft 

2. Given A - 36®, c = 72 ft, 6 = 55 ft 

245 
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8. Given (T = 90®, c = 15 ft, 6 « 10 ft 

4. Given B = 27®, a = 25 ft, 6 = 20 ft (Two solutions) 

6. Given a = 16 ft, 6 = 20 ft, c ^ 25 ft 

6* Given a = 9.3 ft, b = 12.4 ft, c = 15.5 ft 

7 . Given A = 42®, B = 37®, c = 11 ft 

8 . Given A = 62®, C = 62®, 6 = 17 ft 

9. What happens if a = 16 ft, 5 = 20 ft, and c = 38 ft? 

10 . What happens if A 30®, c - 20 ft, a = 9 J ft? 

41. LOGARITHMS OF TRIGONOMETRIC FUNaiONS 

The numerical solution of triangles through the use of trigonometric 
formulas frequently involves considerable labor, which may be minimized 
by employing logarithms. Attention has already been called to the avail- 
ability of Table 1, which gives the common logarithms of numbers. Now 
we desire to direct attention to Table 3 where the common logarithms 
of the trigonometric functions are listed. 

The general organization of Table 3 is the same as that of Table 2. 
Certain special features of Table 3, however, should be noted. First, 
all sines and cosines of angles between 0® and 90® are less than 1, so their 
logarithms have negative characteristics; hence, part of the characteristic, 
namely, — 10 has been omitted from the listed values of these two func- 
tions. For instance, log sin 22®10' = 9.57669 — 10. In the tangent 
column the quantity — 10 is to be understood after all listed values until 
45® is reached, after which the entire characteristic is written in the 
table, since tan ^ > 1 when 45® < 6 < 90°. To facilitate the process of 
interpolation when it is necessary to obtain the logarithm of a function 
of an angle involving a fractional part of a minute, columns have been 
introduced headed by d and cd that provide the differences between con- 
secutive logarithms listed in the major columns. 

As an illustration of interpolation as applied to the logarithms of the 
trigonometric functions, let us obtain log cos 67®25'20". 

log cos 67®25' = 9.58436 - 10 
log cos 67®25'20" = ? 30 

log cos 67®26' = 9.58406 - 10 

The difference 30 (ignoring decimal points) between the two readings 
is conveniently written down in the d column. Since 67®25'20" is one 
third of the way from 67®25' to 67®26', it is an assumption employed in 
interpolation that log cos 67®25'20" is one third of the way from 
log cos 67®25' to log cos 67®26'. Thus, 

log cos 67®25'20" « 9.58436 - 10 - i (0.00030) 

« 9.58426 - 10. 
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EXERCISES 19 

From Table 3 find the value of the following: 

1. log sin 19°32' 2. log cos 49®8' 

3. log tan 72^28' 4. log sin 32n7'20" 

6. log cot 22°18'24" 6. log sin 72°25'42" 

7 . log tan 37°14.6' 8 . log cos ir7'36" 

9. log tan 64°37'19" 10. log sin 40°6.7' 

Determine the acute angle x that satisfies each of the following: 

11. log sin X — 9.58253 — 10 12. log tan x = 9.78618 — 10 

13. log cos X = 9.76712 — 10 14. log cot x — 0.01946 

16. log sin X = 9.76546 - 10 16. log cos x = 9.72283 - 10 

17. log tan X = 9.93342 — 10 18. log cos x = 9.94447 — 10 

19. log cot x = 0.37726 20. log sin x = 9.36367 — 10 

32. SOLUTION OF RIGHT TRIANGLES 

We shall now consider the solution of right triangles. The discussion 
will involve the treatment of two possible cases, namely, 

Case 1 . Given two sides. 

Case 2. Given one side and one acute angle. 

Illustration: Case 1. Given C = 90®, c = 15 ft, 

6 = 10 ft. Determine a, A, 

First construct the triangle approximately to 
scale, as in Figure 44. From the figure we have 
cos A = = I = 0.66667. Consequently, by ref- 

erence to Table 2, 

A = 48®11'22", 

Therefore, 5 = 90® - A = 41®48'38". 

Side a can be determined by use of the Pythagorean theorem as follows: 
a = VIS* - ro* = Vm = 5 V 5 = 11.180. 



As a check upon a and J5, observe that 

a = 10 cot B 
= 10 cot 41®48'38" 
= 10(1.1180) 

= 11.180. 


These values of the unknown data have been determined much more 
accurately than the given measurements really justify. Side a, for in- 
stance, would probably be listed as 11.2. 

Illustration: Case 2. Given C = 90®, A == 27®, c = 169. Detennine 

By a, 6. 
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Construct an appropriate triangle as in Figure 45. 



= 90° - 27° = 63°, 

b = 169 cos 27° = 169(0.89101) = 150.68, 
a = 169 sin 27° = 169(0.46399) = 76.724. 


Check: 

a 

cot B = - 
0 


76.724 

150.58 


0.50953. 


So jB = 63°, thereby checking the value previously obtained. Also, 
c* = 28561, a* = 22674, and 6* = 5886.6, thereby satisfying the Pythag- 
orean relation, namely, 

c2 = a* + h\ 


Let us now consider a solution employing logarithms. 

IlliLstration: Given C. = 90°, a = 176.32, c = 283.14. Determine 


A, B, 6. 

Figure 46 has been drawn employing the given data. 
The three unknown parts may be found as follows: 


. , 176.32 

283.14 

= 90 - A, 
b = 176.32 cot A. 

Check Formidas: 

. ^ & 

sin 5 = - » 
c 

52 = (c — a)(c 4- o). 


( 1 ) 



(5) 


Applying logarithms to Formula (1), we have 

log sin A = log 176.32 — log 283.14. 
log 176.32 = 12.24630 - 10 
(-) 

log 283.14 = 2.45200 
log sin A = 9.79430 — 10 
.'. A = 38°30'57". 


By referring to relation (3), 
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log b = log 176.32 + log cot A. 
log 176.32 = 2.24630 
(+) 

logcot38°30'57" - 0.09915 
log b = 2.34545 
b = 221.54. 

From relation (2), = 90 — A = 51°29'3". 

By reference to Check Formula (4), 

log sin B = log 221.54 ~ log 283.14. 
log 221.54 = 12.34545 - 10 
(-) 

log 283.14 = 2.45200 
log sin B = 9.89345 — 10 
.-. B = 5r29'6". 

From Check Formula (5), 

2 log b must equal log (c — a) + log (c + o), 
or 4.69090 must equal 2.02865 + 2.66225, 

which is true. Thus, the values of A and h are correct. 

EXERCISES 20 

For each of the following exercises the student should construct the figure, 
solve for the unknown parts, and check the solution: 

1. Given a == 268, 6 = 142, C = 90®; find c. A, B. 

2. Given a == 268, c = 342, C — 90°; find 6, A, B, 

3. Given c = 361.52, b = 179,42, C = 90°; find a, A, B. 

4. Given A = 68°27'35", a = 269.12, C = 90°; find 6, c, B. 

6. Given B = 19°16'38", a = 461.37, C = 90°; find 6, c, A. 

6. Given B = 29°18'45", c = 23.614, C = 90°; find o, 6, A. 

7. Find the side and area of a regular octagon (eight sides) inscribed in a 

circle of radius 10 in. 

8. Find the side of a regular pentagon (five sides) circumscribed about a 
circle of radius 10 in. 

9. Find the length of a chord which subtends an arc of 105° in a circle with 
radius 10 in. 

10 . Find the area of a sector of a circle with radius 10 in. if the sector is 
bounded by two radii and an arc which subtends an angle of 105°. 

11 . A segment of a circle is bounded by an arc which subtends an angle of 
105° and its chord. Find the area of the segment if the radius of the circle is 
10 in. 

12 . Derive a formula for the area of a sector of a circle in terms of its angle S, 
measured in radians, and the radius r of the circle. 
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13. Consider a cylindrical tank 10 ft long and 5 ft in diameter placed in a 
horizontal position. Make a table showing the number of gallons of liquid the 
tank would contain at various depths. Compute volumes for depths varying at 
6-in. intervals from an empty tank to a full tank. 

4 14. To find the distance AB across a pond, a distance AC is measured 200 ft 
long at right angles to ABj and the angle ACB is found by measurement to be 
82®60'23". Find AB, 


B 



Fig. 47 


16. To find the height of a vertical cliff AB (note 
Figure 47), the following measurements were taken: 
CA = 233.16 ft, ADCA = 22n7'33", ZDCB = 
48®19'52". FindAB. 



16. Given A = 68°27'35", B - 45°16'27", 
c = 292.13 (note Figure 48). Find a, 6, C. 

Hint: Form right triangles by drawing a 
perpendicular from A to side BC. 


C 



17. Given A = 41‘^37'25", b - 
476.18, and a = 372.96 (note Figure 
49). Find c, B, C (two possible solu- 
tions). 

Hint: Form right triangles by 
drawing a perpendicular from C to AH. 


18. Given A * 82®27', b = 271.4, c = 386.6 (refer to Figure 60). Find H, 
C, a. Give values of the angles to the nearest minute and a to four significant 
figures. 
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C 

Hint: Form right triangles by drawing a 
perpendicular from C to AB, 


Fig. 50 

19. Given A = 68°27'35", a = 965.12, b = 837.92; find B, C, c. 

20. Given B = 38°16'27", a = 277.19, c = 362.28; find b, A, C. 

21. Given B = 138°27'52", a = 277.19, c = 402.19; find 6 , A, C, 

22. Given A = 68®27'35", B = 42°16'27", a = 350.52; find C, 6, c. 

33. THE SOLUTION OF THE GENERAL TRIANGLE 

The general triangle may be solved by means of special formulas 
involving the sides and functions of the angles. There are various formulas 
to be used, depending on the given elements of the triangle to be solved. 

There are four cases to be considered, namely: 

Case 1. Given two angles and any side. 

Case 2. Given two sides and an angle opposite one of them. 

Problems under Cases 1 and 2 may be solved by a formula known as 
the law of sines (Section 34). 

Case 3. Given two sides and the included angle. 

Case 4. Given three sides. 

Problems under Cases 3 and 4 may be solved by a formula known as 
the law of cosines (Section 35). 

34. CASES 1 AND 2: THE LAW OF SINES 

We shall now develop the special formula known as the law of sines y 
which may be employed for the solution of triangles under Cases 1 and 2. 

C C 


AD B 

Fig. 51 Fig. 52 

In either Figure 51 or Figure 52, we have, 

p = o sin By 
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and 

p 5 sin A. 


Hence, 

a sin B = 6 sin A, . 

a b 


or 

sin A sin B 


Since ABC is any triangle, we may also write 

a c 

sin A sin C 


Therefore, 

a b c 

sin A sin B sin C 

(1) 


Equations (1) constitute the law of sines^ which states that any two 
sides of a triangle are in the same ratio as the sines of the corresponding angles 
opposite them. 

Equations (1) give us the three difTerent equations 

a __ h a ^ c __b ^ 

sin A sin B sin A sin C sin B sin C 


Each involves four elements of the triangle, so that if we are given any 
three elements in any one of these equations, we may solve for the fourth 
element. 

An interesting situation is encountered if we are given two sides and 
the angle opposite one of them, such as a, 6, A. Then, from the law of 
sines, 


sinS = 


h sin A 
a 


It - ■ — ^ > 1, no angle B is possible; hence, there is no solution. 


If 


a 

b sin A 


= 1, angle B = 90®; hence, there is one solution. More- 


over, the triangle is a right triangle. 

If there are two possible values for B, If A 5 90°, how- 

a 

ever, B must be acute and only one solution is possible. If A < 90°, 
there may be two solutions. 

We 8^11 consider in detail the case when A < 90°, and a <b. 

The perpendicular p dropped from angle C upon side c equals 6 sin A; 

, . b sin A ^ . P - 

hence, our condition < 1, means that - < 1, or a > p. 

a a 

The added condition a <b gives Figure 53, from which it is apparent 
there are two solutions, namely, triangles ABC and AB'C, 
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If A < 90® and a « 6, there will be only one solution, since in this case 
J5' will coincide with A. 

If A < 90® and o > 6, we have the situation depicted in Figure 54, 
which shows that there is one solution, the triangle ABC. The triangle 
B^'AC is not a solution since it does not contain the given Z A. 



Fio. 53 


C 



35. MOLLWEIDE*S FORMULAS 


It seems appropriate at this point to stop and develop formulas that 
are useful in checking the solution of any triangle. The formulas that we 
shall obtain are particularly serviceable because they contain all six 
elements of the triangle. 

From the law of sines. 


a _ sin A 
c sin C 


( 1 ) 


5 ^ sin B 
c sin C 


( 2 ) 


If we add the corresponding members of Equations (1) and (2), we have 

a + h sin A + sin B 

c sin C 

^ . A+B A-B 
2 sin — - — cos — r — 


o . ^ ^ 

2 sin — cos 
2 2 


after employing Formulas 13 (Section 26) and 7 (Section 24) 
A+B 


Since - 


C A B C 

90® — > and sin — r — = cos - > it follows that 

2 2 2 


0 + 5 


cos- 


A-B 


(3) 


sin — 

2 

If we subtract the members of Equation (2) from the corresponding 
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members of (1), we have 

a — 6 sin A — sin B 

— ^ , 

c sin C 

from which we finally obtain, by an analysis quite similar to that which 
preceded, 

. A -B 
, sm — ~ — 

“-i- c- ■ <‘> 


Formulas (3) and (4) are known as Mollweide's formulas; they are 
important check formulas, since either one contains all the elements of the 
triangle and may be used irrespective of what elements are given. 

36. ILLUSTRATION: CASE 1 

Solve the triangle ABC, where o = 60 ft, A = 35°, and B = 85* 
^ (note Figure 55). 

>1 By the law of sines, we have 

\ , o sin B 



sin A 
60 sin 85° 


= 104.21. 


Also, C = 180° - (A + B) 

= 180° - (120°) = 60°. 


Again, we may employ the law of sines to obtain 

a sin C 


60 sin 60° 
sin 35° 


= 90.592. 


We shall use one of Mollweide’s formulas for a check; namely, 

. B - A 


c 



§371 


ILLUSTRATION: CASE 2 


255 


h = 104.21 
g 60. 
6-a== 44.21 


90.692 


6 - g 44.21 


90.592 


= 0.48801 


B = 85*^ 
A = 35° 


B - A - 50° 

. B - A 

gin — - — ~ 0.42262 


cos - = 0.86603 


sm- 


B - A 


C 

cos - 
2 


= 0.48800 


The data as given do not justify carrying out the lengths of the sides 
to five significant figures. In practice, we would probably say that b 
is about 104 ft and c about 90.6 ft. 

37. ILLUSTRATION: CASE 2 

(1) Solve the triangle ABC, if g = 35 ft, 5 = 45 ft, and A = 65°. 

It is advisable, first, to consider a triangle under Case 2 by the graphical 
method. This is attempted in Figure 56. 

We find when the figure is drawn to 
scale that the side a is too short? to reach 
the side c. Hence, there is no possible solu- 
tion for a triangle possessing the given 
data. In fact, we have no triangle. 

If we attempt to solve the same tri- 
angle by the law of sines, we have 


sin B = 


b sin A 45 sin 65° 


35 


= 1.165. 



Fig. 56 


Since sinB results in a number that 
is greater than 1, no triangle exists having parts as given. 

This illustration indicates that if — - > 1, there is no solution. 

g 

(2) Solve the triangle ABC if a = 30 ft, 5 = 60 ft, and A = 30°. 
A sketch of this triangle indicates that it is a right triangle. 

By using the law of sines, we have 

6 sin A 60(0.5) 


sinB = 


g 30 

B = 90°. 


- 1 . 


Hence, 

as we previously suspected. 
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Therefore, by the Pythagorean theorem, we obtain 

c = \/3600 - 900 = 30\/3 = 61.963. 


Check: 


c = 60 003 30° = 60(0.86603) = 61.962. 


(3) Solve the triangle ABC if a = 40 ft, 6 = 60 ft, and A — 30°. 

If we attempt a graphical solution, we find two possible triangles ABC 
and AB'C, as shown in Figure 57; therefore, there are two solutions. 

^ Upon applying the law of sines, we 

have 

_ 6 sin A 

3^ ^ sin B = 


60(0.5) 


Fig. 57 


= 0.75. 


Note that ^ < 1, and since it is also true that a <b, there are two 

a 

solutions as predicted by the graphical consideration. 

From a table of trigonometric functions, we find 

B « 48°35'25" or 180° - (48°35'25"). 

This second value of J3 is AAB'C in Figure 57. Hence, 

ZAB'C = 13r24'35". 

To complete the solution we must find AB' in AAB'Cy and AB in 
AABC. It is readily determined that 

ZACB' = 18°35'25" and AACB = 101°24'35". 

^ _ adn Z.ACB' . 

. 15 - 1 ^ 4 ^- 78 . 418 . 

Sin 30 


Check of the solution of AAB'C by Mollweide’s formula: 

B^-A 


c 



$38] 


CUES 3 AND 4: UW OF COSINES 


257 


6 = 60 
o = 40 


B' = 131'^'35" 
A = 30° 

B' -A = 101°24'36" 
~ ^ = 50°42'17" 


AB' = c = 25.504 


b-a 


= 0.78419 


AACB' C 
— - — = - = 9°17'42" 

iS 


. B' - A 
sin — 


C 

cos- 

2 


= 0.78418 


To apply Mollweide’s formula to AABC, we have 


6 = 60 
o = 40 


4B = c = 78.418 


ft — a 

0.25504 

c 


B = 48°35'25" 
A = 30° 

B - A = 18°35'25" 
B — A 

— — = 9°17'42" 


AACB 

2 


^ = 50°42'17" 
2 


sin - 


B-A 


cos - 


= 0.25504 


. EXERCISES 21 


Solve the following triangles and check each solution by Mollweide’s formula: 



38. CASES 3 AND 4; LAW OF COSINES 

Another law, known as the law of cosines^ will now be developed for the 
solution of triangles under Cases 3 and 4, 
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In either Figure 58 or Figure 69, AB =* c. Let AD = x, and of course, 
DA = —X. We then have DB = c — x. By reference to /^ADC, we 
have 

62 = x* + pK (1) 


c 



Fig. 58 Fig. 59 


From ADCBf we obtain 

p — asm By (2) 

and c — X = a cos B, or x = c — o cos B. (3) 

After substituting the values for p and x from (2) and (3) into the 
right member of (1), we have 

62 = a2 sin2 B + (c — a cos BY 

== o2 sin2 B -h c2 — 2ac cos B + cos2 B 
= o 2 (giji 2 j 5 cQg 2 ^ ^2 _ 2oc cos B. 

Hence, 6* = a2 + c2 — 2ac cos B. (4) 

Similarly, we may derive 

c2 = a2 + 62 — 2a6 cos C, (5) 

and a2 = 62 -j- c2 — 26c cos A. (6) 


Equations (4), (5), and (6) constitute the law of cosines, which may 
be stated as follows: 

The square of any side of a triangle is equal to the sum of the squares of 
the other two sides diminished by twice the product of these two sides and the 
cosine of their indvded angle. 

Under Case 4, where the three sides are given to determine the angles, 
we write from (6), (4), and (6), respectively, 


cos C 


a2 + 62 -■ c2 
2o6 


( 7 ) 


cosB = 


02 + C2 - 6» 

2ac 


( 8 ) 


coe A 


62 + c2 o2 
26c 


( 9 ) 
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39. ILLUSTRATION: CASE 3 

Solve the triangle ABC if a = 50, 6 = 60, and C = 40®. 

Figure 60 contains the data for the problem. By the law of cosines, 

c* = + 6 ^ — 2 a 6 cos C. 

Therefore, 

c* == (50)2 4 . ( 60)2 _ 2(50) (60) cos 40® 

= 2500 + 3600 - 6000(0.7660) 

= 6100 - 4596 
« 1504. 

Hence, c = 38.8, approximately. 

We now have three sides and one angle. Each of the remaining two 
angles may be found by the law of sines, and the angles can be checked by 
the formula A + B + C = 180®. As an alternate method, one of the 
remaining angles may be found by the law of sines and the other by sub- 
tracting the sum of the two determined angles from 180®; the solution 
may then be checked by Mollweide*s formula. 


c 



Fig. 60 Fio. 61 


40. ILLUSTRATION: CASE 4] 

Solve for the remaining parts of the triangle in which a = 50, 6 = 60, 
and c = 70 (note Figure 61). 

Since 

„ a2 + c2 - 62 

cos B == f 

2ac 


we have 


oosB = 


(50)2 + (70)2 ^ (60)2 
2(50) (70) 


= 0.54285. 


Therefore, 


B « 57®7'19". 
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Similarly, we may finji A and C. However, it is often more convenient 
to find the angles A and C by means of the law of sines. 

EXERCISES 22 

In each of the following exercises it is advisable to solve the triangle graphic- 
ally before attempting a solution by formula. Check all solutions. 

1. In AABC, a = 360, b = 460, C = 39^17'. Find the other parts. 

2. In £^ABC, 6 = 92, c = 84, A = 110°20'. Find the other parts. 

8. In AAiBC, c = 55^ a = 35, B = 90®. Find the other parts. 

4. In AABC, a = 320, h = 410, c = 380. Find the other parts. 

6 . Two straight roads intersect at an angle of 63.4®. Town A is located 
on one of the roads 86.4 miles from the intersection whereas town B is located 
on the other road 47.6 miles from the intersection. How far apart are the two 
towns? How far is town B from the other road? 

6 . Upon a baseball diamond, it is 60.5 ft from home plate to the pitcher^s 
box and 90 ft from home plate to firet base. If the angle is 45® at the home plate 
between the lines to the pitcher’s box and to fii-st base, how far is it from the 
pitcher’s box to first base? 

7. An airplane flies due south at a speed of 320 mph. Another plane flies 
at a speed of 284 mph in the direction 52® west of north. How far apart are 
the planes at the end of 15 min? 

8. The two arms of a derrick are 10.2 ft and 15.6 ft, respectively. They 
are tied at the end by a chain so that the angle between them cannot exceed 
26®30'. How long is the chain? 

9. Determine the angle between the diagonal of a cube and an edge. 

41. LAW OF TANGENTS 

Up to this point there has been no mention of the use of logarithms in 
the treatment of the four cases just considered. Presumably, however, 
the student may have found it desirable to use logarithms in connection 
with solutions involving the law of sines. The law of cosines, on the 
other hand, involving as it does additions and subtractions, does not lend 
itself readily to logarithmic computation. A special formula known as 
the law of tangents^ to be used under Case 3 when two sides and the included 
angle are given, will now be derived. 

It is recalled that Mollweide^s formulas are 


. A-B 



. C 
sm- 


and 


c 
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If the members of the first equality are divided by the corresponding 
members of the second, it follows that 


sm — 

2 

— sm — 

2 

A 

— 

B C 

cos — 

Y 

-cos 2 

A 


B C 

= tan — 

T 

— tan — • 

2 


Therefore, 


Similarly, we may derive 


(A-B) 

2 

(a + bY 

2 


(Why?) 


a ^ c 

2 

a c 

2 

2 

5 — c 

6 + c 

2 


This formula, in the various forms (1), (2), and (3), is the law of tangents. 
42. LAW OF THE TANGENT OF HALF ANGLES 

We have observed that the law of cosines may be used for the solution 
of triangles when the three sides are given (Case 4). But, as before noted, 
the law of cosines does not readily lend itself to logarithmic computation. 
Hence, we shall develop a special formula adaptable to logarithmic com- 
putation and useful for determining the angles of a triangle when the 
three sides are given. We shall designate this law as the law qf the tangent 
of half angles. 

From the law of cosines, 

6* + c2 - a® 

cos A = -r 

2hc 


cos A = 2 cos* ~ — 1 

A 


» 1 — 2 sin* — • 
2 
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A 62 4. c2 _ ^2 

Hence, 1 - 2sin2~ = > 

2 2bc 


^ . A , 62 + c* - a* 26c - 62 ~ c* + a* 

2 sin* — =» 1 r; = TT 

2 26c 26c 

~ ~ _ (fl — 6 + c) (g + ^ c) 

26c 26c 


Similarly, 


^ „ A 6* + c* — a* . 6* + c* — a* + 26c 

2 cos* + 1 = — 

2 26c 26c 

— ~ g^ _ (6 + c g) (6 + c 4- g) ^ ^ 2 ^ 

26c ” 26c • W 

After dividing the members of relation (1) by the corresponding members 
of relation (2), we obtain 

• 2^ 
sin^ 

2 (a — 6 -j- c) (g "h 6 — c) 

A (h + c — a)(b + c + a) 


^ A (a - b + c){a + b - c) 

" 2 -.)(> + » + ») • ® 

If we let o + 6 + c = 2s (that is, s is one half the perimeter of the 
triangle), there results 

g — 6 + c = 2s — 26 = 2(s — 6), 

o + ^"“C = 2 s — 2 c = 2 (s — c), 

64-c — a = 2 s — 2 g = 2 (s — o). 

Formula (1) may now be written 

. A l(s-b)(s-c) 

sm ~ = ^ ; > 

2 \ be 


and Formula (2) may be written 


A 

cos -- = 
2 


/(s--a)5 

be 


Also, Formula (3) becomes 
, A 

ten- = 


1 (3 - b)(8 

I (s - o)(s) 

(a — a) (s — b)(3 — c) 
^ (a — a)*a 
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If we let 




_ ^(s - o)(s - b)(s - c) 

( 4 ) 

then, 

A r 

tan — = 

2 8 — a 

( 5 ) 

Similarly, 

4 . ® »• 

tan -- = » 

2 8 — b 

( 6 ) 

and 

4 C r 

2 s — c 

( 7 ) 


Formulas (4), (5), (6), and (7) lend themselves to logarithmic compu- 
tation for determining the angles of a triangle when the sides are given. 
After the three angles are calculated, the solution may be checked by 
the formula 


A+B + C ^ 180®. 

43. ILLUSTRATIONS OF LOGARITHMIC SOLUTIONS 

The logarithmic solution of triangles is illustrated by the consideration 
of the following examples. 

Illustration: Case 1. To illustrate the use of logarithms in the solu- 
tion of triangles when it is possible to use the law of sines, let us solve the 
following triangle. 

Given c = 268, B = 23°16^32'', A = 35®29'38^^; find the remaining 
parts. Figure 62 illustrates the shape of the triangle. 


C 



Since 

C = 180® - (A + B\ 

it follows that 

C = 180® - (35®29'38" + 23®16'32") = 12i®13'50". 
Moreover, since 


a sin A 
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we have 

csin A 

= —I — TT 

sm C 

^ 268 (sin 35^29^38^0 
sin 12in3'50" 

In solving a triangle by logarithms it is important that the work be 
arranged systematically. The work for the solution of side a may be 
arranged as follows: 


log 268 = 2.42813 
(-) 

log sin 12in3'50" = log sin 58^46'10" = 9.93201 - 10 

log = 2.49612 
sm C 

(+) 

log sin 35°29'38" = 9.76389 - 10 
log a = 2.26001 

a == 181.97. 

Side h may be obtained by the law of sines as follows: 

csin^ _ 268 sin 23n6^32^^ 
sin C sin 121°13'60" 

After taking advantage of the computation of log above, we have 

log = 2.49612 

sin (7 

( + ) 

logsin23n6'32" = 9.59677 - 10 
log h = 2.09289 
h = 123.85. 

In practice, of course, these values for a and b would probably be rounded 
off to 182 and 124, respectively. 

Check: Let us use the formula 


A-B 

. - cos r — 

a + b 2 


. C 
sin- 


c 
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a + b = 306.82 
c = 268 


A = 35“29'38" 
B = 23°16'32" 
A- B= 12n3'6" 


B 


= 6‘’6'33" 


log 305.82 - 2.48547 
(-) 

log 268 = 2.42813 
log— ^ = 0.05734 


log cos 6‘’6'33" = 9.99754 
(-) 

log sin 60'’36'55" = 9.94019 
A-B 


cos 


log' 


^ = 60°36'55" 
2 


Since the logarithms of ° ^ and 


. C 
sin- 


= 0.05735 


cos- 


A-B 


. C 
sm- 


■ agree to four significant 


figures, the solutions are correct within the precision of five-place tables. 

Illustration: Case 2. Given a = 704, 6 = 302, and B = 26°14'13"; 
obtain the remaining parts of the triangle. 

From the given data we see that b < a. Since 

. , asinB 704 sin 25°14'13" 

sm A = — ; — = — » 

6 302 


we have the following tabulated results: 

log 704 = 2.84757 

(+) 

log sin 25'’14'13" = 9.62978 - 10 
log o sin B = 12.47735 - 10 
(-) 

log 302 2.48001 

log sin A = 9.99734 — 10. 


From the fact that log a sin^ = 2.47735, and log 6 = 2.48001, we 
observe that 6 > o sin B. Since a sin B < 6 < a, there are two solutions 
(Section 43). Hence, by reference to a table, we have 

A = 83°40' and A' = ISO^-A = 96*20'. 

C = 180° - (A +B), C = 71°5'47"; 

C' = 180° - (A' + B). C = 58°25'47". 


From 
and from 
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m 


c 
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As in the previous illustration, c may now be 
obtained by using the law of sines and employing 
the data for a, 6, B, A, and C. Likewise, c' can be ob- 
tained from the data for a, h, B, A', and C'. 

Illustration: Case 3. Given h = 276, c = 318, 
and A = 51®17'; find the remaining parts of the tri- 
angle. Note Figure 63. 

Since we expect to use the law of tangents, we determine 


B + C 180® - A 
2 2 



128®43^ 

2 


64®21'30". 


Since c is larger than 6, to avoid negative numbers in the logarithmic 
computation, we will write the law of tangents in the form 

^ C-B C + B 

log 42 = 11.62325 - 10 
(-) 

log 594 = 2.77379 
log^^= 8.84946 - 10 

C + 0 

(+) 

log tan 64®21'30" = 0.31874 

Q ^ 

log tan — 2 — = 9.16820 — 10 

- - 7 - - = 8°22'46" 

2 

To complete the solution, we must solve the following system of equa- 
tions in C and B : 

C B 

= 64®21'30" 

n n 

— — ^ = 8 '^' 46 " 

C = 72°44'16" 


c = 318 
5 = 276 
c - 5 = 42 
c + 6 = 594 

-y- = 64'’21'30" 


B = 56'’58'44" 
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To find a, we shall use the law of sines. Thus, 


hsinA 
sin B 


and 


a 


csin A 
sin C 


By using both formulas, we not only obtain the value of a but have a 
check on our work. The logarithmic computation for the first formula 
follows: 

log 276 = 2.44091 

(+) 

log sin 51^7^ = 9.89223 - 10 


log 6 sin A = 12.33314 - 10 
(-) 

log sin 55°58^44^^ = 9.91846 ~ 10 
log a = 2.41468 
a = 259.82. 


The logarithmic computation for the second formula will now be 
written down. 

log 318 = 2.50243 

(+) 

log sin 51^17^ = 9.89223 - 10 
log c sin A = 12.39466 — 10 
(~) 

sin 72^44^6^^ = 9.97998 - 10 
log a = 2.41468 
a= 259.82. 


Illustration: Case 4. In triangle ABC, a = 324.1,5 = 395.7, c = 409.8. 
Find the angles of the triangle by using the half-angle formulas. 

The formulas in order of use are 


2s 

r 


o -f 5 -I- c. 




— a)(s — 5)(s — c) 



r 


s — a 


r 


s-h 


9 


r 


s — c 
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Check Formula: A + B + C — 180®. 

log r = 12.02403 - 10 
log (5 ~ g) = 2.38148 

log tan 9.64265 - 10 

logr = 12.02403 - 10 
log (s - 6) = 2.22814 
B 

log tan — = 9.79589 — 10 

z 

log r = 12.02403 - 10 
log (s - c) = 2.19033 

log tan 9.83370 - 10 

^ = 23°42'21" 

^ = 32‘’0'22" 

^ = 34n7'20" 

2 

A = 47‘^4'42" 

B = 64°0'44" 

C = 68°34'40" 

I Chedk: A + 5 + C = ISO'^'e" 

EXEKISES 23 

Solve the following triangles by the use of logarithms, and check the solutions: 

1. o = 438.30, A = 43'’60'24", B = 69‘'30'12" 

а. A = 64®36', C = 73'‘49', o = 213.47 

8. B = 51'’41'48", C = 93'’46'6", b = 0.19740 

4. o = 374, 6 - 412, C “ 58‘’28' 

5. o = 238.6, b = 197.3, c ■= 205.0 

б. B = 65*13', C = 58*28', o = 768.0 

7. o - 732.5, 6 = 968.3, C = 80*25' 

8. o = 10.05, 6 - 19.03, c - 15.98 

9. o = 695, 6 = 345, B = 21*14'25" 

10. b - 113.07, c = 120.56, A = 100*50'48" 

11 . o = 103.21, b = 152.37, A = 15*32'42" 

12. o = 148.60, 6 = 121.78, A = 69*20'10" 


Solution: 

a= 324.1 
6 = 395.7 
c = 409.8 
2s = 1129.6 

8 = 564.8 
8 - o = 240.7 
8 - 6 = 169.1 
8 — c = 165.0 
Check: 2s = 1129.6 

log (s — a) = 2.38148 
log (8 - 5) = 2.22814 
log (s - c) = 2.19033 
6.79995 
log 8 = 2.75189 
logr* = 4.04806 

logr = 2.02403 
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13 . a = 0.9686, c - 1.0073, B = 41°17'18" 

14 . a = 1.4595, b = 1.6072, c = 1.8278 

16. Two planes leave an airport at the same time. One flies a course of 
46®35' measured east of north, and the other a course of 72® 18' measured in the 
same manner. If the planes fly 250 and 300 mph, respectively, how far apart 
are they at the end of 2 hr? 

16 . A triangular lot ABC has AB = 130 rd, BC — 165 rd, and AC = 172 rd 
in length. How far is it from A to the mid-point of BC? 

17 . In order to find the distance AB across a pond, the distances from A 
and B to a third point C were measured and found to be 327 rd and 247 rd, 
respectively. It was also found that A ABC = 57.3®. Find the distance AB, 

18 . From a boat which is 4.2 miles from one end of an island and 6.3 miles 
from the other end, the island subtends an angle of 36®45'. How long is the 
island? 

19 . The longer base of an isosceles trapezoid is 11.2 in., while the nonparallel 
sides are 6.4 in. long. If each base angle is 68®36', how long is each diagonal? 

20. From a cliff 316 ft high, a boat is observed to be sailing toward the cliff. 
If the angle of depression of the boat is 7.3®, and 2 min later is 13.4®, how fast 
is the boat sailing? 

Note: The angle of depression is the angle between the horizontal and the 
line of sight from the observer to the boat. 

44. AREA OF A TRIANGLE 

There are two cases to consider when finding the area of a triangle; 
namely, when two sides and the included angle are given, and when three 
sides are given. 

Case 1 . Given 5, c, and A ; find the area. 

In plane geometry we learn that the area K is given by the formula 
K = \'pcy where p is the perpendicular from 
C to AB (note Figure 64). Since 

p = 6 sin Ay 

it follows that 

K = |6c sin A. 

Similarly, 

K = \ac sin By 
and K = iab sin C. 

The law just derived may be stated as follows: The area of a triangle is 
equal to one half the 'product of any two sides and the sine of their included 
angle. 

Case 2. Given the three sides a, 6, c; find the area. 

It has already been shown that 

, A Us — h)is — c) 




c 




^70 

and 
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4 


(s — a)s 
6c 


9 


where s = 


o + 6 + c 

.. . . . 1 — T • 

2 


Since 


sinA = 



it follows that 


K = ihc sin A 




\ 6c 


— a)« 


= Vs(s — a)(s — 6)(s — c). 

It is recalled that r has already been defined by the relation 


( 2 ) 




Hence, 


— a)(s — b){s — c) 


K = rs. 


( 3 ) 


In the next section it is shown that r is actually the radius of the circle 
inscribed in the given triangle. Thus, Formula (3) may be stated as 

follows: The area of a triangle is equal to the 
product of half the perimeter and the radius of 
the inscribed circle, 

45. THE RADIUS OF THE INSCRIBED CIRCLE 
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Let Figure 65 represent a triangle ABC 
with inscribed circle of radius r. From plane 
geometry it is known that the center of the 
inscribed circle is the intersection of the bi- 
sectors of the angles of the triangle. Let OQ, 
OP, and OR be radii of the circle that have been drawn to the points of 
tangency Q, P, and P, respectively. Then from plane geometry OQ ± AP, 
OP X AC, and OB X BC, 

It is apparent that the area K of triangle ABC is given by 
X = iOQ • AB + iOP • IC + iOP • PC 
= ^ (o + 6 + c) = 


By ftAmpftring this result with Formula (3) of the previous section, it is 
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observed that the radius of the inscribed circle is the same r that was 
defined by 


r 


4 


(s — a)(8 — b)(s — c) 
s 


In fact, it was for this very reason that the right member of the preceding 
formula was designated by r. 


EXERCISES 24 

Definitions: An angle in a vertical plane between a horizontal line and the line 
from the eye to some object is defined as the angle of elevation of the object if 
the object is above the eye, and as the angle of depression if the object is below 
the eye. 

Solve each of the six triangles that follow; check your solution; and find 
the area. 

1. Given A = 82®17'23", b = 384.23, c = 416.52 

2. Given C = 97°28'45", a = 36.244, b = 21.765 

3. Given C - 50®20'38", B - 42®54'7", a = 1027.6 

4. Given a = 0.1027, b = 0.1562, c = 0.1398 

6. Given C = 62n5'35", c = 816.51, a = 458.19 

6. Given a = 3, 6 = 4, c = 6 

7. Find the radius of the circle inscribed in the triangle of Exercise 6. 

8 . Find the radius of the circle circumscribed about the triangle of Exercise 6. 

9. In the triangle ABC, a = 352.4, B = 36°17', and C = 65°20'. Find 
the radii of the inscribed and the circumscribed circles. 

10. A triangular lot is 230 ft on one side; the angles of the lot at the extrem- 
ities of this side are 38°27' and 47°42', respectively. Find the value of the lot at 
$2 per sq ft. 

11. The diagonals of a parallelogram are 13.5 ft and 20.4 ft, and one side is 
12 ft. Find the angles of the parallelogram and its area. 

12. The bases of a trapezoid are 58.25 and 94.75 ft. The angles at the ends 
of the longer base are 68°52' and 55°27'. Find the lengths of the other two sides. 

13. Two sides of a parallelogram are 180 and 255 ft, and the included angle 
is 40®17'. Find the length of the diagonals and the area. 

14. One diagonal of a parallelogram is 6291.3 ft, and the sides of the parallelo- 
gram make angles of 25®10'30" and 35®14'50" with the diagonal. Find the 
length of the sides of the parallelogram. 

16. Observations to find the height of a mountain are taken at two points 
A and B on the same side of the mountain. The points are 3521.0 ft apart, at 
the same level, and in the same vertical plane with the top. The angle of eleva- 
tion of the top at A is 54®50'35" and at B is 37®19'43". Find the height of the 
mountain. 
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16. Figure 66 represents a tower AB 
on the side of a hill CDA» At point C 
the angle of elevation of the top of the 
tower is 51®16'. At point D, in the same 
vertical plane as C and the tower, the 
elevation of the top is 73°15'. The hill 
from C through D to A is inclined 20® 
with the horizontal, and the distance 
CD = 54 ft. Find the height of the 
tower. 


17. In order to find the distance AB across a river, certain measurements 
were made. The straight line AC along one bank was found to be 500 ft, and 
the angles BAC and BCA were found to be 88°33'0" and 73°48'30", respectively. 
Find the distance AB, 

18. In a survey it is required to continue a straight line AB past an obstacle. 
A line BD^ 100 yd long, is measured at right angles to AB. From D the line DP 
is established at an angle of 46® with the line BD. Find the length DP and angle 
DPQ so that the points P and Q will fall on the extension of AB, Q being the 
greater distance from B. 

19. A surveyor measured a triangular piece of land which we shall designate 
as ABC. His notes gave AB = 538 ft, BC = 237 ft, and the angle CAB = 31®27'. 
Show that there must have been some error in the notes. 

20. An engineer wanted to build a horizontal bridge across a valley from 
A to Bj as shown in Figure 67. The bridge was to be supported by a pier at C. 
From A the angle of depression of C is 28®20'15", and from B the angle of depres- 
sion of C is 47®11'45". The distance AB is 250 ft. Find the height of the pier. 




Fig. 68 


21. To find the distance between two points 
A and B not visible from each other, a third point 
C is selected from which A and B are visible (note 
Figure 68). The distance CA = 444.38 ft, CB = 
322.76 ft, and the angle ACB = 87®17'36". 
Compute AB. 
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22. To find the distance from a point A to another 
point B as shown in Figure 69, point B being inacces- 
sible and invisible from A, two points C and D are 
selected so that C, A, and D will be in the same straight 
line. A and B are both visible from C and from D. By 
measurement it is found that CA = 456.72 ft, AD = 
490.74 ft, A BCD = 71°22'35". and ZBDC = 36°19'24". 
Find AB. 



Fig. 69 


23. To find the distance between two inaccessible 
points A and B (Figure 70), two points C and D are 
selected from which both A and B can be seen. The 
following measurements were made: CD — 456.32 
ft, 7 = 35°16'24", a = 30®40'30", 5 = 56®47'30", 0 = 
40n4'50". Compute AB. 



Fig. 70 


24. In measuring the line from 
A to B (Figure 71) whose direc- 
tion was known, it was necessary 
to pass an obstacl(3 at F. A dis- 
tance CD — 144.31 ft was meas- 
ured, making an angle a = 
39°35'24" with AB, and the angle 
13 = 102°10'20" was laid off. 
Compute DE, CE, and angle DEB 
in order that AC may be continued. 



26. In a survey of the field portrayed in 
Figure 72, a thick wood prevented the meas- 
urement of the angle ABD and of the distance 
BD. The angle ABC = 70°14'30" was meas- 
ured, a line BC was run 700 ft, the angle BCD 
was found to be 65®18'23", and the distance 
CD was found to be 925.2 ft. Compute A ABD 
and the distance BD. 



Fig. 72 
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26. From one corner of a triangular lot the other corners are found to be, 
respectively, 122 ft in a direction 78^45' east of north and 157 ft in the direction 
11®16' west of south. Find the area of the lot. 

27. From the top of a lighthouse 100 ft high, standing on a cliff, the angle of 
depression of a ship was 3®10', and at the bottom of the lighthouse the angle of 
depression for the same ship was 2^20^ Find the horizontal distance to the ship 
and the height of the cliff. 

28. A surveyor observed two inaccessible headlands, A and B, A was 
north 48®20' west, and B was north 35®25' east. He went 20 miles north, 
where he noted that the headlands were south 62®30' west and south 11°15' east, 
respectively. How far is A from H? 

29. From an airplane 4 miles above the earth, the dip of the horizon is 2®33'. 
Compute the approximate radius of the earth and the distance from the airplane 
to the horizon. 



30. A barn 50 ft wide has a gambrel roof. Note 
Figure 73. The lower rafter a makes an angle of 60® 
with the horizontal, and the upper rafter b makes an 
angle of 60® with the vertical. If the lower and upper 
rafters are equal in length, find their length and the 
height h of the ridge. 


31 . Find the number of square feet in a conical tent with a circular base if 
an element of the cone is inclined 50® with the horizontal, and the center pole 
is 14 ft high. 

32 . Given Af =* sin t’/sin t'. Find when M = 1^ and i = 23® 15'. 



33. Figure 74 represents 
a machine dovetail for guid- 
ing sliding parts. In order 
to make one of these dove- 
tails, J5, C, and the angle 6 
are given, and A must be 
computed. If -S = 8 in., C = 
3 in., and 6 = 70®, find the 
length of A. 


34 . An airplane is flying a straight, horizontal course at the rate of 280 mph. 
A person directly below the path of the plane observes it just after it has passed 
overhead. Its angle of elevation is 84®30'. Twenty seconds later its angle of 
elevation is 35®40'. At what height is it flying? 

36 . The pilot of an airplane flying over an island observes one extremity of 
the island, which is behind him, to have an angle of depression equal to 46®42'. 
The extremity of the island in front of him has an angle of depression equal to 
62®37'. The plane’s altimeter reads 8270 ft. How long is the island? 

36 . A ladder leaning against a building makes an angle of 47®30' with the 
horizontal. When its foot is moved 18 ft nearer the building, the ladder makes 
an angle of 68®20' with the horizontal. How much higher does it reach in the 
second position than it did in the first? 
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37. The area of a triangular lot is 7248 sq ft. One side of the lot is 123 ft, 
and an angle adjacent to that side is 74^18.6'. Find the remaining sides and 
angles. 

38. In the measurement of a distance between two points with a 100-ft 
steel tape, one end was held 3 ft out of line. What error would this produce in 
the measurement per 100 ft? 

39. The curb lines of two streets'that cross would make an angle of 101®27' 
with each other if they were extended to a point of intersection. A rounded 
curb line with a radius of 18 ft is built in at the corner. How far from the point 
of intersection will the curve start? 


40. A tapering hole is to be drilled 
into a piece of steel 3 in. thick (note 
Figure 75). The small diameter of the 
hole must be 1 in. and the taper 6 = 
5® 55'. To test the size of the hole, a ball 
is frequently used, and the distance C is 
measured. If the diameter D of the ball 
is 1.3 in., find C. 


Fig. 76 
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46. COMPLEX NUMBERS 

Complex numbers have already been considered briefly. Now, by 
means of the trigonometric functions and their properties, we are in a posi- 
tion to make a more thorough study of this important kind of number. 

Every real number corresponds to a 
unique point on a straight line; similarly, 
every complex number may be repre- 
sented by a definite point in a plane. 
In Figure 76 the point P, designated by 
the coordinates (a, 6), represents the 
complex number a + hi in the plane. 
It is noted that the point P (a, h) is lo- 
cated by means of the two real numbers 
a and 5, where a is the abscissa and h is 
the ordinate relative to two axes. Since 
a denotes the real part of the given 
complex number, the horizontal axis is usually designated as the axis of 
reals; since h is the coefficient of the imaginary unit z, the vertical axis is 
known as the axis of imaginaries. 

The distance OP = r is called the absolute value^ or modulus, of the 
complex number and is always considered positive. The angle B — 

tan”^ ~ is called the amplitude, or argument, of o + hi. 
a 

From a consideration of Figure 76, it is apparent that 


a = r cos B, 

(1) 

6 = r sin B, 

(2) 

r s= \/a^ + 6*. 

(3) 


The complex number of which a + ih is the rectangular, or algebraic, 
form may, by the use of relations (1) and (2), be expressed in the polar, 
or trigonometric, form: 



r(cos B + i sin B). 

S76 


( 4 ) 
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47. CONJUGATE COMPLEX NUMBERS 

The complex numbers 

a + ib and a — ib 

are called conjugate complex numbers. In their polar fonns^ these two 
conjugate complex numbers would be written 

r(cos 6 + i sin 6) 

and r(cos 6 — i sin 6), 

48. FUNDAMENTAL THEOREMS ON COMPLEX NUMBERS 

The derivations of the theorems that follow are based on the definition 
that = — 1 and on the assumption that the operations of addition, sub- 
traction, multiplication, and division, as employed in the algebra of real 
numbers, are likewise applicable to complex numbers. Moreover, we shall 
assume the fundamental principle 

If a + ih = 0 , then a = 0 and 6 = 0 . 

The desirability of this latter assumption is seen from the fact that if 

a and b were not zero, we would have 

# 

a = — 

that is, a real number would equal an imaginary number, which is contrary 
to our purpose. 

Theorem 7 . If ai + ibi = 02 + ^62, then Oi = 02 and 61 = ha. 

Proof: If 

Gi -|- ibi = 02 “b ^*62, 

then (cti — U2) + i(bi — 62) = 0. 

Hence, by the fundamental principle stated above, 

tti — 02 = 0 or oi = 02, 

and 61 — 62 = 0 or hi = 62. 

Theorem 2 . The sum, difference, product, and quotient of two complex 
numbers is a complex number. 

Proof: For the sum, 

(oi -|- ibi) + (02 + 162) = (oi + 02) + i(bi -h 62), 

which is obviously another complex number. 

For the difference, 

(oi + ibi) — (02 + ibz) = (oi — 02) + i(bi — 62), 
which is also a complex number. 
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For the product, 

(ai + ibi)(a 2 + ^^2) — [01O2 + + O261) + t%bj. 

Since i* — — 1, this result may be written 

(0102 “ bib 2 ) + 1(0162 + 0261), 

which is a complex number. 

For the quotient, we consider 

01 H“ t6i 

02 + 162 

After multiplying the numerator and the denominator by the conjugate 
of the denominator, we have 

ai + i6i __ (oi + 161) (02 — 162) 

O2 162 (02 "h ih2){CL2 — 162) 

[ai02 + t(6i02 — O162) — 1*6162] 

"" o5 - 1*6^2 

Again, since i* = — 1, we have 

01 "I" 161 / O1O2 " 4 " 6162^ , /61O2 — 0i62\ 

02 + ^62 \ 02 + 6| / \ + 62 / 

which is a complex number. 


EXERCISES 25 


1. Write each of the following complex numbers in polar form. Restrict 
each angle to less than 360^. 

(o) 1 + Vsi (6) Vs-i 

(c) -2 - 2i (d) 2i 

(e) 3 (f) -i 

(g) 3- &i (k) 1 - i 

2. Change each of the following complex numbers to the equivalent rec- 
tangular form: 

(а) 5 (cos 60® + 1 sin 60®) (6) 4 (cos 45® — i sin 45®) 

(c) 2 (cos 90® 4- i sin 90®) (d) (cos 42®17' + i sin 42®17') 

(e) 4 (cos 225® -f i sin 225®) (/) 5 (cos 90® + i sin 90®) 

8. (a) Find the algebraic sum of 2 — 3t and 1 + 4i. 

(б) Subtract 1 4- 4i from 2 — 3i. 

(c) Find the product of 2 — 3i and 1 4- 4i, and express the result in the 
form a 4- 61. 

(d) Divide 2 — 3i by 1 4- 4i, and express the quotient in the form a 4- 61. 

4. Find the sum and product of a + 61 and its conjugate. 

5. Prove that if the number i multiplies a complex number a + 61, it rotates 
the line joining the point a + 6i to the origin through an angle of 90®, but does 
not alter the absolute value of the complex number. 
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49. PRODUaS, QUOTIENTS, POWERS, ROOTS 

We have just found that the product or the quotient of two complex 
numbers is itself a complex number. The actual process of multiplication 
and division of complex numbers is considerably simplified if the numbers 
are written in polar form. This will be seen from the discussion that 
follows. 

Product of Complex Numbers. The product of the two numbers 
= ri(cos Bi + i sin 0 i) 
and 0(2 = r2(cos 62 + i sin ^2) 

is 

aia2 = rir2[(cos ^1 cos 62 — sin d\ sin 62) + t(sin cos B2 + cos sin ^2)], 

or a\a2 = rir2[cos {Bi + ^2) + i sin ( 0 i + 02)]- ( 1 ) 

From relation ( 1 ) we note that the absolute value of the product of two 
complex numbers is the product of their absolute values, and the argument 
of the product is the sum of their arguments. 

Quotient of Complex Numbers. We shall now find the quotient of the 
same two complex numbers. 

We have 

ai _ ri(cos Bi + i sin Bi) 
a2 r2(cos B2 + i sin B2) 

After multiplying the numerator and the denominator of the right member 
by (cos 02 — i sin 02), the conjugate of cos 02 + i sin 02, we have 

ai _ ri(cos 01 + i sin 0 i) (cos 02 — i sin 02) 
a2 r 2 (cos 2 02 — P sin^ 62) 

_ ri [(cos 01 cos 02 + sin 0 i sin $2) + i(sin 0 i cos 02 — cos 0 i sin 02)] 
r2 cos^ 02 + sin^ 02 

= — [cos (01 — 02) "f" i sin ( 0 i — 02)]» ( 2 ) 

r2 

From relation ( 2 ) we note that the absolute value of the quotient of 
two complex numbers is equal to the absolute value of the numerator 
divided by the absolute value of the denominator, and the argument 
of the quotient is equal to the argument of the numerator minus the 
argument of the denominator. 

50. DE MOIVRE*S THEOREM 

This important theorem is as follows: 

The absolute value of the nth power of a number is eqml to the nth power 
of its absolute value, and the argument of the nth power of a number is equal 
to n times the argument of the number. 
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In symbolic form, the theorem is 

[r(cos 6 + i sin B)]^ = r’*(cos n6 + t sin n^), 
where n is a positive integer. 

We shall prove this theorem, when n is a positive integer, by induction 
(Book I, Chapter XV). 

When n — 1, the theorem is obviously true. When n = 2, by employ- 
ing relation (1 ) in the previous section, we have 

[r(cos 6 + i sin 0)]^ = r®[cos (0 + 6) + i sin {B + B)] 

= r2(cos 26 + i sin 26). 

Hence, the theorem is true when n = 2. 

We now assume that 

[r(cos ^ -h t sin B)Y = r*(cos k6 + i sin kB)y 

where k is an arbitrary positive integer. After multiplying both members 
by r(cos 0 i sin 6), we have as a result 

r*+^[cos (kB + 6) + i sin {kB + 6)] 

or r*+^(cos A; + 1 0 ^ sin A; + 1 ^). 

Since the law has been verified for k — 2, the above demonstration 
shows that it is true for A; = 3, and by continuing the application of this 
reasoning, it is true for any positive integer. 

It may be shown that De Moivre^s theorem holds also for any real 
value of n. We shall assume this generalization without proof. _ 

De Moivre’s theorem has many important applications. As an 
illustration of its use, we shall consider the determination of the roots of 
a complex number; this includes any real number. 

51. ROOTS OF A COMPLEX NUMBER 

To find the nth roots of a real number a, we solve the equation = a 
for X. Similarly, to find the nth roots of a complex number a, we solve 


the equation z** = a for z; that is, we are to determine 

z = (1) 

Let z = ri(cos <t) + i sin (2) 

and let a = r 2 (cos B + i sin B ) . (3) 

Then, by De Moivre^s theorem, 

z** = rj (cos Tuft + i sin n^), (4) 

and hence, since z^ ~ ck, it follows that 

rJ(cos n<l> + i sin n^) « r 2 (cos ^ i dn 0). (6) 
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To satisfy equality (5), 

n n / — 

Ti = r 2 or ri = Vr 2 , 


and ruff = 6 + 2k‘n‘ or 

where k is zero or any real integer. 
Hence, substituting \^r 2 for n and 


e + 2 kir 


n 


0 + 2kir 


for 0, relation (2) becomes 


n/ — / 6 + 2/b‘w , . . 0 + 2/b7r\ 

= V r 2 ( cos h t sin J • 

\ n n / 


( 6 ) 


If we use the values A; = 0, 1, 2, 3, • • • , (n — 1), we shall obtain all 
the n nth roots of a. If further values of k are used, the values for z are 
repeated. 

The geometrical arrangement of these roots in the plane is interesting. 
Since the absolute values of all the roots are equal, they will lie on a circle 
of radius The n values will be equally spaced around this circle, the 

0 

first or principal root Zo being on the line • 

n 

To illustrate the use of result (6), we shall find the three cube roots of 
8 (cos 30° + i sin 30°). In this case n = 3. 

If /c = 0, 

( 30® 4- 0° 30° -I- 0°\ 

cos h i sin ) = 2 (cos 10° + z sin 10°). 

If /c = 1, 


Zl 



30° -h 300° 
3 


+ i sin 


30° + 360' 


) 


2 (cos 130° + i sin 130°). 



Fig. 77 


The three cube roots Zo, «i, and z% are displayed in Figure 77. 
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COMPLEX NUMBERS 
EXERCISES 26 

1. Find the product of 2 (cos 20® -f % sin 20®) and 3 (cos 40® + 1 sin 40®). 

2. Find the product of 3 (cos 50® -f i sin 50®) and 5 (cos 70® + t sin 70®). 

8. Show that -7 ^ - V v -- — rr = - (cos 6 — i sin 6), 

r(cos ^ -h t sin d) r 

4* Divide 6 (cos 120® + i sin 120®) by 3 (cos 30® + i sin 30®). 

, „ ,, ^ 3 (cos 120® + i sin 120®) . 

6. Express the quotient o/^o . ■ » ^he form a -h to. 

^ ^ 5 (cos 30® + t sin 30®) 

6. Find [5 (cos 45® + t sin 45®)]*. Write the result in the form a + ib. 

7. Find [2 (cos 20® + t sin 20®)]*. Write the result in the form a + t6. 

8 . Find the value of 

[3 (cos 30® + i sin 30®)][5 (cos 60® + i sin 60®)] 

6 (cos 120® +t sin 120®) 

9. Change each complex number to polar form and find the product of 
1 — \/3t and 1 + i. 

10. Change each complex number to polar form and divide 3 — 5t by 2 — t. 
Check your result by finding the quotient of the numbers in the form as given 
and then changing the result to polar form. 

11. (a) Find the two square roots of 1. 

Suggestion: First change 1 to its equivalent polar form, 1 (cos 0® -f t sin 0®). 

(6) Determine the three cube roots of 1. 

(c) Find the four fourth roots of 1. 

12. Write i in the polar form. Show that = 1 by using the polar form of i. 

52. GRAPHICAL REPRESENTATION OF z = Zi + z*, z = zi - zt, z « zizi, 
and z « zi/z 2 

In this discussion, the letter z is used to denote a complex number; 
that is common in advanced mathematics. The rectangular forms for 
the complex numbers zi and Z 2 are well adapted to the study of the graphical 
representation of 2 = zi + Z 2 and 2 = Zi — 22 , while the polar forms for the 
complex numbers are better adapted to the consideration of the graphical 

representation of 2 = Z 1 Z 2 and z = — • 

Z2 

The point that corresponds to the complex number 2 , where 2 = Zi + 22 , 
and where 

2 i = Gi H" ibi and 22 = 02 + ib 2 f 

is P, as located in Figure 78. This fact is easily established after the 
triangles OAP2 and PiBP are proved congruent. It is then readily shown 
that the line OP is the diagonal of the parallelogram determined by drawing 
PiP both equal and parallel to OP 2 . 

To locate a point P corresponding to 2 = Zi — 22 , Figure 79 is appro- 
priate. The line OP is the diagonal of the parallelogram determined by 
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drawing PiP equal and parallel to OP2, where OP2 is equal but having a 
direction opposite to that of OP2. 



To locate the point corresponding to z, where z = ZiZ2 and where 
Zi = ri(cos di + i sin 0 i) and Z2 = r2(cos ^2 + t sin ^2), we may refer to 




Figure 80 . The desired point P is the representation of r(cos B + i sin (?), 
where r = rir2 and ^ + 62- 

The magnitude OP = rir2 may be constructed graphically as follows: 
Draw any two intersecting lines Li and L2, as in Figure 81 . On line Li 
let n = OPi and OM = 1 unit. On L2 let r2 = OP2. Draw MP2, and 
construct PiP || MP2- Then, OP = rir2. The proof is left as an exercise 
for the student. 

Zi 

To locate the point corresponding to 2, where 2 = — and where Z\ 

Z2 

= ri(cos Bi + i sin Bi) and 22 = r2(cos B2 + i sin B2), we may refer to Figure 
82 . The desired point P is the representation of the quotient r(cos B 

7*1 

+ i sin B), where r = — and ^ — ^2. 



284 


COMPLEX NUMBERS 


[Ch.4 


The magnitude OP = — may be constructed graphically as follows: 
^2 

Draw any two intersecting lines Li and L 2 , as in Figure 83. On L 2 let 
r, = OP 2 and OM =1. On Li let n = OPi. Draw P 1 P 2 , and construct 

MP II P 1 P 2 . Then OP = — • The proof is left as an exercise for the 

r2 

student. 




It may be noted that if A: is a positive real number other than 1 and 
z = r(cos 6 + i sin 0), then kz = kr (cos d + i sin 6), Hence the positive 
real number k, as a multiplier of the complex number r(cos 6 + i sin 0), 
changes the absolute value r to kr, leaving the argument 6 unchanged. 

If A; is a negative real number other than — 1, then A: as a multiplier of 
r(cos 6 + i sin 6) changes the absolute value of r to | A; | r and rotates 
through 180° the line joining the origin to the point representing the given 
complex number. This fact is readily seen to be true when it is 
realized that the negative number k may be written in the polar form 
I k I (cos 180° + i sin 180°). Of course, the argument may be —180° as 
well as 180°. 

It may also be noted that if z = r(cos 6 + i sin 6), and since i 
= l(cos90° + z sin 90°) and — z = l[cos ( — 90°) + f sin ( — 90°)], then iz 
= r[cos(d+90°)+ sin (0+90°)] and —iz = r[cos (0—90°)+ i sin (0—90°)]. 
Thus, the imaginary number ^ as a multiplier leaves the absolute value of 
a complex number unchanged, but causes rotation through 90°, while the 
imaginary number — t as a multiplier leaves the absolute value un- 
changed and causes a rotation through —90°. 

EXERCISES 27 

1. By algebraic addition find the sum of 3 + 2i and 1 — 3i. Graph the 
two numbers and their sum. 

2. Find Zi — Z 2 , where = 3 + 2% and Z 2 = 1 — Si, Graph the two 
numbers and the difference. 

8. Find algebraically the product (3 — 2i)(l — 3t). Construct the dia- 
gram for obtaining their product. 

4. Find the reciprocal of (1 — Si), and express the result in the form a + ib 
by rationalizing the denominator. 
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6. Find the quotient (3 4- 2i) -4- (1 — 3t), and express the result in the 
form a + ib» Draw the diagram for obtaining the quotient. 

6. Locate the points representing the complex numbers = 5, 22 = — 4 — 
and their sum 2. Find the absolute values of the three numbers, and note that 
the absolute value of a sum of two complex numbers may be less than the abso> 
lute value of either one. 

7. Solve the quadratic equation 2* — 2 -h 4 = 0. Using one of the roots, 
locate the points 2^, --2, and +4, and find the sum graphically of these three 
complex numbers. Do the same for the other root. 

8 . Solve the quadratic equation 2^ + 62 + c = 0 for 2. What is the 
absolute value of z^? 

9. Find the product of the roots of the equation in Exercise 7, and locate the 
point representing the product. Note that it coincides with the point represent- 
ing the coefficient of the last term. Do the same for the equation of Exercise 8. 

10 . Plot the following complex numbers: 3 (cos 60° 4- i sin 60°), 

2 (cos 90° 4- i sin 90°), 4 (cos 30° 4 - 1 sin 30°), 5 (cos 120° 4- i sin 120°). 

(o) Find their sum graphically. 

(6) Find their product graphically. 

(c) Subtract the sum of the fi^'st two from the sum of the last two and locate 

the point representing the difference. 

(d) Divide the product of the first two by the product of the last two. 

(c) Divide the sum of the first two by the sum of the last two. 

11 . Write the numbers -2 4- 3i and 3 — 4i in the polar form, and write 
their product; also locate the points representing the numbers, and find their 
product graphically. 

12 . Find the product of 1.336 — 2.550i and 2.774 4- 0.550i‘, and express the 
result in the polar form. 

13 . Find the quotient (—2 + 3i) -4- (3 — 4i) graphically. 

14 . Find the quotient 100 (cos 90° -f i sin 90°) 5 (cos 30° + i sin 30°). 

Write the result in the form a 4- ih. 

16 . Express the reciprocal of each of the following numbers in the same form 
in which it is given: 5 (cos 30° 4- i sin 30°), 3 4- 4i, 10 (cos 45° — i sin 45°). 

16 . Express the square of each of the complex numbers of Exercise 15 in 
the same form in which it is given. 

17 . Express the square root of each of the complex numbers of Exercise 15 
in the same form in which it is given, 

18 . Express the product of the three complex numbers of Exercise 15 in the 
polar form. 

19 . Find all the square roots of —4. Show them graphically. 

20 . Find all the square roots of 3 — 4i. Show them graphically. 

21 . Find the two square roots of 1.336 — 2.550i. 

22 . Find the three cube roots of 8. Show them graphically. 

23. Find the three cube roots of —8. Show them graphically. 

24 . Find all the cube roots of 1.336 — 2.550i. 

26 . Find the cube roots of —4 4- 3i. 

26. Given a;® 4- 1 = 0; find all the roots. 

27 . Given a:® — 32 = 0; find all the roots. 

28 . Given a;® — 27 = 0; find all the roots. 

29 . In an electric circuit, two a-c impedances may be represented by the 
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complex quantitieB Zi * ft -f and Z 2 = ft + The combined imped- 
ance of the two in seriee is the sum Z « Zi + Z 2 . Draw the diagram showing 
Zi, Z 2 , and Z. 

80 . Two impedances Zi ~ 3 + 5i ohms and Z 2 = 2 — 3i ohms are com- 
bined in series. Find the impedance Z of the combination (note Exercise 29). 

31. Express the impedances Zi, Z2, and Z of Exercise 30 in polar form. 

32. Two impedances Zi = ft + iXi and Z 2 * ft -f 1X2, when connected in 
parallel, give a joint impedance of Z = ZiZ 2 /(Zi -f Z 2 ), where the products and 
sum are taken in the complex sense. Draw a diagram displaying Zi, Z 2 , and Z, 
when ft = 1, Xi = 2, ft = 3, X2 = 4. 

33. Find the joint impedance of the combination 3 -f 2t ohms and 1 — 3t ohms 
connected in parallel (see Exercise 32). 

34. Find the joint impedance of 3 + 5i ohms and 2 — 3i ohms when con- 
nected in series. Find the joint impedance if these impedances are connected in 
parallel (see Exercise 29 and Exercise 32). 

35. The two complex numbers of Exercise 12 represent two impedances. 
Find their joint impedance when connected in series. Find their joint impedance 
when connected in parallel. Express the results in the polar form. 

36. An alternator producing an emf of E = 100 vector volts has in its circuit 
an impedance of 3 + 4i vector ohms. How much current (I vector amperes) 
will flow? (7 = B/Z,) Express in the polar form. 


REV/EW EXERCISES 28 


1. Draw diagrams and write the six trigonometric functions of 150®, 225®, 
Ttt 2t 


2. Given cos a; = construct all possible values of x less than 360®, and 
find the other functions of x. 

3. Given tana; — f and cos a; positive; construct x and find the other 
functions. 

4. Given a circle with radius 6 ft; find the length of the arc of the circle 
and the chord intercepted by the sides of a central angle of 105®32'. 

5. Find the side of a regular octagon inscribed in a circle of radius 6 ft. 

6. Find the area of the segment bounded by the arc and chord in Exercise 4. 

7. From the top of a lighthouse 150 ft above sea level, the angle of depres- 
sion of a buoy was 12® 10^ and that of the distant shore measured in the same 
vertical plane with the buoy was 62®14'. Find the distance of the buoy from 
the shore in feet. 


8. Find the radius and the length of an arc of 1® of a parallel of latitude at 
a place whose latitude is 43®20^ the earth being regarded as a sphere whose 
ra^uB is 3963 miles. 


9. Write the functions of the following angles in terms of some positive 
acute angle: 101®16', 194®7', 265®5', 328®16', -27®10', -137®21'. 

10. A pendulum 12 in. long is displaced through an angle of 43®15' with the 
vertical. In the vertical position, the pendulum bob is 42 in. from the floor. 
How high is it from the floor at the point of maximum displacement? 

11. Transform the first member into the second in each of the following: 
(a) sec X CSC « (cos® z — sin® x) = cot « — tan x. 
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/i.\ • a /x 2 • a / i\ (1 — 2 COS* a;)* sec^ a; 

(6) sin*a;(tan*a: — 1) + cos* a; (cot* a: ~ 1) = ^ 

tan^ z 

/ s . q -a o (sec* a; + l)(sec*a; — 1) 

(c) tan* X — sin* z cos* x • 

sec* a; 


(d) 

ie) 


cos a; cot a; — sin x tan x 


= 1 + sin a; cos x. 


CSC a; — sec a; 

sec X + CSC a; __ tan a; + 1 _ 1 4- cot x 
sec a; — CSC a; tan x — 1 1 — cot a; 


12. Find the value of ^ ^ when cot a; = — i, if x is in the second 

cscx — cosx 

quadrant. 

13. Solve the following equations for all values of $ less than 360^: 

(а) 2 sin 6 tan 0 + 2 sin 0 — tan 0 — 1 = 0. 

(б) 16 cos* 0 + 8 sin 0 — 13 = 0. 

14. Determine the angle between the’^diagonal of a cube and an adjacent edge. 

16. If sin A = and cos 5 = ^, where A < 90® and B < 90®, find 

sin (A 4- B)j cos (A — B), cos 2Aj and sin — • 

16. By inspection find one value of x satisfying each equation that follows: 
(fl) sin (n — 1) .4 cos A + cos (n — 1) 4. sin A = sin x, 

(6) cos 45® cos (90® — 0) — sin 45® sin (90® — 0) = cos x. 

17. Transform the first member into the second: 

(а) sin (x + 2 /) sin (x — 2/) = sin* x — sin* 2/. 

(б) cos* X + cos* 2 / — 2 cos X cos ^ cos w = sin* w, when w = x + 2 ^. 

^ V , tan <6 sec 0 , ^ 

(c) tan 0 H 7 — " V — I = tan (0 +<#>). 

cos 0 — tan 0 sin 0 

- *>• . 

(e) Express cos* 0 in terms of cosines of multiple angles but with no power 
higher than the first. 

18. If 2/ = tan”^ m + tan""^ n, find tan j/ in terms of m and n. 

19. If 2/ = sin“^ J 4- tan“^ f , find tan y. 

20. If m = tan“^ \ 4- tan“^ -J, find m in degrees. 

27fl 

21. Show that tan“^ m = i tan”"^ 5 • 

1 — m* 

22. Show that cos”^ m — \ cos“* (2m* — 1). 

23. Find all values of 0 less than 360® satisfying each of the following: 

(а) cot 20 4- tan 0 = — |V^. 

(б) sin 40 — 2 sin 20 = 0. 

24. Given 

X » a cos 0, 
y = 5sin 0; 

eliminate 0. 
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26 . Given 

a » cos B, 
y a sin 26 ; 

eliminate 6. 

26 . Given 

a? a a(2 cos t — cos 2 t), 
y a a(2 sin < — sin 2 t) ; 

eliminate 

27 . Draw the graph of each of the following: 

(а) y a sin a; + sin 2 a; -f sin 3 a;. 

(б) 2/ a 2 sin x + sin 2a;. 

(c) y a sin a; + sin ^2a; -f • 

(d) y a sin“*^ 3 a;. 

(e) y a 2 sin”^ 2a; — 7 • 

(f) y = cos“^ ( 3 a; - 2 ). 

(s) V =• h C 08 -‘ (* - 1) • 

28 . Find the sum, the difference, the product, and the quotient of 3 — 5i 
and —4 + 1. 

29 . Express the number 8 — 15 i in polar form, and find its cube roots. 

80 . Solve the equation a;^ + 1 a 0 for all six values of x. 
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1. ANALYTIC GEOMETRY 

In general, there are two broad approaches to the study of geometry, 
namely, with or without the use of an axis system. The geometry of high 
school, which is in the Euclidean tradition, did not use an axis system; 
geometry considered in such a manner is described as synthetic. In this 
book, our study of geometry will be facilitated by using an axis system; 
such an approach is said to be analytic. 

2. PROJEaiON OF A LINE SEGMENT 

The projection of the directed line segment AB upon a line L, by 
definition, is the line segment of L from the foot C of the perpendicular 
from to L to the foot D of the perpendicular from J5 to L (see Figure 1). 
Thus, CD is the projection of AB upon L, whereas DC is said to be the 
projection of BA upon L, 




In Figure 2, where Pi has the coordinates (a:i, y\) and P2 has the co- 
ordinates (xa, 2/2), the projections of P1P2 upon the x axis and y axis, 
respectively, are X2 — Xi and 2/2 — 2/1, respectively. 

3. LENGTH OF A LINE SEGMENT 

If in Figure 2 we designate the distance between P 1 and P 2 by d, and 
note that we are now speaking of the magnitude of the segment P1P2 
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irrespective of direction, we have from elementary geometry 

d * V {Xi - xiY + (2/2 - yiY- 

This is known as the distance formula for plane anal3rtic geometry, and it 
has many applications in the work that follows. Since (x2 — aJi)* = 
(xi — X2y and (1/2 — 2/1)* = (Vi — 2/2)^ it is apparent that the order in 
which the two points are chosen is immaterial insofar as the application of 
the distance formula is concerned. 

H Vi — y2t then d — \ x2 — Xi\f where the bars denote the absolute 
value; that is, if X2 — X\ is negative, d must be taken equal to the positive 
value xi — X2- Similarly, ii Xi = X2, d = 1 2/2 — 2/1 1* 

Illustration: Show that the points Pi(l, —2), P2(4, 2), and Pz (—3, —5) 
are the vertices of an isosceles triangle. 

From the distance formula, 

P1P2 = V(4 - 1)2+ (2 + 2)2 ^ 5 
and PiPs = V(-3 - 1)2+ (-6 + 2)2 = 5^ 

Since two sides of the triangle are equal, the triangle is isosceles. 


EXERCISES 1 

1. Take a point A(xit yi) in the second quadrant and the point B{x2f 2/2) 
in the third quadrant. Draw the figure and derive the formula for the length 
of AB. 

2. Find the length of the line segment joining (1, —6) and (—4, —S). 

3. Find the length of the sides, the altitude upon AP, and the area of the 
triangle having the vertices A (1, 0), P(10, 0), C(3, 9). 

4. Show that the triangle of vertices A (10, 2), P(20, 6), C(6, 12) is isosceles. 

6. Show that the triangle whose vertices are the points (-1,-6), (7, 0), 

and (1, 8) is an isosceles triangle. 

6. Prove that the points (—2, —1), (1, 0), (4, 3), and (1, 2) are the vertices 
of a parallelogram. 

7. Prove analytically that the diagonals of a rectangle are equal. 

Suggestion: Any rectangle may be located on an axis S3rstem so that it 
has the coordinates (a, 0), (a, 6), (0, b) and (0, 0). 

8. Write an equation expressing the fact that the point (x, y) is 6 units 
from the point (2, —3). 

9. Write an equation expressing the fact that the point (x, y) is equidistant 
from the points (2, 3) and ( — 1, 5). 

10. Find the area of the quadrilateral formed by connecting the points 
(3, 4), (—2, 6), (—4, —5), (4, -9), and (3, 4) in the order given. 

Hint: Draw lines through the vertices parallel to the axes, thereby forming 
parallelograms and right triangles: then make use of projections to find areas. 
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LINE SEGMENT IN 


If P is a point which divides the line segment P1P2 in a given ratio r, 
we mean that P1P/P1P2 = r (note Figures 3, 4, and 5). In view of our 



Fio. 4 Fig. 5 


definition that r = P1P/P1P2, it follows that r is positive in Figures 3 and 
4, since PiP and P1P2 have the same direction; whereas r is negative in 
Figure 5, since in this figure PiP and P1P2 have opposite directions. 

In each of the three figures, 

= r or X = Xi + r{x 2 — Xi), 

X2 - Xi 

and = r or y = yi + r{y2 — yi). 

2/2 - yi 

In the particular case where P is the mid-point of P1P2, r = Hence, 

V = ih + i(y» — yO = 


and 
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EXEIKISESS 

1. Find the coordinates of the point that bisects the line segment joining 
the point (—2, —7) to (3, 4). 

2. How far is it from the origin to the mid-point of the segment from (2, 3) 
to (6, 9)? 

3. Find the coordinates of the two points which trisect the segment joining 
(1, -6) and (-4, -3). 

4. Given the points i4(— 3, 5) and B(6, —2): 

(a) Find the coordinates of the mid-point of AB, 

(b) Find the coordinates of the points that trisect AB. 

(c) Find the coordinates of the points that divide AB into four equal parts. 

(d) Find the coordinates of the point that divides AB in the ratio —f. 

5. Given a triangle with vertices at the points A (—2, —10), B(3, 5), 
and C(l, -8): 

(а) Find the length of each side. 

(б) Find the length of each median. 

(c) Find the length of the line joining the mid-points of sides AB and BC. 

(d) Find the coordinates of the points that are two thirds of the distance 

from each vertex to the mid-point of the opposite side of the triangle. 

6. Prove that the quadrilateral whose vertices are (6, 3), (16, —3), 
(—9, —12), and (—19, —6) is a parallelogram, and that the quadrilateral formed 
by joining the mid-points of the sides is also a parallelogram. 

7. Prove analytically that the mid-point of the hypotenuse of a right 
triangle is equidistant from the three vertices. 

Hint: The triangle may be placed in some convenient position with respect 
to the axis system. For instance, the vertices might be chosen as (0, o), (0, 0), 
and (6, 0). 

8. Show analytically that the line joining the mid-points of two sides of 
a triangle is equal to one half the third side. 

9. Prove analytically that the figure formed by joining the mid-points of 
any quadrilateral is a parallelogram. 

10. Determine the area of the isosceles triangle having the vertices (10, 2), 
(20, 6), and (6, 12). 



5. AREA OF A TRIANGLE IN TERMS OF THE COORDINATES OF ITS 
VERTICES 

Let Pi, P%, Pt be the vertices of a triangle such as the one shown in 
Figure 6. 
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§ 51 AOEA OF A TRIANGLE 

By reference to the figure, we observe that 
Area of triangle PJPJPz = area of trapezoid MNPJPi 

+ area of trapezoid NRPzPz 
— area of trapezoid MRPtPi 
_ (l/i + yz)(xz - Xx) (vi + yz)(x 2 - Xa) ( 2/2 + yi)(x 2 - Xi) 
2 2 2 
= + XzVz + Xayi - Xzy2 ~ Xzyi - Xiya). 

This result can be written in the form of a determinant as follows: 

xi 2/1 1 

Area of triangle PxPtPz = ^ X 2 2/2 1 • 

Xa 2/8 1 

It is readily confirmed that this result is entirely general, irrespective of the 
location of the points in the various quadrants. 

EXERCISES 3 

1. Find the area of the triangle whose vertices are the points (2, 3), (—1, 4) 
and (2, —5). 

2. By using the formula for the area of a triangle, show that the points 
(2, 4), (0,-6), and (—2, —14) are on a straight line. 

3. Show that the area of the quadrilateral PiPiPzPz in Figure 7 is given by 


Xi 

2/1 

1 

X2 

2/2 

1 

Xi 

2/4 

1 

+ 1 X 4 

2/4 

1 

X2 

2/2 

1 

Xz 

2/8 

1 



Y 




X 

V/ 

P4(X4<y4) 




Fig. 7 


4 . Find the area of the quadrilateral whose vertices are (1, 0), (5, 7), (—2, 3), 
and (—1, —4). 

6. Find the altitude upon AB of the triangle whose vertices are the points 
A(l, 2), B(9, -4), and C(4, 7). 

6. Show anal 3 rticaily that a line connecting the mid-points of two sides of 
a triangle forms with those sides a new triangle whose area is one fourth the area 
of the given triangle. 
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7. (a) Show that the quadrilateral whose vertices are A (—6, 1), B(4, —3), 

C(9, 1), and 5) is a parallelogram. 

(6) Find the area of the quadrilateral. 

(c) Find the length of each diagonal. 

(d) Find the length of AB, 

(e) Find the length of the altitude from D to the side AB, 

8 . A triangle has vertices at the points (a, b), (c, d), and (0, 0). Show 
that its area is 

a b 

Me d • 

6. POLAR COORDINATES 

Instead of locating a point by means of its distances from two fixed 
lineS; as in Cartesian coordinates, we may locate a point by a method 

illustrated in Figure 8. Point P in this 
p(r,e) figure is determined by means of two coor- 
dinates, which are the measures, respect- 
ively, of the distance OP = r and the angle 
6, The line OX is called the initial line and 
p, the point 0 is called the poZe. The coordi- 

nates of P are given as (r, 0). The measure 
g of angle B may be given in degrees or in 

radians. 

The distance r is positive in the direction of the terminal line of the angle 
under consideration. Thus, relative to the angle OP is positive and 
OP' is negative. Similarly, relative to the angle 0i, OP' is positive and 
OP is negative. 

When using polar coordinates, the same point P may be designated by 
pairs of coordinates in many ways. Thus, the same point P may be given 
by (2, 30°), (-2, -150°), (-2, 210°), (2, -330°), and so on. In spite of 
this fact, the system of polar coordinates is much more serviceable in 
certain kinds of problems than the system of rectangular coordinates. 



7. RELATION BETWEEN REaANGULAR AND POLAR COORDINATES 

It is possible to establish a relation between polar and rectangular 
coordinates. Thus, if (a:, y) are the rectangular coordinates of P, and 
(r, B) are the polar coordinates of the same point, we have, by reference to 

Figure 9, x = r cos 0, y = r sin 0, 0 = tan“^ - > and r = db + An 

X 

examination of these formulas reveals that they are valid irrespective of 
the quadrant in which B terminates and of the sign of r; of course the sign 
of r depends upon the choice of B, 

By means of these relations we may translate equations involving 
polar coordinates into corresponding equations involving rectangular 
coordinates, and conversely. 
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Thus, the equation = 36 in rectangular coordinates becomes 

r* cos* 8 — r* sin* 8 * 36 


or r* cos 2B - 36 

in polar coordinates. Conversely, the equation r = sin 2^ in polar co- 
ordinates, which may be written r = 2 sin 0 cos d, becomes 

W a;* + 2/*/ W x* + 2/*/ 
or (x* + y^y = 4a;*2/*. 



P2(r2,02) 



8. DISTANCE BETWEEN TWO POINTS IN POLAR COORDINATES 

The distance d between the two points Pi(ri, ^i) and P 2 (r 2 , ^ 2)1 as dis- 
played in Figure 10, is determined by the law of cosines from trigonometry. 

Thus, 

d* = rj + ra — 2rir2 cos {B2 — ^1), 
or d = Vfi + ra — 2rir2 cos (^2 — ^i). 

EXERCISES 4 

1. Plot the following points given in polar coordinates: (2, 30®), (—2, 30®), 

('.?)■ 

2. Express the coordinates of the points in Exercise 1 in the Cartesian 
system. 

3. Plot the following points given in rectangular coordinates: (1, VS), 
(1, 1), (—5, —7). Express these points in polar coordinates; in each case, use 
the smallest positive value for 6, 

4. Find the equation for the line 2 / = 3a: + 5 in polar coordinates; for the 
line a; = 6. 

6. Express the equation x* + 2/* = 25 in polar coordinates. 

6. Express ^* « 8a: in polar coordinates. 

7. Express the equation r » sin 0 in rectangular coordinates. Construct 
the curve. 
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8 . Express the equation r » sin 2$ in rectangular coordinates. 

2 

9. Express r * ■; r in rectangular coordinates. 

1 — cos ^ 

10. Express r «= 2 sin (i-») in rectangular coordinates. 

11. Fitod the distance between the two points Pi (5, 30®) and P2(10, 45®). 

12. Find the distance between the two points Pi (5, 0®) and Pg ^10, • 
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Graphs of Certain 
Equations 


9. GRAPHS 

In Book I, we considered the graphs of first-degree equations in x and 
which are straight lines, as well as the graphs of certain second-degree 
equations, which led to a brief consideration of the circle, the ellipse, the 
parabola, and the hyperbola. In Book II, we considered the graphs of 
certain transcendental equations in x and y, that is, the graphs of such 
equations as 2/ = sin x and y = sin“^ x. 

In general, the curve consisting of all the points corresponding to every 
pair of values of x and y that satisfy a given equation in x and and those 
points only, is said to be the hcus, or graph, of 
the equation. The term curve is a general word 
that is applied to any locus, including a straight 
line. 

In practice, we usually draw a sketch of a 
desired graph by obtaining a sufficient number of 
points close enough to each other so that we may 
draw a smooth approximate curve through these 
points. As an illustration of an equation that de- 
termines a curve that may be constructed without employing such an 
approximation device, note the equation x^ + y^ = 36. Obviously, each 
pair of numbers {x, y) that satisfies the equation x^ + y^ = 36 determines 
a point that is 6 units from the origin. In other words, the equation 
+ 2/2 — 30 for its graph a circle of radius 6, with its center at the 
origin (see Figure 11). Furthermore, the coordinates of any point not 
on the circle do not satisfy the equation x* + 2/* = 36. Hence, the circle 
is the complete graph of the equation. 

It is evident that the line corresponding to any first-degree equation in 
X and y is completely determined by two points which satisfy the equation, 
although a line, being unlimited in extent, cannot be drawn in its entirety. 

The usual sketching process may be illustrated by considering in some 
detail the construction of the graph of the equation x* — 2/* = 36. In 
Book I, the graph of an equation of the form x* — t/* “ 36 has been 
designated as a hyperbola. 
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If we solve the equation = 36 for y, we obtain 

2/ = ±Vx^ - 36. 


From this equation we see that ^ is imaginary for —6 < a; < 6. Hence, 
the graph exists only for a: ^ 6 and x ^ — 6. Below are tabulated a few 
pairs of values of (x, t/) which satisfy the equation. 


X 

y 

6 

0 

6.5 

±2.5 

7 

± Vl3 = ±3.60 

8 

± = ±5.29 

9 

± V45 = ±6.71 

10 

±8 


X 

y 

-6 

0 

-6.5 

±2.5 

-7 

±Vl3 = ±3.60 

-8 

±^28 = ±5.29 

-9 

±V45 = ±6.71 

-10 

±8 


The points corresponding to these tabulated values are shown in 
Figure 12. 
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Since y is real for any value of x greater than 6 or any value of x less 
than —6, the curve is not limited in extent when we move to the right of 
X = 6 and to the left of x = —6. We also see that y increases without 
limit as x increases without limit. Hence, the curv<e is not limited in 
extent above and below the x axis. 

Another interesting property of the behavior of the points may also be 










§ 9] GflAPHS 

observed. From the equation y = Vx^ — 36, we obtain 
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y — X — — 36 — X 

^ {Vx^ - 36 - x)(Vx" - 36 + x) 

Vx^ - 36 + X 

_ (x^ - 36 - x^) 36 

y/x^ - 36 + X Vx^ - 36 + X 

From this result it is seen that y is less than x, and as x becomes larger 
and larger the right member of the equation becomes smaller and smaller. 
Hence, y — x approaches zero; that is, y approaches x. Similarly y 
approaches — x when y = — Vx* — 36. 

Thus, it is seen that the curve approaches nearer and nearer to the 
lines 2/ = rr and y = —x^ but the curve is confined within these lines. In 
Figure 13 we have drawn a curve through the points determined by the 
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tabulated values of x and y, and as guide lines we have also drawn the 
lines y = X and y — —x. Obviously, the lines y = x and y = — x are not 
part of the locus of the equation. The curve consists of two separated 
branches, the one on the right and the one on the left; they are not 
connected. 

The guide lines y — x and y = —x are designated as the asymptotes of 
the curve. It will be discovered later that the existence of asymptotes 
is part of the characterization of the behavior of any hyperbola. Of 
course, other curves also have asymptotes. 

In higher mathematics asymptotes are given an analytical and geo- 
metrical definition. We shall, however, limit ourselves to a few additional 
illustrations to convey a conception of a line which we designate as an 
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asymptote. Let us consider an equation of the form 

M 

” *(«) ’ 

such as 


y = 


2 + 0 ? 
X — 3 


From the form of the latter equation we see that y cannot have a value if 
0 ? = 3, since division by zero is impossible. Furthermore, if o? > 3, y is 
positive, and as x gets nearer and nearer to 3, but is always greater than 3, 
y becomes larger and larger. 

On the other hand, as x gets nearer and nearer to 3, but is always less 
than 3, y becomes larger and larger numerically but is negative. 

Thus, the line having the equation a? = 3, that is, the line parallel to the 
y axis and 3 units to the right of that axis, separates the curve into two 
branches. This line a? = 3 is designated as an as 3 anptote of the curve. 

If we solve the equation 


2 + x 



for a?, we obtain 


2 + 32 / 

X = —• 

y - 1 


From the form of this equation we see that a? cannot have a value if 
2 / = 1. Furthermore, if 2 / > 1, is positive, and as y gets nearer and 
nearer to 1, but is always greater than 1, x becomes larger and larger. 

On the other hand, as y gets nearer and nearer to 1, but is always less 
than 1, a? becomes larger and larger numerically but is negative. 

Thus, the line having the equation 2/ == that is, the line parallel to 
the a? axis and 1 unit above it, separates the curve into two branches. So 
the line y — I i& also designated as an asymptote. 

If we now tabulate a few values of a? and y that satisfy the equation, 
locate the corresponding points, and draw a smooth curve through these 
points, employing the asymptotes as guide lines, we shall have a fairly 
good sketch of the locus of the equation. Such a sketch is shown in 
Figure 14. 

In general, if an algebraic equation can be put in the form y = f(x)/<l> (x), 
and if the real roots of ^(a?) = 0 are n, r 2 , • • • , rn, then the lines parallel to 
the y axis, of which the respective equations are a? = ri, a? » r 2 , • • • , 
a? — rn, are designated as vertical asymptotes. 

Similarly, if an algebraic equation can be put in the form a? = f(y)/<l>{y), 
and if the real roots of 0(y) » 0 are n, r 2 , • • • , r„, then the lines parallel 
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6. y 


a? -f* 3 


7. X 

0 . 


2x-3 

22 / +1 
(x + S)(2y - 5) 


6. (a;»-l)(2/+3) 

»..- 6 + 8 ^ 

2/ +3 

10. X2/ = X + 1 


5 


10. EQUATIONS OF THE FORM /(x, y)<Kx, y) « 0 

From the relation between an equation and its curve, it follows 
that if /(x, y) and <t>{x, y) are functions of x and y, then the equation 
/(x, y)<l>{Xf y) — 0 has for its graph the graphs of both /(x, y) = 0 and 
0(x, y) = 0. This follows readily from the fact that the coordinates of any 
point (xi, 2 /i) satisfying the equation /(x, j/) = 0, if </)(xi, 2 / 1 ) exists, must 
also satisfy /(x, y)</>(x, 2 /) = 0. A similar statement may also be made 
about 0(x, y) = 0. Thus, the equation — y^ = 0 has for its locus the 
two lines x — 2 / = 0 and x + y = 0. 

Similarly, the equation — x® + — xy^ — x^ — = 0 may bo 

written (x® + 2 /^) ( 2 / — x — 1) = 0; hence, its graph consists of the graph 
of x^ + 2 /^ = 0 and the graph of 2 / — x — 1 = 0. The graph of x^ + 2 /^ = 0 
is merely the point (0, 0), and the graph of 2 /-"X— l = 0isa straight 
line. 


11. SYMMETRY 

A curve is said to be symmetrical with respect to a certain line if the 
line bisects every chord of the curve that is perpendicular to the line. 

As an illustration, the curve x* — 2 /^ = 36 is symmetrical with respect 
to both the x and y axes. To examine the curve for symmetry with 
respect to the x axis, we may write the equation in the form 

y = rfcVx^ — 36, 

whereupon we see that for each value of x there are two values of y, nu- 
merically equal, but opposite in sign. 

If we transform the equation to the form 

X = iVj/* + 36, 

we see in a similar manner that the curve is symmetrical with respect to 
the y axis. 

From a popular point of view, we may also express the concept of 
symmetry with respect to a line as follows: A curve is symmetrical with 
respect to a certain line if the curve on one side of the line coincides with 
the curve on the other side of the line when the paper on which the curve 
is drawn is folded along the line. 

A little reflection shows that for a general equation in x and y, symbol- 
ized by/(x, y) = 0, the x axis is a line of symmetry if /(x, y) = 0 is identical 
with/(x, — 2 /) = 0, since the same values of x are determined for a negative 
y as for a numerically equal but positive y. Hence, if an algebraic equation 
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contains no odd powers of y, the curve is symmetrical with respect to the 
X axis. 

Similarly, if /(—a;, 2 /) = 0 is identical with /(x, y) = 0, the curve of 
= 0 is symmetrical with respect to the y axis. So, if an algebraic 
equation contains no odd powers of x, the curve is symmetrical with 
respect to the y axis. 

A curve is said to be symmetrical with respect to a certain point if the 
point bisects every chord drawn through it. If /(—x, —y) = 0 is identical 
with /(x, y) = 0, the curve of /(x, 2 /) = 0 is symmetrical with respect to 
the origin; for, if a pair of numbers (xi, 2 / 1 ) satisfies/(x, y) = 0, the pair of 
numbers (—Xi, — 2 / 1 ) will also satisfy /(x, 2 /) = 0. Hence, the points of 
the curve are located on a chord through the origin and are equidistant 
from the origin. It is apparent that symmetry with respect to both the 
X and y axes implies symmetry with respect to the origin. 

12. INTERCEPTS 

If we have a curve defined by the equation f(x,y) = 0, then the values 
of X satisfying the equation /(x, 0) = 0 give the points of intersection of 
the curve with the x axis, and these values of x are defined as the 
X intercepts. 

Similarly, the values of y satisfying the equation /(0, 2 /) = 0 give the 
points of intersection of the curve with the y axis, and these values of y 
are defined as 2 / intercepts. 

Thus, the x intercepts of the curve 4x2 + ^y'^ = 36 are x = ±3, and 
y intercepts are y = ±2. 


EXERCISES 6 


Discuss the curves defined by the following equations. Specify any x and 
y intercei)ts, any obvious properties of symmetry, and any limitations upon the 
extent of the curve. Determine which of the equations have graphs with 
asymptotes parallel to the x and y axes; find the eijuations of the asymptotes; 
and draw the asymptotes as guide lines for the curves. Determine several 
points on each curve, and sketch it. 


1. 3x — 5?/ = 15 
3. y = 2x2 - 3x + 1 

6 . 25 x 2 4 - 92/2 = 226 



9. y 
11 . y 



13. 2 / = 2 • 3* 

16. x® + 2/» = 1 

17. (x - 2){y - 3) = -12 


2 . 2 / = 8 x 2 

4. X = 102/2 

6. 2 / = 2x2 — 5x -b 3 


10. X = 5 — - 

y 

12. y = 5x2 

14. 2 / = 3 • 5 -* 

16. (x - 2){y - 3) = 12 
18. x(2/2 - 4) = 4 
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19 . y(x^ — 4 ) — 4 20 . x(y^ ^ y 

21. y(x* - 1) - X 22. y = 

0 ?^ + 1 

23. ^ 24. — x{x — 2)* 

4 — a? 

13. GRAPHS OF POLAR COORDINATE EQUATIONS 

A graph that represents an equation involving polar coordinates is 
sketched by drawing a smooth curve through the points corresponding to 
the various pairs of values of r and 6 that satisfy the equation. It is 
necessary to draw the curve through the points in order of the magnitude 
of 6, and it is desirable to have points located for small intervals of $. 

Illustration 1 : Thus if r = sin 6, we tabulate related pairs of values of 
r and as shown in the following table, and plot the corresponding points. 


B 

0 

30 ° 

45° 

60 ° 

90 ° 

120 ° 

135 ° 

r 

0 

1 

\/2 

V3 

1 

V 3 

V2 



2 

2 

2 


2 

2 


B 

150 ° 






o 

O 

CO 

CO 

o 

s 

CO 

r 

1 

2 

0 

1 

2 

-Vs 

2 

-1 

-Vs 

2 

1 

2 

0 


90 

Then, if we draw a smooth curve through 
the points corresponding to these pairs of 
values, we obtain the curve shown in Figure 
16. It is not necessary in this case to go be- 
yond 9 = 180°, as additional pairs of values 
merely duplicate points already located on the 
curve. 

The curve representing the relation r 
= sin 0 is a circle with its center at ( 90°) ; its 
radius is J. The correctness of this conclusion may be shown by find- 
ing the distance between (J, 90°) and (r, B), where (r, ^) is any point on 
the circle. Thus, 

= r* -h i - 2(J)r cos (90° - B\ 
or d® = r® -f i — r sin B, 



But since r * sin 3, it follows that 

« r* + i - r2 






or 
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Thus, the distance from the point (i, 90®) to any point on the curve is a 
constant 

Illustration 2: Obtain the graphical representation of r = sin 2JB, 

Although it is possible to examine this equation for various properties 
that will assist in determining the nature of the curve, we shall still use the 
point-by-point method employed in the previous illustration. We first 
assign values to 0, then find 20; after that, r is determined from the given 
relation. We tabulate the results as in the following table. The curve 
that is obtained appears as Figure 17. 


e 

20 

r 

0 

0 

0 

15 

30 

h 

30 

60 

V 372 

45 

90 

1 

60 

120 

V 372 

75 

150 

\ 

90 

180 

0 

105 

210 

2 

120 

240 

- Vz/2 

135 

270 

-1 

150 

300 

- Vz/2 

165 

330 

-h 

180 

360 

0 


0 

20 

r 

195 

390 

i 

210 

420 

V^2 

225 

450 

1 

240 

480 

y/zi2 

255 

510 

h 

270 

540 

0 

285 

570 

-i 

300 

600 

- y/z/2 

315 

630 

-1 

330 

660 

- y/z/2 

345 

690 


360 

720 

0 



In the case of this curve it is necessary to take values of $ from 0® to 
360® in order to complete the entire curve. Values of $ beyond 360® will 
merely duplicate points already obtained. 
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The Cartesian equation for this curve is 

( a ;2 + 2 , 2)8 

This is an equation of the sixth degree. It would be quite a task to graph 
the curve from its Cartesian equation. 

14. SKETCHING POLAR EQUATIONS 

The following suggestions will be found helpful in tracing polar 
equations. 

(1) Intercepts: Let us consider the equation 

/(r,<?) = 0. 

If we let 0 = 0, we have /(r, 0) = 0. Sometimes it is possible to solve 
this latter equation for r. The values of r thus found are intercepts on the 
polar axis. 

If we let 0 = T, we have/(r, v) = 0. After solving this equation for r, 
if possible, we have other intercepts on the polar axis. 

(2) Symmetry: If /(r, 0) is identical with /(r, —0) or with /(—r,7r — 0), 
it is apparent that the polar axis is a line of symmetry. If / (r, 6) is identical 
with /(r, IT — 0) or with f(—r, —0), the line perpendicular to the polar 
axis at the pole is a line of symmetry. 

If /(r, 6) is identical with /(— r, ^), or with f(r,T + 0), the curve is 
sjrmmetrical with respect to the pole. 

(3) Extent: In studying the extent of polar curves, the problem is 
essentially that of finding the extent of r; in particular, finding whether r 
becomes infinite for certain values of $. 

Illustration 1 : Consider the properties of the curve 

r — sin 0 = 0. 


The function r — sin 0 is identical with r — sin (ir — 0); hence, the 
line perpendicular to the polar axis at the pole is a line of symmetry. 

Since — 1 < sin 0 < 1, then — 1 < r < 1. 

Also, since sin (— ^) = -- sin 0 = —r, we see that the curve is always 
above the polar axis. 

When 0 == 0 and when 0 == ir, r = 0. 

When B = t/ 2, r — 1. 

After locating a very few points, then, it is possible to sketch the curve 
of Figure 16. 

Illustration 2: Study the properties of the curve, 

r = sin 2B, 

For both ^ » 0 and ^ we have r = 0. Hence, the curve passes 
through the pole. 

Since the maximum value of sin 2^ = 1 and the minimum value of 
sin 29 » 1, the curve must lie within a circle of radius 1 having its center 

at the pole. 
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Maximum values of r occur when sin 2d = 1, that is, when 2$ = 90® 
and 450®, or when 6 = 46® and 225®. 

Minimum values of r occur when sin 20 = —1, that is, when 26 = 270® 
and 630®, or when 6 = 135® and 315®. 

In this illustration /(r, 0) is not identical with /(r, —0); however, 
/(r, 0) is identical with /(— r, ir — 0). Hence, the curve is symmetrical 
with respect to the polar axis. 

Also, /(r, 0) is identical with /(— r, —0). Hence, the curve is sym- 
metrical with respect to the line perpendicular to the axis at the pole. 

Moreover, /(r, 0) is identical with /(r, t + 0); hence, the curve is 
symmetrical with respect to the pole. 


EXERCISES 7 

Each of the following curves is to be graphed. The student will find it 
desirable to obtain polar graphing paper. 


1. r = 5 cos 0 
3. r = 5(1 — COS0) 

6. r cos 0 = 5 

7. r = 5(1 + cos 0) 


1 -h cos 0 

11. r = 4(1]— 2 COS0) 

13. r = sin* 5 
16. r* = sin 20 

^ 2 -f cos 0 

19. r = 0 
21 . rd = k 
23. r = 10 cos 30 

26. r = k cos 40 

27. r = a (cos 20 + sin 20) 

Q 

29. r = a sec* - 
2 

15 . INTERSEaiONS OF CURVES 


2. r = 5 cos 20 

A ^ 

4. r = 


1 — cos 0 
6. r sin 0 = —5 
8. r = 5(1 + sin 0) 

10. r = 5(2 -h cos 0) 

12. r = 3(3 — 2 COS0) 

14. r* = o* cos 20 
8 


16. r = 
18. r = 


1 + 2 cos 0 
8 


2 — cos 0 
20. r = 2® 

22. r — a sin 30 

24. r = A; sin 40 

26. r — a (cos 0 -|- sin 0) 

28. r = a sec ^0 — ^ 

30. r = a — cos 0; \a\ < 1 


In Cartesian coordinates a point lies on two curves if, and only if, 
the coordinates of the point satisfy the equations of both curves. Hence, 
the coordinates of the points of intersection of two curves are found by 
solving the system composed of the two equations. If there are no real 
solutions, the curves do not intersect. 

The situation is not so simple when dealing with polar coordinates, 
owing to the fact that the same point may be expressed in the form (r, 0) 
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in many different ways. In polar coordinates a point is said to be the 
intersection of two curves if the coordinates of the point in some mode of 
representation (r, 0) satisfy the equations of both curves; but it does not 
follow that the coordinates of the point in every mode of representation, 
or that the same coordinates in any mode of representation, will necessarily 
satisfy both equations. 

Thus the points of intersection of the curves represented by the equa- 
tions r = sin ^ and r = 2 cos ^ + 1 are given by those values of 6 and r 
satisfying the relations, cos d = 0, r = 1; and cos d = — sin 0 
r = 

But an actual examination of the two curves reveals that they also 
intersect at the pole, since (0, 0®) satisfies r = sin 8, and (0, 120®) satisfies 
r = 2 cos 0 + 1; but neither (0, 0®) nor (0, 120®) satisfies both equations. 
Of course, (0, 0®) and (0, 120®) denote the same point, but in different 
modes of representation. 

It is therefore evident that the algebraic solution of systems of polar 
equations may not give all the intersections. Careful graphs may be 
drawn to assist in determining the intersections not given by the algebraic 
solution of equations in polar coordinates. 

lUustratim: Let us find the intersections of the following curves: 

2/ = a:* - 3a: + 4, (1) 

2a: - 32/ = -4. (2) 


Solving this ^stem, we have 


a:* — 3a: + 4 


2a: + 4 

> 



the equation u + kv ^ 0. 
curve ot u + kv — 0. 


or — 11a: + 8 = 0, 

(a: - l)(3x - 8) = 0, 

X = 1 or f . 

Hence, the coordinates of the points 
of intersection are (1, 2) and (f, ^). The 
situation is displayed in Figure 18. 

If tfc = 0 and i; = 0 are both functions 
of X and 2/, then the equation u + kv ^ 0, 
_ where A: is a constant, represents a curve 
^ through the [intersections of the curves of 
u — Q and t/ = 0. This is evident from the 
fact that the coordinates of the intersec- 
tions of the loci of w = 0 and v = 0 satisfy 
Hence, the points of intersection lie on the 
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Thus, as an illustration, if we consider the two curves represented 
by the equations x ^ y + I - 0 and + 2 /* — 25 == 0, then 

(x - 2/ + 1) + k(x^ + 2/2 - 25) = 0, 

where is a constant, represents a curve through the intersections of the 
line ofx — y + l= 0 and the circle of x^ + = 25. 


EXERCISES 8 


Draw the graphs of each of the following pairs of equations, and find the 
coordinates of the points of intersection by solving algebraically. 


1. 3x — 22/ = fi 

2. 

CD 

II 

1 

II 

00 


5x — y = 4 

3. X + 2y = 10 

4. 

fix — 22/ — 3 = 0 

= 8a: 


2/2 = 8x - 3 

6. j/* = 8a: 

6. 

y^ = x(x 4- 5)2 

3j/ + 2a: + 9 = 0 


X — 2/ + 6 = 0 

7. = 6x 

8. 

X* 4- y^ = '4 

a:* + y* = 16 


9x2 ^ iQy2 ^ 144 

9. xy = 20 

10. 

2 / = 4x ~ x2 

a: + y = 12 


2x 4- 2 / = 5 

11. y* = 4a: + 4 

12. 

2/ = x^ 

)/ = -2a: + 4 


2 / « 2x - X* 

13. y = a:» - a;« 

14. 

2 / = sinx 

y = a:* 


y ^ cos X 

16. y = sin ^2x - ^) 



y = sin (2x + 




16. The equation x* + ?/* — 16 + k{y^ — Gx) = 0 represents a system of 
curves through the intersections of — 16 = 0 and — 6x = 0. Draw 

th(3 graphs a;2-f-2/*-“16 = 0 and 2/2— fix = 0, and also lfi+A;(2/2— fix) — 0, 

for k k = —1, A; = 2, and k = —2. 


The following equations are expressed in terms of polar coordinates. Draw 
the graphs of each pair, and find the coordinates of the points of intersection. 


17. r sin 0 = 10 
rcos0 = 10 

19. r = 1 ~ sin i 
1 


1 — sin 0 
21. r* a= cos 26 
r = cos 0 

23. r = a cos 26\ 
2r = a J 


18. r sin 0 = 5 
r = 10 sin 6 
4 


20. r 


2 4- cos 8 
4 


where a is a constant 


22. r = 2 cos 8 
r = 2 sin 8 tan 8 
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16. EQUATIONS OF LOCI 

In Chapter 2 we considered briefly some fundamental topics pertaining 
to curves that represent given equations. In this chapter we shall consider 
the determination of the equations of the loci of points satisfying certain 
given conditions. The equation that is satisfied by those coordinates 
which correspond to all points on the locus, but 
not by coordinates of any points not on the locus, 
is the equation of the locus determined by the 
given conditions. 

In thinking of the locus of all points satisfying 
certain given conditions it is frequently con- 
venient to speak of the locus as generated by a 
moving point which satisfies the given conditions 
in every position. 

Illustration 1: Find the equation of the locus 
of points that are 6 units from the point (2, 3). 

Solution: Let P^z^y) be any point on the locus, as shown in Figure 19; 
then we have CP = 6. It is evident that the locus must be a circle with 
C(2, 3) as its center. 

From the distance formula, we have 

V{x - 2)» +{y- 3)* = 6. (1) 

Hence, relation (1) is the required equation of the locus, namely, the 
circle of radius 6 and center at (2, 3). 

Though by squaring the two members the equation may be expressed 
in the form 

ic* + y* 4a; — 6y — 23 = 0, 

it is frequently regarded as preferable to leave the result in the first form^ 
from which we may recognize that the center is at (2, 3) and the radius is 6. 

We shall now show that every point whose coordinates satisfy the equa- 
tion a;* + y* — 4a; — — 23 == 0 will satisfy 

V (a; — 2)* + (y — 3)* « 6. 

312 
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The equation x* + y® — 4a; — 62/ — 23 — 0 is obtained by squaring 
either of the two equations 

V{x - 2)2 + (y ~ 3)2 = +6 
or Vix - 2)2 + (y - 3)2 = -6. 

This last equation, however, states that a positive quantity, or zero, 
equals a negative quantity, which is impossible. Hence, every pair of 
real coordinates which satisfies the equation 

aj2 ^ y2 _ 43. _ 6y — 23 = 0 

will satisfy 

V(x - 2)^ + ( 2 / - 3)=' = 6. 

Illustration 2: Find the equation of the locus generated by a point 
subject to the condition that in every position the sum of the squares of its 
distances from (—5, 0) and (5, 0) is 100. 

Solution: Let P{x^y) be any point on the locus shown in Figure 20. 

If we designate the points whose coordinates are ( — 5, 0) and (5, 0) by 
Pi and P 2 , respectively, and if we designate P\P by di and P 2 P by ^ 2 , then 
by the distance formula 

di = (x + 5)2 + y2 
and 4 = (x — 5)2 + y^. 



Hence, the equation of the locus detenpined by the given conditions is 
{x + 5)2 + 2/2 + (a; - 5)2 + y2 = 100, 
which may be simplified to 

x2 + y* = 26. 

Evidently the locus is a circle. 

Illustration 3 : Determine the equation of the locus generated by a point 
moving in such a manner that in every position the sum of its distances 
from (—3, 0) and (3, 0) is 10. 

Solution: Let P(x, y) be any point on the locus (note Figure 21). 
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If we designate the points whose coordinates are (—3, 0) and (3, 0) 
by Fi and F 2 , respectively, and if we designate FiP by di and F2P by dtj, 
then by the distance formula, 

di = V {x + Zy + and ^2 - V (x — 3)* + 2/®- 

Hence, the equation of the locus determined by the given condition is 
V{x + Zy + y^ + V{x-Z)^ + y^ = 10, 
which may be simplified to 

16x2 + 252/2 = 400. 

We shall now show that every point whose coordinates satisfy 
16x2 + 252/2 = 400 will satisfy 


V(x + 3)2 + 2/" + V(x-3)2 + 2/' = 10. 

The equation 16x2 + 25y^ = 400 is obtained by rationalizing any one 
of the four equations 



V(x + 3)* + y^ + V(x - 3)» + y* = 10, 

(1) 


-V(i + 3)» + y^ + Vix - sr + y^= 10, 

(2) 


V(x + Zy + j/* - V(x - 3)* + j/» = 10, 

(3) 

or 

- V(x + 3)>‘ + y* - V(x - 3)* + y^ = 10. 

(4) 


Obviously (4) cannot be satisfied by any real values of x and y. Equation 
(2) or (3) requires the difference of the distances di and ^2 to equal 10; 
but 10 is greater than F 1 F 2 . Thus, (2) or (3) requires that the difference 
of two sides of a triangle be greater than the third side, which is impossible. 
Hence, every pair of real coordinates that satisfies the equation 

16x2 + 252/2 = 400 

will satisfy 

V(x + 3)* + 2/* + V(x - 3)» + y* = 10. 

If the rationalized form of the equation is transformed to 


we have the typical equation of an ellipse. 

EXERCISES 9 

1. Find the equation of the perpendicular bisector of the line joining the 
points (2, 1) and (3, —5). 

2. A point moves so that in every position the sum of the squares of its 
distances from the points ( —5, 0) and (5, 0) is 75. Find the equation of its path. 
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8. A point moves so that in every position the sum of the squares of its 
distances from the points (3, 4) and ( — 1, 1 ) is 77. Find the equation of its path. 

4. A point moves so that in every position its distance from the x axis is 
equal to its distance from the y axis. Find the equation of its path. 

6. A point moves so that in every position it is as far from the y axis as 
from the point (4, 0). Find the equation of its path. 

6. A point moves so that in every position it is as far from the y axis as 
from the point (2, 3). Find the equation of its path. 

7. A point moves so that in every position it is as far from the x axis as 
from the point (2, 3). Find the equation of its path. 

8 . A point moves so that in every position the square of its abscissa is 
always eight times its ordinate. Find the equation of its path. 

9. Find the equation of the path of a point that moves so that in every 
position the sum of its distances from the points (7, 3) and (—2, 2) is 10. 

10. A point moves so that it is equidistant from the point (3, 0) and the line 
3 units to the left of and parallel to the y axis. Find the equation of its locus. 

11. Find the equation of the path of a point that moves so that in every 
position the difference of its distances from the points (—3,0) and (3,0) is 
equal to 5. 

12. Find the equation of the path of a point that moves so that in every 
position it is twice as far from the point (5, 0) as it is from the y axis. 

13. Find the equation of the path of a point that moves so that in every 
position it is twice as far from the y axis as it is from the point (5, 0). 

14. Find the equation of the path of a point that moves so that in every 
position it is as far from the line x = —1 as it is from the point (1, 0). 

15. A point moves so that in every position it is 5 units from the point 
(5, 0®). Find its equation in polar coordinates. 

16. A point moves so that in every position it is 5 units from the point 
(5, 71/2). Find the equation of its path in polar coordinates. 

17. A point moves so that in every position it is 10 units from the point 
(4, 30®). Find the equation of its path in polar coordinates. 

18. A point moves so that in every position it is as far from the point (3, 0) 
as it is from the point (2, 27r/3). Find the polar equation of its path. 
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17. THE STRAIGHT LINE 

Although we have considered the straight line in Chapter 4, Book I, 
we shall now give a more systematic treatment of the subject. In our 
study, we may consider three cases: 

(1) A straight line parallel to the y axis; 

(2) A straight line parallel to the x axis; 

(3) A straight line not parallel to either axis. 

Case 1. As an illustration, let the line be parallel to the y axis and 5 
units to the right. The corresponding equation is readily seen to be a; = 5 
for all values of y. Since the x coordinate of every point on the line is 5 
and any point not on the line will have an x coordinate other than 5, we 
merely say a; = 5 is the equation of the given line, the phrase “for all values 
of y'^ being implied. By analogy, any line parallel to the y axis will have 
the equation x = a, where a is some constant, positive or negative. 

Case 2. As an illustration, let the line be parallel to the x axis and 3 
units above it. The corresponding equation is y == 3. In general, any 
line parallel to the x axis will have the equation y = by where b is some 
constant, positive or negative. 

Case 3. If the line is not parallel to either axis, it may be determined by 
various given conditions. The more common cases are considered in the 
paragraphs that follow. 

Line Determined by Two Given Points. It is learned in elementary 
geometry that two points determine a straight line. To examine the 
implications of this statement in analytic geometry, let a straight line be 
determined by the two points Pi(xi, yi) and P 2 (x 2 , yz), where Xi ^ X 2 , 
and let P(x, y) be any point on the line P 1 P 2 . From a study of the similar 
triangles appearing in Figure 22, we have 

y -yi _ y2-yi 

X — Xi X2 — Xi ^ 

This form of the equation of a straight line, determined as it is by two 
points, is known as the two-point form. 

It is left as an exercise for the student to show that Equation (1) may 
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be written in the form of an equation involving a determinant; namely, 


X y I 

xi yi 1 

X2 2/2 1 


= 0 . 



If 0 is a positive angle less than 180®, measured from the positive 
X axis to the given line, then the ratio 


X2 — Xi 

is defined as the slope of the line through (xi, yi) and (x 2 , 2/2). The slope 
is usually designated by m. 



Line Determined by a Given Point and a Given Slope. Let a straight 
line be determined by the given point Pi(xi, yi) and the given slope m, 
and let P(x, y) be any point on this line; then, from Figure 23, 

= tan u ^ nif 

X — Xx 
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or y - yi = mix - xi). (2) 

This form of the equation of a straight line, determined as it is by one 
point and the slope, is known as the point-slope form. 

The equation of a line parallel to the y axis cannot be written in form 

(2) , since tan B does not exist for B = 90°. 

Line Determined by a Given Slope and a Given y Intercept. Let us 
next consider a line determined by the y intercept h and the slope m. 
Since we are given the y intercept 6, we actually know the coordinates of 
one point on the line, namely, (0, h). Hence, employing Equation (2), we 
have 

y — 6 = mix — 0) or y = mx + b. (3) 

This equation is known as the slope-intercept form. 

The equation of a line parallel to the y axis cannot be written in Form 

(3) , since tan 90° does not exist. 

Line Determined by a Given x Intercept and a Given y Intercept. Let 
the line now under consideration be determined by the x intercept a, 
a ^ 0, and the y intercept 6, 6 0. In other words, the line is determined 

by the points (0, b) and (a, 0). Hence, employing 
Equation (1), we have 

y - b ^ 0-6 
a; — 0 a — 0^ 

which may be written 

ay — ah — — 

or (4) 

This equation is known as the intercept form. 
Fio. 24 The equation of a line through the origin can- 

not be written in Form (4). 

Line Determined by Its Perpendicular Distance from the Origin 
and the Positive Angle from the x Axis to the Perpendicular. If we 
designate the perpendicular distance from the origin to the given line 
by p and the given angle by we have, by reference to Figure 24, 

a = and h = • 

cos 0 sin 0 

Since we now know the intercepts, we may apply Equation (4) and obtain 



cos 0 sin 0 
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or 0 ? cos + y sin ^ — p = 0. (5) 

This equation is known as the normal form. In general, 4t may vary 
from 0® to 360°. However, if p = 0, we may limit 0 from 0° to 180°. 

EXERCISES 10 

Find the equations of the lines satisfying the following conditions: 

1. Parallel to the x axis and 3 units below it. 

2. Parallel to the y axis and 10 units to the right of it. 

8. Through the points (2, 5) and ( — 1, 7). 

Hint: Use Formula (1). Note that it is immaterial which point is called 
Pi and which is called P 2 . 

4. Through the points ( — 2, —5) and (3, —1). 

6. Through the points (0, 2) and (5, 0). 

6. Through the point (3, 1) and with d = 30°. 

7. Through the point (2, —3) and making an angle of 60° with the positive 
direction of the x axis. 

8 . Making an angle of 45° with the positive direction of the x axis and 
cutting the y axis 2 units above the origin. 

9. Making an angle of 135° with the positive direction of the x axis and 
passing through the point (0, 2). 

10. Cutting the x axis 4 units to the right of the origin and the y axis 6 units 
below the origin. 

11. Intersecting the x axis 5 units to the right of the origin and making an 
angle of 150° with the positive direction of the x axis. 

12. Six units from the origin and cutting the x axis and the y axis at equal 
distances from the origin. Find all solutions. 

13. Sketch the lines determined by each of the following pairs of conditions: 

(а) Having the slope 2 and passing through the point (3, 4). 

(б) Having the slope —2 and passing through the point (3, 4). 

(c) Having the slope 4 and passing through the point (2, 1). 

(d) Having the slope — ^ and passing through the point (0, 4). 

(e) Three units from the origin and with 0 = 30°. 

14. Write the equation of each of the lines in Exercise 13. 

15. The vertices of a triangle are the points A (2,1), i?(4, — 3), and 
C(-l, ~4). 

(а) Find the equation of each side. 

(б) Find the equation of each median. 

(c) Find the length of BC, 

(d) Find the area of the triangle. 

18. THE GENERAL EQUATION OF THE FIRST DEGREE 

The general equation of the first degree may be written in the form 

Ax + By + C = 0, (1) 

where A, B, and C are constants; that is, every equation of first degree 
may be obtained from this form by properly choosing A, B, and C, 
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If A 


0, Equation (1) becomes By + C 



Oor 


( 2 ) 


which represents a line parallel to the x axis. 

. If B « 0, Equation (1) becomes Az + C ^ Oor 

C 

x *= — -f 


(3) 


which represents a line parallel to the y axis. 

It is impossible for A and B to be zero simultaneously in Equation (1) 
unless C = 0, and in that case the equation reduces to 0 = 0. 

If neither A nor B is zero, Equation (1) may be written 

By = —Ax — C 


or 



(4) 


A comparison of Equation (4) with the slope-intercept form shows that 
Equation (1) represents a straight line with the slope — A/B, and with a 
y intercept — C/B. 

If neither A, B, nor C is zero, Equation (1) may also be written in the 

1 

1. (5) 


A comparison of Equation (5) with the intercept form of the straight 
line shows that Equation (1) represents a straight line whose x intercept is 
—CjA and whose y intercept is —C/B. 

If neither A nor B is zero, Equation (1) may also be written in the form 

KAx + KBy + XC = 0, (6) 

where K is to be determined in such a way that the coefficients of Equation 
(6) may be equated to the corresponding coefficients of the equation 

X cos ^ + 2/ sin 0 — p “ 0. 

Hence, KA = cos 0, KB = sin 0, and KC = — p. From these equations 
we have 


Ax By 
-C^ -C 


X V 



and 


KU* = cos*0, 
= sin*0. 
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After adding, we obtain 

K^(A^ + B^) = sin* 0 + cos* = 1 

or «: = — - 

i-v/A* + 


It is desirable for p to be positive. Hence, from KC = — p, it is seen 
that if C is positive, K must be chosen negative; and if C is negative, 
K must be chosen positive. 

If it should happen that C = 0, then p = 0, and if 4> is considered only 
from 0° to 180®, the sign of K is determined from KB = sin Since 
sin <t> is always positive, K must have the same sign as B» 

Thus, Equation ( 1 ) may be written as 


Ax 


hy 


+ 


=t\/A* + J3* ztVA* + B* ztVA* + 5* 


= 0 , 


( 7 ) 


where 


COS0 


sin<^ 


p =s 


A 

db\/I*TT*' 

B 

rfcVA* + B*' 

C 


and where only one sign of the radical is selected in accordance with the 
rules given above. 


19. THE DISTANCE BETWEEN A LINE AND A POINT 

In case a given line is parallel to either axis of reference, the distance 
between the line and a given point may be obtained by inspection. Thus, 
if the equation of the line is a; = 5 and the given point is (7, 2), the distance 
between the line and the point is obviously 2 units. If the equation of the 
given line is a; = —3 and the point is ( 6 , 7), the distance between the line 
and point is 8 units. Similarly, if the given line is y = 6 , and the point is 
( 3 , 1 ), the distance between the line and the point is 5 units. 

In each of these cases, it is observed, we have determined the absolute 
value of the distance between the line and the point. 

If the given line is not parallel to either axis, the problem is to find the 
numerical value of the distance d between the line Ax + By + C =« 0 
and some point Qi, k) (note Figure 25). 

If we write the given equation 

Ax + By + C = 0 


( 1 ) 
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in the form 

X cos 0 + 2 / sin 0 — p = 0/ (2) 

we may write the equation of a line 
through (hy k), parallel to (1), in the 
form 

a; cos </) + 2 / sin <#) — {p + d) = 0, (3 

where it is apparent that we are consid- 
ering d to be positive or negative, accord- 
ing as the given point is on the opposite 


side or on the same side of the line with respect to the origin. 
From Relation (3), we obtain 

d = X cos <t> + y sin <l> — p. 

Now, since (hj k) satisfies (4), we have 

d = h cos + A; sin </> — p. 

By reference to the previous section, we note that 

A 

cos<^ = 
sin0 = 


( 4 ) 

( 6 ) 


and 


p = 


±VA^ + R2 
B 

zkVA^ + B^' 


zkVA^ + R2 

Hence, Relation (6) may be written as 

hA+kB + C 


d = 


±VA^ + R2 


( 6 ) 


A consideration of Formula (6) reveals that the distance between a line 
Ax + By + C = 0 and the point (/i, k) is found by substituting h and k 
for X and y, respectively, in the expression 

Ax + By + C 
±VA^ + B^ * 

This expression is the left member of Equation (1) written in the normal 
form. If the sign of the radical is determined in accordance with the 
principles of the previous section, d may be either positive or negative. 
However, the result obtained is consistent with the statement of signs 
previously given; that is, if the origin and the given point are on the same 
side of the line, d will be negative; otherwise d will be positive. 
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Illustration 1 ; Find the distance from the line 3x + 4^ — 7 = Oto 
the point (5, 1) (note Figure 26). 

By Formula (6) above, we have 

^ 3(5) + 4(1) - 7 

+\/9 + 16 



Illustration 2: 
the point (1, —4) 


Find the distance from the line 3a; + 4?/ — 7 = 0 to 
(note Figure 26). This time 


3(l) + 4(-4)-7 


-4. 


The negative sign merely indicates, of course, that the origin and the given 
point are on the same side of the line. 



Illustration 3: Find the distance from the line 5x ~ \2y + 10 = 0 to 
the point (5, 1) (see Figure 27). 

In this case, 


d 


5(5) - 12(1) + 10 
-13 


23 

13* 


EXERCISES 11 

1 . Write the equation 3x — 4y — 10 in the slope-intercept form and indi- 
cate its y intercept. 

2. Write the equation 3x — 4^/ = 10 in the intercept form and indicate 
both the X and y intercepts. 

3. Write 3a; — 42/ = 10 in the normal form, and find its distance from the 
origin. 

4 . Find the distance from the line 3a; + Sy = 15 (a) to the point (2, 7); 
(6) to the point (—1, 2). 
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6. The vertices of a triangle are il(0, 0), 5(5, 0), and C(2, 7). Find the 
three altitudes of the triangle and the area of the triangle. 

. 6. Find the area of the triangle A (0, 0), B (5, 2), and C(l, 6) by two methods. 

(Hint: Draw the figure and find the length of AB and the altitude from C to 
AB,) 

7. Draw the line y — 3 = 2 (a; — 1), and find the angle that the line makes 
with the positive direction of the x axis. 

(Hint: Let 6 equal the positive angle from the x axis to the line. Therefore, 
tan ^ = 2. From a trigonometric table find d,) 

8. Given the equation 2a; — 3^/ = 6; sketch the line and find 6. 

9. Given the line through the two points (—1, 4) and (3, —2) ; find angle 

10. If the line AB cuts the x axis and the y axis, respectively, at the points 
(3, 0) and (0, 7), find the equation of the line and angle B, Find also the dis- 
tence from the line to the origin. 

11. Find the equation of a line through the point (3, 7) and having the same 
slope as the line 3a; -f 2y = 10. 

12. Find the distance from the line 3a; 22 / = 10 to the point (3, 7). 

13. Find the distance from the intersection of the lines a; — y = 7 and 
2a; + 5y = 21 to the line 5x — 13y = 20. 

14. The equations of the sides of a triangle are 2a5 — y + 2 = 0, 
5a; + 4y — 21 = 0, and a; + 6y + 1 = 0. 

(а) Find the coordinates of the vertices. 

(б) Find the length of each altitude. 

(c) Find the slope of each side. 

(d) Find the length of each side. 

(e) Find the mid-point of each side. 

(/) Find the lengths of the medians. 

(g) Find the coordinates of a point f of the distance from each vertex of 

the triangle to the mid-point of the opposite side. 

(h) Find the area of the triangle by two methods. 

80. PARALLEL LINES 

If two lines are parallel, and if Bi and $2 are the positive angles from 
the X axis to the lines, respectively, then Bi = B2 (note Figure 28). 

Hence, tan Bi = tan B2, and the slopes mi and m 2 
of the lines are equal. 

Conversely, if the slopes of the lines are 
equal, the lines are parallel; for, if tan Bi « 
tan B2, then for angles between 0® and 180®, 
61 = B2. Hence, the lines are parallel. 

If two lines are each written in the. slope- 
intercept form, namely, y ^ mx + b, it is 
immediately possible to compare their slopes and 
decide whether the lines are parallel. Thus, 
it is apparent that the lines y » 3a; + 2 and 
y = 3a; — 6 are parallel. If the equations of the lines are written in the 
more general form Ax + By + C 0, the slopes are readily com- 
pared by realising that the general form of the equation may be re- 
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tan <l> = 


tan 6i — tan 62 

I ■ I' ■ • 

1 + tan di tan 62 


(1) 


If we represent the slope of Li by mi and the slope of L2 by m2, then 


tan^ = 


mi — m2 
1 + mim2 


( 2 ) 


Thus, to find the angle from the line 3x — 5y= 10 to the line 2x+y = 4, 
we have m2 = f and mi = —2. Hence, 


tan </} 



= 13, 


or 


0 = tan“^ 13. 


EXERCISES 12 

1. Take a point A(xif y\) in the second quadrant and a point B(x2, ^2) in 
the third quadrant. Draw the figure and derive the formula for the length of AB. 

2. Find the length of the line segment joining (1, —6) and (—4, —3). 

3. Find the coordinates of the points that trisect the line segment joining 
(1, -6) and (-4, -3). 

4. Which of the following lines are parallel, and which are perpendicular? 

(а) 2a; — 32/ — 10 = 0. 

(б) 4a; — 62/ — 6 = 0. 

(c) 3a; — 22/ -f 10 = 0. 

(d) 6x + 42/ - 20 = 0. 

(e) X — f 2 / + 3 = 0. 

6. Find the angle that the line a; — 2^ — 7 = 0 makes with the line 
X -f 2/ + 1 ~ 0. 

6. Find the angle that the line a; -f r/ 4- 1 == 0 makes with the line 

3x — 42/ — 5 = 0. 

7. The vertices of a triangle ABC are A(0, 0), B(5, 0), and C(l, 3). 

(a) Find the lengths of the sides. 

(b) Find the equations of the sides. 

(c) Find the three altitudes. 

(d) Find the three angles. 

(e) Find the equations of the altitudes. 

(/) Find the common intersection of the altitudes. 

(g) Find the equations of the medians. 

{h) Find the area of the triangle. 

8. Find the equation of the perpendicular bisector of the line that joins 
the points (—2, —5) and (6, 7). 

9. Find the equation of the line through the intersection of the lines 
3x — y = 10 and 2x + 3y + 8 = 0 and whose slope is — 

10. Find the distance from the intersection of the lines 3x — ^ » 10 and 
X -{-y ^ 2to the line x — ly - 28. 
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11. Prove that the points (—2, —1), (1, 0), (4, 3), and (1, 2) are the vertices 
of a parallelogram. Employ two methods. 

12. Show analytically that the line joining the mid-points of two sides of 
a triangle is parallel to the third side and equal to one half the third side. 

13. Prove analytically that the diagonals of a rhombus bisect each other at 
right angles. 

14. Write an equation expressing the fact that the point {x, y) is 5 units 
from the point (2, —3). 

16. Prove analytically that the medians of a triangle intersect in a point one 
third of the distance from a side to the opposite vertex. 

16. Suppose that the sides of a triangle are as follows: 

AB: 2x - 32/ = 12; AC: a; -f 2/ =" 10; BC: Idx -f 32/ = 10. 

(а) Find the number of degrees in angle A. 

(б) Find the coordinates of A. 

17. Find the altitudes of the triangle whose vertices are (1, 1), (5, 2), and 
(3, 7). 

18. Find the area of the triangle of Exercise 17. 

19. Determine the equations of two straight lines perpendicular to the line 
X — 22/ == 3 and at a distance of 5 from the origin. 

20. How far apart are the two lines 2x -f 32/ = 7 and 4x + 62/ = 9? 
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23. THE CIRCLE 

Although we have considered briefly the circle, the ellipse, the parabola, 
and the hyperbola in Book I, we shall now treat these curves in more detail. 

The circle is a curve possessing the property that every point of the 
curve is equidistant from a fixed point called the center. 

Let C{h, k) be the center of a circle, and let its radius be r; then, if 
P(x,y) is any point on the circle, we have by use of the distance formula 

r = V (x - hy + (y - ky, 


or (x — hy + {y — ky = (1) 

In particular, if ^ = 0 and k — 0, then the equation of a circle of 
radius r is 

x^ + y^ = r\ (2) 

The general equation 

Ax^ + At/2 + 2Dx + 2Ey + F = 0 (A > 0), (3) 

may be transformed to 


or 




!)> + £*- AF 


(4) 


K D* + — AF > 0, we may compare Equations (1) and (4), and 

note that the form is that of a circle. In fact, 


h = 




and 


VD* + E^-AF 


Hence, if D* + — AF > 0, Equation (3) is the equation of a 

circle with its center at {—D/A, —E/A) and its radius equal to 

VD* + E^-AF 

■ ■ nw ■ — ■ ■ • 


A 
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If D* + — AF * 0, the locus of Equation (3) is merely the point 

(-D/A, ^E/A). 

Ji — AF < 0, Equation (3) does not represent a real locus. 

Equation (3) may always be transformed to the form 

+ ax + by + c 0, (6) 

, 2D ^ 2E ^ F 

where ~ “7“ > ^ = “7" » and c = -~ • 

Jx /L /L 

From this equation we see that if we are given sufficient conditions to 
determine a, 6, and c, the equation of the circle is determined. 

Illustration 1: Suppose we are given three points Pi (0,0), P2(0, 3), 
and P8(2, 1), which are not all on the same straight line. To determine 
the equation of a circle through the given points, we proceed as follows: 

After substituting the coordinates of Pi, that is, x = 0 and y = 0, in 
(5), we obtain 

c = 0. 

After substituting the coordinates of P2, that is, x = 0 and y = 3, 
in (5), we obtain 

9 "1- 36 ”1“ c = 0. 

After substituting the coordinates of P3, that is, x = 2, y = 1, in (5), 
we obtain 

4 -|- 1 “i" 2a H- 6 c = 0. 

If we solve this system of three equations involving o, 6, and c, we 
obtain 

0 = 0, 6 = ~3, a = —1. 

Hence, the required equation is 

+ 2/2 - X — 3y = 0, 
which may be written in the form 

(x2 - X + i) + (2/2 - 32/ + I) = 
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and 


+ r2, 

ft* + (3 - ft)* = r*, 
(2 - ft)* + (1 - ft)" = r*. 


The solution of this system of equations also gives, of course, k = ~9 

2 

I. 1 j ^ 

ft = - > and r = — — • 

2 2 

Illustration 2: The equation 

3a;* + 3i/* - 7a; - 8 = 0 

is of the form (3), where A = 3, 2D = —7, D = 0, and F = —8. 

Since 

40 145 

D* + D* - AF = — + 24 = — » 

4 4 

the curve represents a circle with 


Vd* + D* - AF 1 145 1 


r = 


ft= - - = 

A 6^ 


and 




E 

A; = - - = 0. 


It is usually regarded as preferable, however, to proceed as follows: 
3x* + 3y* - 7a: - 8 = 0, 

7 8 


8 ^ 

3 36 


or 




145 
36 ’ 


Comparing this equation with (1), we observe that it is the equation 
of a circle with its center at (^, 0) and having the radius V 145/6. 


EXERCISES 13 

1 . Find the equation of a circle with its center at (2, —3) and having the 
radius 6. 

2. Find the equation of a circle with its center at (—2, —5) and having the 
radius 7. 

3 . Find the equation of a circle with its center at (—3, 4) and having the 
radius 5. 
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4. Find the equation of a circle with its center at (5, 0) and passing through 
the origin. 

6. Find the equation of a circle with its center at (0, 5) and passing through 
the origin. 

6. Show that the equation + 2 /^ + 6a: — Sy = 11 is the equation of 
a circle, and find its radius and the coordinates of the center. 

7. Find the equation of a circle through the points (1, 0), (2, 4), and 
( — 1, 3). Find its radius and the coordinates of the center. 

8. Find the equation of a circle with its center at the point (2, 1) and 
passing through the point (5, ~3). 

9. Find the equation of a circle with its center at the point (9, —3) and 
tangent to the y axis. 

10. Find the equation of a circle with its center at the y intercept of the 
line 3a: + 7^ = 14 and tangent to the x axis. 

11. Find the equation of a circle with its center at the point (~7, 2) and 
tangent to the line 5a: — St/ = 20. 

12. Find the radius and the coordinates of the center of each of the following 
circles; sketch the circle: 

(а) a:^ + t/ 2 -f 6a: = 0; 

(б) a:* -f 2/^ — 4i/ = 0; 

(c) -h 2 /^ — 8a: + 6 t/ = 0; 

(d) a:^ + 2 /^ — 2ax = 0; 

(e) a:^ H- 2 /^ — 2ax — 2hy = 0. 

13. Find the equation of the locus of a point that moves so that the sum of 
the squares of its distances from the points (—4, 0) and (4, 0) is equal to 64. 

14. Find the equation of the locus of a point that moves so that the sum of 
the squares of its distances from the points A (—3, 5) and ^(5, —2) is 74. Show 
that this locus is a circle with its center at the mid-point of AB. 

15. Find the equation of the locus of a point that moves so that the sum of 
the squares of its distances from the points A (a, h) and B (c, d) is equal to k. 
Show that if the locus is real, it is a circle with its center at the mid-point of AB, 

16. Find the equation of a circle with its center at the intersection of 
5a: — y = 17 and 3a: + 2y = 5 and passing through the point (—1, 1). 

17. Find the equation of the circle circumscribed about the triangle having 
the following equations as sides: 8a: -b 72/ — 12 = 0, a: + 2^ — 6 = 0, and 
3a: - 22/ - 27 = 0. 

18. Find the equation of the circle that passes through the points (2, 3) 
and (7, —5) and has its center on the line 2a; 4- 3?/ -h 6 = 0. 

19. Find the distance between the centers of the two circles a:^ -f- t/^ + 4x = 17 
and 4- 2 /^ — 8a: + Z2y = 5. 

20. Find the equation of the circle that is tangent to both axes and passes 
through the point (6, 6). 

24. THE EQUATION OF A CIRCLE IN POLAR COORDINATES 

In Figure 31, let (ri, 8i) be the center of a circle and (r, B) be any 
point on the circle, and let a be the radius. 

From the law of cosines in trigonometry, we have 

a* = rf + r* — 2rir cos (ft — B), 
which is the required equation. 
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If, as a particular case, n = 0, the equation merely becomes 
^ or r = a. 

If the circle ^ould pass through the pole, it follows that n = a. Conse- 
quently, the equation becomes 

a* = a* + r* — 2or cos (^i — ^), 

OP r « 2acos (01 — 0). 


X 

Fig. 31 



Thus, the equation r = 3 represents a circle with center at the pole and 
radius equal to 3. The equation r = 8 cos 0 represents a circle passing 
through the pole; its radius is 4, and its center is at (4, 0®). 

The equation r = 4 sin 0 may be written r = 4 cos {w/2 — 0) ; hence, 
the equation represents a circle of radius 2 and with its center at (2, t/2). 

The equation r = cos 0 + sin 0 may be written 


or 



V2 

Hence, the equation represents a circle of radius and with its center at 

A 



EXERCISES 14 

1. Find the equation in polar coordinates of the circle with its center at 
(5, 0®) and with a radius of 5. 

2. Find the equation in polar coordinates of the circle with its center at 
(5, ir/2) and with a radius of 5. 

8. Find the equation in polar coordinates of the circle with its center at 
(6, — 7r/2) and with a radius of 10. 

4. Write in polar coordinates the equation of the circle + 2 /^ — 6x - Q. 
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6 * Determine the center and the radius of each of the following circles: 
(a) r « 7. (6) r = 6 cos 6. 

(c) r “ 10 sin 6, (d) r = A cos • 

(fi) r « cos ~ • (/) r = 12 sin 

(^) r =s 3 cos ^ + 4 sin 
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25. THE ELLIPSE 

In Book I, we defined the curve that represents the equation 
(x - hy {y - ky ^ 

, 

as an ellipse with its center at (/i, k). 

We shall now define an ellipse as the locus of a point that moves so that 
in every position the ratio of its distance from a fixed point, called the/ocus, 
to its distance from a fixed line, called the directriXy is a constant that is 
less than 1. The constant is called the eccentricity of the ellipse and is 
designated by e. Other important varieties of curves result when the 
eccentricity e, defined in the same manner, is equal to 1 or is greater than 1. 
These latter cases will be treated in succeeding chapters. 



In Figure 32, we have chosen Fi as the focus and AB as the directrix. 
As a convenience, the focus Fi has been located on the x axis, and the di- 
rectrix AB has been taken parallel to the y axis; this does not destroy the 
generality of the approach, for, irrespective of the given positions of the 
directrix and focus, an axis system may be inserted so that we have the 
conditions involved in the figure. 

Let P{Xy y) be any point on the locus. Moreover, if Vi is a point that 
divides DiFi so that ViF\/DiVi = e, then Vi is a point on the locus. Point 
y 2 is also on the locus, for it has been located so that F 1 V 2 /D 1 V 2 = e. 

Let V1V2 = 2a, and let C be the mid-point of V1V2] in other words, 

334 
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the y axis has been inserted so that it bisects ViV 2 * From the previous 
ratios, we have 

ViFi = eDiVi ( 1 ) 

and FiV 2 == eDiV 2 - (2) 

After adding the members of Equations (1) and (2), we obtain 

FiFi + F^V2 = 6(Z>iFi + DxV2). (3) 


From the figure, 

FiFi + F 1 F 2 = 2a, 

D{Vi = DiC - a, 

D\V 2 ~ Z)iC a. 

Substituting these values in Equation (3), we have 

2a = e(DiC — a + DiC H- a) = 2eDiC. 

Hence, DiC = a/e. (4) 

After subtracting the members of Equation (1 ) from those of (2), we obtain 

F 1 V 2 - ViFi = e{DxV2 - DiVi). ( 5 ) 

From the figure, 

FiV 2 = FiC + a, 

ViFi ^ a- FiC, 

D 1 V 2 - DiVi = 2a. 

Substituting these values in Equation (5), we obtain 

2FiC = 2ae, 

or FiC = ae, (6) 

As a result of these considerations, it is apparent that the coordinates 
of Fi are (— ae, 0), and the directrix AB has the equation x = —a/e. 
Hence, by using the distance formula, 

di = FiP = V (x + ae)* + and d2 = LP = a: + - • 

6 

Since di/d 2 = e, we have 

di = ed2 

or V (x + ae)* + y^ = e = ea; + a. 

The square of each member of this equation yields 

+ 2aex + + 2aex + a\ 

x^H - e*) + = a*(l - e*). 


or 
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After dividing each member by the right member, we obtain 

— H = 1. 

a2 ^ a^l - e^) 


(7) 


If y = 0, X = dba, the x intercepts; and if x = 0, y = rtoVi — 6*, 
the y intercepts. 

Let us designate the y intercepts by db6; that is, we shall let 

62 == ^ 2(1 . ( 3 ) 


An immediate consequence of this relation is that h < a. 
Equation (7) takes the form 



With this change, 


(9) 


This is said to be the standard form of the equation of an ellipse. 

From Equation (9), we see that the curve is symmetrical with respect 
to both axes and to the origin. Moreover, if we write the equation in the 
forms 



b / 

y = ± -va* — a:* 
a 

(10) 

and 

1 

> 

-H 

II 

H 

(11) 


we observe that the curve is within —a^x^a, — 6gy^6, 
The shape of the curve is displayed in Figure 33. 



From the symmetry of the curve, we note that the same graph is ob- 
tained when the focus is located at (oe, 0) and its corresponding directrix 
is taken as the line x = a/e. The possible second focus {ae, 0) will be 
designated as F 2 . 

Definitims: The chord V 1 V 2 through the foci is called the major axis. 
The chord through the center, perpendicular to the major axis, is called 
the minor axis. The lines FiP and FaP, when P is any point on the ellipse. 
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are called focal radii. The chord through a focus, perpendicular to the 
major axis, is called a latus rectum. 

The presumption throughout the analysis has been that the major axis 
is the longer of the two axes. If, however, the major axis is on the y axis, 
we shall still represent our curve by the equation 


but in this case the semimajor axis is 6, and the semiminor axis is a. Hence, 
under this circumstance, equation (8) is replaced by 

= 62(1 - 

Moreover, the equations of the directrices are y = ±.h/e, and the coordi- 
nates of the foci are (0, —he) and (0, he), 

Propertits of tho Ellipst: (1) The length of the latus rectiun is 262/a, 
if a > 6. 

If we let X = oc in Equation (7), we have 

4- . 

a2 a2(l - e^) 

from which we obtain 

yi = o!!(l - e*)* = ^ 

6* ■ 

or y = db — • 


Hence, I 2y ], the actual length of the latus rectum, is 262/a. 

If a < 6, the length of the latus rectum is 2a^/h, 

(2) The sum of the two focal radii to any point on the ellipse is 2o, 
if a > 6. 

From the definition of an ellipse, 


FiP 

Therefore, FiP = eDiP 
Adding, we have 

FiP -f- F 2 P = e(DiP + PD 2 ) 


and 

and 


F 2 P 

PD 2 


= e. 


F 2 P = ePD2- 


eDiDi = = 


2a. 


If a < 6, the sum of the two focal radii is 26. 
lUusiration 1 : Consider the equation 
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It is observed immediately that a = 6 and 6 = 4. So the equation repre- 
sents an ellipse of major axis 10 and minor axis 8. Since 6* = a*(l — e*), 
it follows that 16 = 25(1 — and e = f . Thus, ae = 3, and is 
located at (—3, 0) and F 2 is at (3, 0). The directrices have the equations 
X = The curve is shown in Figure 34. 



lUuBtration 2: Study the equation 


16^25 

This equation represents an ellipse with its major axis on the y axis; 
in fact, a = 4 and 6 = 5. Hence, = 6^(1 — e*), which becomes 

16 = 25(1 - e2); so, e = f. 

The foci are at (0, 3) and (0, —3), and 
the equations of the directrices are 2/ = ± ^ 
(note Figure 35). 

Illustration 3: If e = J, the major axis 
(located on the x axis) is 12, and the cen- 
ter is at (0, 0), it follows that 

62 = 36(1 - i) = 32. 

Hence, the desired equation is 



36^32 


1 . 


Illustration 4: If c = J, and the major 
axis (located on the y axis) is 12, and the 
center is at (0, 0), the desired equation is 
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EXERCISES IS 

Find the equation of the ellipse, with center at the origin, that satisfies each 
of the following sets of conditions. Sketch each curve. 

1 . c = i, and the equations of the directrices are x = ±8. 

2. e = f , foci on the y axis, and the ellipse passes through the point (3, 4). 

3. One vertex is at (—6, 0) and the corresponding focus is at (—4, 0). 

4. One focus is at (4, 0), and length of the latus rectum through this focus 
is 3.6. 

5. Major axis is 16 units, and the coordinates of -one focus are (5, 0). 

6. Major axis is 20 units, and the coordinates of one focus are (0, —8). 

7. Minor axis is 2\/5, and the coordinates of one focus are (0, VS). 

8 . One focus is at (0, 2V^), and the equations of the directrices are 
y = db6'\/6. 

9. Find the eccentricity, the equations of the directrices, and the coordinates 
of the foci for each of the following ellipses: 

10. The vertical dJ.mension of a rectangle inscribed in the ellipse 
a;^/25 + 2/V9 = 1 is 2V'5. Determine the area of the rectangle. 

11 . How large a square can be inscribed in the ellipse x^/9 + yV25 =1? 

12. If, as in Figure 36, we take a line AP = a and a point B a distance b 
from P and then revolve the line in the plane so that A slides on the y axis and 
B slides on the x axis, P will describe a curve. Prove that the locus of P is the 
ellipse x^/a^ + y^/b^ — 1. 

Note: An ellipse may be constructed mechanically by this method. 




13. If we have a rectangle whose base is 2a and whose altitude is 26, and if 
we divide the sides into the same number of equal parts, as in Figure 37, prove 
that the intersections of lines through corresponding points of division lie on the 
ellipse x^/a^ + y^/b"^ = 1. The axes are to be taken as shown in Figure 37. 

14. Describe a method of drawing an ellipse by use of Property (2), using 
a string 2a units long and two thumb tacks. Use your method to construct 
an ellipse with major axis 10 and minor axis 6. 

16. Show that if a = 6 in the equation x^/a^ -h y^/b^ = 1, the locus is a 
circle. By employing the formula = a*(l — c*), show that the eccentricity 
of the circle is zero. 
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16. Find the equation of the ellipse =* 1 in polar coordinates. 

17. The area of an ellipse is given by the formula wah. Determine the area 
of the ellipse having the major axis 10 and the eccentricity 

18. A sound emanating from one focus within an ellipsoidal chamber ia 
reflected from the wall in such a manner that it passes through the other focus. 
If an ellipsoidal chamber is generated by revolving the ellipse x^/Q25 + 2/®/144 = 1 
about the x axiS; and if a sound ray emanates from one focus, how far will it 
travel before it returns to the same focus? 


86. THE ELLIPSE AND THE GENERAL QUADRATIC EQUATION 

The equation 

Ax^ + Cy^ + 2Dx^2Ey + F = 0 (A > 0, C> 0), 
may be written in the form 

/ 2D D^\ / 2E E^\ E^ 


K 


£>2 D^C + E^A - FAC ^ „ 

^ A C AC ’ 


the equation may be written in the form 


G 

A 


+ 


G 

C 


If we make the transformations 

x' = X + ^ and 
A 


y = y + -^» 


( 1 ) 


it is equivalent to setting up a new axis system in terms of x' and y'. In 
fact, the origin in the new system has the coordinates {—D/a, —E/C) 
relative to the old axes. With respect to the new axis system, Equation 
(1) becomes 


G^ G 


= 1 . 


( 2 ) 


Therefore, if the numerator of G, namely, D*C + E^A — FAC > 0, 
Equation (1) represents an ellipse with center at {—D/A, —E/C). 

If D*C + E^A — FAC = 0, Equation (1) merely represents the point 
{-D/A, -E/C). 

If D*C + E*A — FAC < 0, Equation (1) does not represent a real 
locus. 
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If D^C + E^A — FAC > 0, we may let 


f-.. 


and — — = A;. 
C 


Then Equation (1) may be written 


(x - h)^ ^ (y - ky 


This equation, then, is the typical form of the equation of an ellipse with 
semiaxes a and b and with its center at (h^k). 

Illustration: The equation 

+ 2x + Ay^ + 8y — 31 = 0 

may be written 

{x^ + 2a; + 1) + 4(2/2 + 22/ + 1) = 36 
or {x + 1)2 + 4(2/ + 1)2 = 36. 

After dividing each member of this equation by 36, there results 
{X + 1 )^ (y+iy ^ 

36 9 

So we see that the curve of a;2 + 2x + Ay^ + 82/ — 31 == 0 is an ellipse, 
with its center 0' at (—1, —1). The major axis is 12 units long and is 
parallel to the x axis; the minor axis is 6 units long and is parallel to the 
y axis A sketch of the curve appears as Figure 38. 



Fig. 38 


Obviously, the eccentricity of the ellipse is independent of the location 
of the axes. Since 9 = 36(1 — e*), it follows that 

V3 
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The foci Fi and F 2 are on the major axis a distance ae = 6(V3/2) = 3\/3 
to the left and to the right of O'. So the coordinates of Fi are 
(— 3\/3 — 1, —1) and the coordinates of F 2 are (3V3 — 1, —1). The 
directrices are x — zt 4\/3 — 1. 

EXEIKISE5 16 

Find the equation of the ellipse determined by each of the following sets of 
conditions. Sketch each curve. 

1 . Center is at (5, —3), one focus is at (8, —3), and the eccentricity is 

2 . Center is at (5, —3), one vertex is at (5, 2), and the eccentricity is 

3 . Foci are at (2, 12) and (2, 6), and one vertex is at (2, 4). 

4 . Eccentricity is center is at (3^ 4), and major axis is parallel to the 
X axis and equal to 10. 

6. Eccentricity is center is (3, 4), and major axis is parallel to the y axis 
and equal to 10. 

6. One focus is at the origin, the equation of the corresponding directrix is 
x = 9, and the eccentricity is 

7 . Center is at (5, 0), the origin is at a vertex, and the curve passes through 
the point (2, 1). Find c, the coordinates of the foci, and the length of the latus 
rectum. 

Show that each of the following equations represents an ellipse. For each 
curve, find the center, the semimajor and semiminor axes, the coordinates of 
the foci, and the equations of the directrices. 

8 . 4a;* + y* -- 8a; + 4y + 7 = 0. 

9. a;* + 5y* - IO2/ = 20. 

10 . 16a;* + 2/^ — 64a; + 4^ + 19 = 0 . 

11 . 2a;* - 12a; + 42/* + 82/ - 78 = 0 . 

12 . 4a;* + 16a; ^ - 2y =- 83. 

13 . 6x* + 22/* - 122/ - 270 = 0. 

14 . Find the locus of a point that moves so that in every position the ratio 
of its distance from the point ( — 1, 0) to its distance from the line a; = 5 is 
Show that the locus is an ellipse, and find its center and semiaxes. 

16 . (o) Derive the equation of an ellipse in polar coordinates if one focus is 
at the pole e = i and the directrix is 6 units to the right of the pole. 

(6) Derive the equation of an ellipse in polar coordinates if one focus is 
at the pole e = J and the directrix is 6 units to the left of the pole. 

(c) Derive the equation of an ellipse in polar coordinates if one focus is 
at the pole c = ^ and the directrix is 6 units above the pole. 

16 . Change the equation obtained in Exercise 15a to rectangular coordinates. 

17 . Find the equation of an ellipse in polar coordinates if one focus is at the 
pole, the eccentricity is e, and the directrix is perpendicular to the horizontal 
axis and at a distance k to the left of the focus. 

18 . Determine the distance from the point (0, b) to either focus of the ellipse 
»*/«* + 2/*/^* ~ where a is the semimajor axis. 
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27. THE HYPERBOLA 

In Book I, we described the curves representing the equations 

(x - hy {y - ky ^ {x - hy (y - ky 

_=1. and -—^+—^=1 

as hyperbolas; in each case the center is located at (hy k). 

To be more thorough in our study, we shall define a hyperbola as the 
locus of a point that moves so that in every position the ratio of its distance 
from a fixed point, called the focuSy to its distance from a fixed line, called 
the directriXy is a constant greater than 1 . As in the case of the ellipse, the 
constant is called the eccentricity and is designated by e. 



The derivation of the equation of the hyperbola, based on the definition 
just given, closely resembles the derivation of the equation of the ellipse. 
Our study will be based on Figure 39 . Let the line AB be the directrix, 
Fi the focus, and P(Xj y) any point on the locus. An x axis will be in- 
serted through Fi and perpendicular to AB at the point Ki. Then it is 
evident that there are two points Vi and F2 on the x axis such that 
FiVi/ViKi = e and F1V2/K1V2 = e\ that is, 7 i and V2 are on the locus of 
the hyperbola. Let us designate F1F2 by 2 o and the mid-point of F1F2 by 
C; then, ViC = a, and CV2 = a. Through the point C we construct the 
y axis perpendicular to the x axis. 
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From the discussion of the previous paragraph, we have 

FiFi = eViKi (1) 

and FiV 2 == eKiV 2 - (2) 

After subtracting the members of Equation (1) from those of (2), we have 
F,V2 - F,V^ = e(K^V2 - V^Ki). (3) 

By reference to Figure 39, 

FiV 2 — FiVi = 2o, 

KiV2 = a + KiC, 
and ViKi = a - KiC, 

Substituting these values in Equation (3), we have 
2a = e[a + KiC - (a - KiC)l 

or KiC^-- (4) 

e 

After adding the corresponding members of Equations (1) and (2), we 
have 

FiVi + FiV2 = e{ViK, + KiV2). ( 6 ) 

Again, by reference to Figure 39, we observe 

FiVi = FiC - a, 

F,V 2 = F,C + a, 

and ViKi + KrV 2 = 2a. 

Substituting these values in Equation (5), we have 
FiC — a “t" FiC -}“ a = 2a6, 

or FiC = ae. (6) 

Results (4) and (6) indicate, as in the case of the ellipse, that the focus 
Ft is at (— ae, 0) and the directrix AB has the equation x = —ale. Of 
course, since e > 1, the relative positions of the focus and the directrix 
with respect to the origin have been changed. This was anticipated when 
Figure 39 was drawn. 

From the definition of the hyperbola. 
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V (x + aey + 

x + - 
e 

+ 2 aex + + ^2 ^2^2 _|. 2 aex + o*, 

X^(e^ — 1) — y2 Cj2(g2 _ 


and, finally, 


x^ 

a2 a2(e2 _ 


If a2(e* — 1) is denoted by b^, Equation (7) becomes 


x^ 




yl 

62 


1 . 


( 7 ) 


( 8 ) 


Equation (8) is symmetrical with respect to both axes and to the origin. 
If we solve the equation for 1 /, we have 


y = 


a 


a\ 


( 9 ) 


Equation (9) shows that there is no locus when — a < a; < a, 
for within that range y becomes imaginary. Moreover, as x increases in- 
definitely in numerical value, so does y. The nature of the curve is de- 



Fig. 40 


picted in Figure 40. It may be observed that the graph consists of two 
distinct branches. From the symmetry we see, as in the case of the el- 
lipse, that the curve has another focus at (ae, 0) and another directrix 
X = a/e. 
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If we write Equation (9) in the form 

( 10 ) 

we observe that the radical expression approaches the value 1 as becomes 
numerically large. Thus, the straight line? 

hx . hx 

y = — and y = 

a a 

become an excellent approximation to the form of the curve a long way 
from the origin. These two straight lines are called the asymptotes of the 
curve and serve as guide lines in its construction, as shown in Figure 40. 
It can be shown that the ordinates of y = it {h/a)x are numerically larger 
than the ordinates given by (10), but they differ less and less as x continues 
to increase. 

Definitions: The chord V^V 2 through the foci is called the axis of the 
hyperbola. The lines FiP and F2P, when P is any point on the hyperbola, 
are called focal radii. The chord through a focus perpendicular to the 
axis is called a latus rectum. 

If the axis is on the y axis, we shall represent our curve by the equation 

a^ ' 

but the semiaxis is 6, and in this case a^ = h^(e^ — 1). Also, in this case, 
the equations of the directrices are x = ±.b/e, and the coordinates of the 
foci are (0, —he) and (0, he). 

Properties of the Hyperbole: (1) The length of the latus rectum of the 
hyperbola x^/a^ — y^/h^ = 1 is 2 (6^/0), and the length of the latus 



rectum of y^/h^ — x^/a^ « 1 is 2(a^/h). The student should prove this 
as an exercise. 

(2) The difference between the two focal radii to any point on the 
hyperbola x^/a^ — y^/h^ * 1 is 2a, and the difference between the two 
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focal radii to any point on the hyperbola y^/b^ — x^/a^ — 1 is 26. It is 
left as an exercise for the student to establish this property. 

Property (2) forms a basis for the mechanical construction of the 
hyperbola. The procedure follows: Take a straightedge FiB, where 
FiB > 2a (note Figure 41). Fasten one end of a string of length FiB — 2a 
at B and the other end at the focus F2. A pencil P held against the string 
and straightedge so as to keep the string taut will trace the hyperbola 
x^/a^ — y^/h^ = 1 as the straightedge is revolved about Fi. If we reverse 
the position of the straightedge and string with respect to the foci, the 
other branch of the hyperbola may be drawn. The student should demon- 
strate that this result follows from Property (2). 


EXERCISES 17 


Find the eccentricity, the coordinates of the foci, and the equations of the 
asymptotes of the following hyperbolas, and sketch each curve. 



3. - 22/2 = 8 

6. 2*2 - 42/2 = 16 



4. 2/® — = 1 

6 . 24*2 _ = 144 


Find the equation of each of the following hyperbolas. The center is at the 
origin in each case. 

7. One focus is at (5, 0), and the axis is 6. 

8. One focus is at (0, 5), and the axis is 8. 

9. One focus is at (5, 0), and the equation of the directrix is * = 1. 

10. The latus rectum is and the equation of the directrix is * = f . 

11. Determine the eccentricity of the hyperbola — k, where k is any 

positive or negative constant. 

12 . The equations of the asymptotes to a hyperbola are y = ztf*. Find 
the eccentricity. 

13. A point (x, ?y) is joined by straight lines to the points (—3,0) and 
(3, 0). The product of the slopes of the two lines is 2. Describe in detail the 
curve which the point (*, y) has for its locus. 

14. Show that the curve representing the equation x^/a^ — y^/b^ = 0 is 
composed of two straight lines, which are the asymptotes of *2/02 — ^2/52 _ j 

15. If a and b are given, determine the location of the asymptotes by a 
geometrical construction. 

16. Use a straightedge and string to construct the hyperbola *2/25 — y^/2 = 1. 

17. Use a straightedge and string to construct the hyperbola y^/9 — *2/16 = 1. 


88. THE HYPERBOLA AND THE GENERAL QUADRATIC EQUATION 

Let us consider the equation 

A*2 + Cy^ + 2Dx + 2Ey + F ^0 {A > 0, C < 0). 
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This equation may be written in the form 


-l(»- + “. + fi) + c(»' + ^, + |)- -P + ^ + 


. / . . « / . 2)»C + - FAC 

” + +'^i‘' + cj AC 

If the member on the right is designated by 0, and if 6 0, the equation 

may be written in the form 


(«f)' (.*!)■ 


If the numerator of (?, that is, D^C + E^A — FAC = 0, the equation 
becomes A (a; + DfAy + C(y + EfCy = 0. Since C is negative, the left 
member may be regarded as the difference of two squares and factored 
accordingly. So the equation represents the real lines 




Of course, V — C is real, since C is negative. 

If D^C + E^A - FAC > 0, then G < 0, and G/A < 0 and G/C > 0. 
If we make the transformations x' = x + D/A and y + E/C, the 
equation takes the form 


a*” 


where 


This is the equation of a hyperbola with its center at the origin of the 
new x', 2 /' axis system, which means that the center is located at 
{—D/A, —E/C) with respect to the old axis system. Moreover, the 
axis of the hyperbola is located on the y' axis, which is parallel to the 
y axis. 

If DKl + E^A — FAC < 0, the equation takes the form 


which is a hyperbola with its axis on the a?' axis, parallel to the x axis; in 
this equation, 

o* = j and 
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We thus note that the equation 

Ax^ + Cy^ + 2Dx + 2Ey + F^0 (A > 0, C < 0), 

represents a hyperbola with its axis parallel to the x axis, a hyperbola with 
its axis parallel to the y axis, or two straight lines, according as 
D^C + E^A — FAC is negative, positive, or zero, respectively. 

If D^C + E^A — FAC < 0, Equation (1) may be written in the form 

(x - hY (y - ky _ 


where o* and 6* are defined as before, and 


h = 


D 

A 


and 


k 


E 

c' 


If + E^A — FAC > 0, Equation (1) may be written in the form 
(y - ky __ {x - hy ^ 

a2 


where a*, 6^, hj and k have the meanings already described. 

In practice, this algebraic manipulation may be carried out rather 
simply, as indicated by the following illustrations. 

Illustration 1 : Consider the curve that represents the equation 

3x2 - 51/2 + 6x + 3 = 0. 

This equation may be written 

3(x2 + 2x + 1) ~ 5i/2 = 0, 
or 3(x + 1)2 -5?/= 0. 

Since the left member may be factored into 

[V3ix + 1) - V'5y] + 1) + V^], 

the equation represents the two straight lines, 

V3(x + 1) = ±\/5y. 

lUustratim 2: Consider the graphical representation of the equation 
3x* - 5y= + 6x + 18 = 0. 

This equation may be written 

3(x* + 2x + 1) - 6y=* 15, 

or 3(x + 1)*- 5y* = -15. 

After dividing each member by —15, we obtain 

y* (x + D* , 
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This equation represents a hyperbola with its axis parallel to the y axis 
and its center at (—1, 0). 

lUvstration 3: Consider the graphical representation of the equation 
3a;2 _ 5^2 + 12a; + iQy - 53 = 0. 

The equation may be written 

3(x2 + 4x + 4) - 5(2/2 ~ 22/ + 1) = 60, 

3(x + 2)2 - 5(2/ - 1)2 = 60, 

{x + 2)2 ( 2 / - 1)2 ^ 

or = 1 . 

20 12 

This equation represents a hyperbola with its axis parallel to the 
X axis and with its center at (—2, 1). A sketch of the curve appears as 
Figure 42. 



Fig. 42 


In examining Figure 42, it is observed how easily the hyperbola may be 
sketched after constructing a rectangle of dimensions 2a and 2b, with the 
center of the rectangle located at the center of the curve. When extended, 
the diagonals of the rectangle become the asymptotes of the desired 
hyperbola. 

Of course, we could have compared the equations of the illustrations 
with the results previously obtained in our analysis of the general equation 

Ax^ + C 2/2 + 2Dx + 2Ey + F=-0. 

Thus, in Illustration 1, 

A * 3, C = -5, Z) = 3, E = 0, F = 3; 

80 2)2(7 + E^A - FAC - 0. 

Afl a consequence, the curve degenerates into two intersecting straight 
lines. 
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In Illustration 2, 

A = 3, C = -5, 2) = 3, S = 0, F = 18; 

so D^C + E^A - FAC = 24. 

This positive result anticipates the fact that the axis of the curve is parallel 
to the y axis. 

In Illustration 3, 

A = 3, C = -5, D = 6, F = 5, F = -53; 
so D^C + F^A - FAC = -930. 

Consequently, the axis of the curve is parallel to the z axis. 

EXERCISES 18 

1. Reduce each of the following equations to standard form, and find the 
coordinates of the center, the coordinates of the foci, and the equations of direc- 
trices and asymptotes, all with reference to the x and y axes. Sketch the curves. 

(a) 25x^ - - 100:r - 54y = 206 (6) 2^x^ - - 50a; - 108y - 74 

(c) 25x^ - - 50a; + 108t/ = 299 (d) 4a;2 - 24a; - + 6i/ - 75 = 0 

(e) 2x^ + 122/ - 22/2 + 4a; - 29 = 0 

2. Find the equation of the hyperbola whose foci are at (2, 2) and (2, 1 2) 
and one of whose vertices is the point (2, 5). 

3 . The eccentricity of a hyperbola is 2, its center is at the point (2, 4), 
and the equation of one directrix is a; = Find the equation of the hyperbola, 
and draw the curve. 

4 . A point moves so that in every position the ratio of its distance from the 
point (2, —1) to its distance from the line 2 / = 3 is Find the equation of 
the locus, and sketch the curve. 

6. Find the equation of a hyperbola, in polar coordinates, if its focus is at 
the pole and its directrix is perpendicular to the horizontal axis at the distance k 
to the left of the focus. 

6. Find the equation of the locus of a point that moves so that the differ- 
ence of its distances from (±12, 0) is 8. 

7. A point moves so that its distance from (6, 0) is 5 units more than its 
distance from (—3, 0). Find the equation of its locus. 

8 . A point moves so that its distance from the origin is always twice its 
distance from the line x = —10. Determine the equation of its locus. What 
are the equations of its asymptotes? 

9 . Find the equation of the hyperbola that has vertices at (—3, —2) and 
(5, —2) and has one focus at ( — 5, —2), 

10. The hyperbolas described by the equations x^/a^ — y^/b^ — 1 and 
2/2/62 — a;2/a2 = 1 are said to be conjugate hyperbolas. Show that they have 
the same asymptotes. 

11. Express the two asymptotes of the hyperbola (x—hy/a^— (y-ky/b^- 1 
as a single quadratic equation in the variables x and y. 

12. Determine the eccentricity of the curve Ax^-‘Ay^+2Dx+2Ey+F=0, 
if F2 - D2 4- FA 0. 
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29. THE PARABOLA 

If a point moves so that in every position the ratio of its distance from a 
fixed point, called the /ocus, to its distance from a fixed line, called the 
directrix, is equal to 1, the locus of the point is called a parabola. Thus, 
the eccentricity a of a parabola is always 1. 

If, in Figure 43, the line AB is taken as the directrix and F as the focus, 
and if we insert the x axis through F perpen- 
dicular to AB at K, it is evident that there is a 
point V on KF, which is on the locus. From 
the definition of the parabola VF/KV = 1; 
that is, V is the mid-point of KF. If we let 
KF = 2p and draw the y axis perpendicular 
to KF at V, and if we let P{x, y) be any 
point on the locus, we have 

\/{x - pY + y^ ^ 
x + p 

x* — 2px + -h = X* + 2px + p*, 
or y^ = 4px. (1) 

From this equation we see that the curve of p* = 4px is symmetrical 
with respect to the x axis. 

It is evident that the curve of the equation 



X* = 4py 


is also a parabola, but with its focus at (0, p). The directrix of this latter 
curve has the equation y = —p (note Figure 44). 

Definitions: The point V, where the line through the focus perpendicular 
to the directrix cuts the parabola, is called the vertex of the parabola. The 
line through the vertex and the focus of the parabola is known as the axis 
of the parabola. The chord through the focus perpendicular to the axis is 
called the lotus rectum. The line joining any point of the parabola and the 
focus is called a focal radius. 
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30. CONSTRUCTION OF THE PARABOLA 

The definition of the parabola leads to a simple method for its con- 
struction. Thus, to construct the parabola = 4a;, draw the axes, and 
locate the focus at (1, 0) and the directrix along a; = — 1. Then draw a 
collection of lines parallel to the directrix, cutting the x axis in points 
A, B, C, D, etc., respectively. Now with F as a center and MA as a 



Fig. 44 Fig. 45 


radius, draw arcs cutting the line through A above and below the x axis; 
this gives two points of the parabola. Similarly, with F as a center and 
MB, MC, MD, etc., as radii, draw arcs cutting the lines through B, C, D, etc., 
respectively, above and below the axis, in each case obtaining two points 
of the parabola. The y axis is one of the set of parallel lines that is cut by 
the corresponding arc at only one point — the origin. We may thus locate 
as many points on the parabola as we wish and draw the parabola as shown 
in Figure 45. The above principle may also be used to trace the parabola 
mechanically by a continuously moving point, as follows: Place a straight- 
edge along the directrix and a triangle against the straightedge as shown in 
Figure 46. Fasten one end of a string of length AB at B and the other end 
at the focus F. Now, if a pencil point is held against the string, keeping it 
taut and against AB, while the triangle is moved along the directrix, the 
pencil will trace a parabola. Why? 

31. THE PARABOLA AND THE QUADRATIC EQUATION 

Let us consider the equation Cy^ + 2Dx + 2Ey + F = 0, C 0. 
This may be rewritten in the form 

/ 2E F2\ £2 

c{y^ + -^y + ^^=-2Dx-F + -, 

y'^c) ~ C 2DC )’ 

If D 0 and we make the transformations 



or 


(i) 
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the equation takes the form 
2 /'* = Apx\ 

This equation represents a parabola with its 
axis on the x' axis, which is parallel to the x 
axis. The vertex of the parabola is at the 
origin of the a:', 2 /' axis system, which corre- 
sponds to the point [— £^/C, — (FC— E^)/2DC] 
relative to the original axes. These coordi- 
nates of the vertex are readily detected if the 
original equation is reduced to the form 

(y - ky = 4p(a; - /i). 


where, of course. 


k = 



h = 


FC - 
2DC ’ 


and p 


D 

2C’ 


li D = 0, the original equation becomes 

Cy* + 2Ey + F^0. 

The solution of this quadratic equation in y yields 


or 


-2E± y/4E^ - iCF 

y — , 

^ 2C 


-F ± VE^ - FC 


If — FC = 0, this result represents the line 



usually referred to as two coincident lines. 

If E^ -- FC < 0, the locus is imaginary. 

If E^ — FC > 0, we have two lines parallel to the x axis. 
Following a similar analysis, the equation 

Ax^ + 2Dx + 2Ey + F = 0 {A 7^ 0), 


may be written 
A 


or 


(-f-i-:)-- 


2Ey 

FA - 
2EA 


r, . 

F + -. 


)• 


( 2 ) 


If E 9^ 0, it is apparent that the equation has been expressed in the 
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where h 


D 

a' 


(® - hy = 4p(2/ - k), 


k 


FA - 
2EA ' 


and 


V 


E 
2 A 


The point (/i, A;) is the vertex of the parabola, and the axis of the parabola 
is parallel to the y axis. 

If = 0 and -- FA = 0, the original equation represents two 
coincident lines. 

If = 0 and — FA > 0, the original equation represents two lines 
parallel to the y axis. 

If ^ = 0 and — FA < 0, the original equation represents an 
imaginary locus. 

We thus note that the quadratic equation 

Cy^ + 2Dx + 2Ey + F=^0, 
or Ax^ + 2Dx + 2Ey + F = 0, 

represents a parabola, two parallel lines, two coincident lines, or an imagi- 
nary locus, depending on the conditions above. In practice, the actual 
examination of the curve representing the given equation can be carried 
out through the application of simple algebraic procedures. The following 
illustration typifies the method. 

Illustration: Consider the equation 

-f 4a; 4y — 8 = 0. 

This equation may be written 

+ 4y -f 4 = — 4x + 12, 

or (y + 2Y = — 4(x — 3). 

Hence, the equation represents a parabola with its vertex at (3, —2). 
The axis is the line passing through this vertex, parallel to the x axis; 
so it is the line y = —2, Since 4p = —4, it follows that p = — 1, which 
means that the focus is 1 to the left of the vertex; this gives the point 
(2, —2). The directrix is perpendicular to the axis of the parabola and, 
in this case, must be 1 to the right of the vertex, so it is the line x = 4. 


EXERCISES 19 

1 . Construct the parabola = 8a; by the method of Section 30. 

2. Construct the parabola = 6y by the method of Section 30. 

3. Find the length of the latus rectum of the parabola = Apx. 

4 . Find the equation of a parabola of vertical axis with its vertex at (2, 3) 
whose latus rectum is 4 units. Note the result of Exercise 3. 

6. Write the equation of a parabola whose focus is at the point (6, 0) and 
whose directrix is the line x = — 6. 
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6. Determine the coordinates of the focus and the equation of the directrix 
for each of the following parabolas: 

(o) 2/® = Sx (6) « 12® (c) = \Qy 

(d) = 9a; (e) x* = I2y (f) y^ ^ bz 

7. Determine the coordinates of the vertex, the coordinates of the focus, 
and the equation of the directrix for each of the following parabolas; 

(a) y^ « - 3) (6) (y -f 2)* = 12(a; - 5) (c) {x - 1)* « Qy 

8 . Write the equation of a parabola whose focus is at (6, 0) and whose 
directrix is the line a; = 3. 

Note: The vertex is midway between the directrix and focus. 

9. Write the equation of a parabola whose focus is at the point (0, 5) and 
whose directrix is the line y = — 5. 

10. Find the equation of a parabola whose focus is the point (2, 3) and whose 
directrix is the line a; = 9. 

11. Find the equation of a parabola whose axis is parallel to the x axis, 
whose vertex is at the point (2, 3), and which passes through the point (6, —3). 

12. Find the equation of a parabola whose axis is parallel to the x axis and 
which passes through the three points (1, 1), (2, 3) and (3, —5). 

13. Find the equation of the parabola whose focus is the point (7, 0) and 
whose directrix is the line x — 2, 

14. Find the equation of the parabola whose focus is the point (7, 0) and 
whose directrix is the line x = 10. 

16. Construct the parabola whose equation is x^ = 9y. 

16. It is desired to construct a parabolic searchlight which will be 36 in. 
across the front and 18 in. deep. Determine the equation of a cross section 
that contains the axis of the parabolic surface if this axis is made to coincide 
with the X axis and the vertex is located at the origin. 

17. A concrete arch for a bridge to 
span a distance of 40 ft is to be con- 
struct^ in the form of a parabola. The 
highest point of the arch is 15 ft above 
the piers. Construct a form for the arch, 
using a scale 1 in. = 4 ft. Find the 
height, above the level of the piers, of a 
point on the arch which is horizontally 
5 ft from one pier. 

18. (o) As in Figure 47, draw a rec- 
tangle with base p and altitude 2p, and 
divide the upper base and altitude into 
the same number of equal parts. Then 
through the points of division of the 
altitude draw lines parallel to the base. 
Also draw radial lines connecting V with 
points of division of the upper base, as 
shown in Figure 47. Prove that the 

V F , intersections of the horizontal lines and 

radial lines through corresponding points 
of divisions lie on the parabola y^ » 4pa;. 



Fig. 47 
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(6) Extend FB through Bf and lay off any number of units each equal to 
FI; also extend AB and lay off the same number of units each equal to ill. 
Show that the intersections of horizontal lines through the new division points on 
FB with the corresponding radial lines through the new division points on A B 
lie on the parabola - 4px. 

19. Use the method of Exercise 18 to draw the parabola = 4x from 
X =» 0 to x = 6. 

20. Simplify each of the following equations by translating the axes, and 
determine the locus of each: 


(a) 2y^ — 3a; -f 14y + 44 = 0 
(c) + lOy — 14a; - 0 

(e) Zi/ + 2x - 7y = 13 
(g) 3a;* -- 6a; - 7 » 0 


(6) 3a:* - 6a; + 5?/ - 7 = 0 
(d) 4a;* - 16a; + 52/ = 2 
(/) 2a;* — 3x + 42/ — 9 = 0 
(h) 42/* ~ 62 / + 9 = 0 
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of the Second Degree 


32. ROTATION OF AXES 

If a curve is given relative to a set of rectangular axes OX and OF, 
it is sometimes desirable to know the equation of the curve with respect 
to a set of rectangular axes OX' and OF', where the angle from OX to OX' 
is 0 (see Figure 48). 



Let P be any point whose coordinates are (x, y) relative to the original 
axes and (x', y') relative to the new axes. We draw AP perpendicular to 
OX, DP perpendicular to OX', and CD parallel to OX. Then, as indicated 
in the figure, OA = x, AP = y, OD = x', and DP = y'. It is easily shown 
by elementary geometry that Z CPD = 6, 

It follows that OB = x' cos 0, CP = y' cos 0, CD = y' sin 6, BD = x' sin 6, 
Hence, we observe that 



X = x' cos B — y' sin B 

(1) 

and 

y = x' sin 0 + y' cos B, 

(2) 


Equations (1) and (2) are known as the transformations for rotating 
the axis. 
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We note that if we rotate the OX' and OY' axes back to the OX and OY 
positions, we should have 

x' == X cos (—0) — y sin {—d) = x cos y sin B (3) 

and y' = X sin {—B) + y cos (—0) = —x sin 0 + 2 / cos B. (4) 

Equations (3) and (4) may also be obtained by solving (1) and (2) for 
X and y. Thus, if we multiply the members of Equation (1) by cos B and 
those of (2) by sin d, we have 

X cos B = x' cos^ B — y' sin B cos B 
and y sin B = x' sin^ B + y' sin B cos B. 

After adding the corresponding members, we have 

X cos B + y sin B = x' (cos^ B + sin^ B) = x\ 

This is Equation (3). 

If we multiply the members of Equation (1) by sin ^ and those of (2) 
by cos B, we have 

X sin B = x' sin B cos B — y' sin^ B 
and y cos B — x' sin 0 cos 0 + y' cos^ B. 

After combining these equations by subtraction, we obtain 
2 / cos 0 — a; sin 0 = y' (cos* B + sin* B) = y'. 

This is Equation (4). 

The utility of these transformation relations is immediately apparent. 
If the equation of a curve is/(x, y) = 0, relative to the axes OX and OF, 
then the equation of the curve relative to OX' and OF' is obtained by 
substituting x' cos B — y' sin B for x, and x' sin 0 + 2/' cos 0 for y in the 
equation /(x, y) = 0. It is frequently** desirable to "rotate the axes” 
through 45°. If 0 = 45°, the transformation relations become 

X = x' cos 45° — y' sin 45° = ^ > 

V2 


2 / = x' sin 45° + y' cos 45° = 


x' + y' 

V2 


Illustration: If the equation of a curve is 


3x* + 2xy + 32/* = 1, 
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or 3 




+ 1/'*' 




y* + 23 / 1 / + 1/'*' 


2 


) 


1, 


which may be simplified to 


or 


4*'* + 2i/* = 1, 

i i 

We now see that the curve is an ellipse with its major axis on OF' and 
its minor axis on OX', as displayed in Figure 49. 

It is now a simple matter to determine all 
the characteristics of the ellipse in terms of x' 
and y' and, by (1) and (2), or (3) and (4), 
express them in terms of x and y. 

Thus, = 6^(1 — e*), where a* = J and 
6* = i. Hence, 

1 



e = 


V2 


Pia. 49 


The foci are at (0, ±6e), that is, (0, ±i), rela- 
tive to the x', y' axes. From Relations (1) and 
(2), the corresponding x and y coordinates are readily obtained. Thus, 
if x' = 0 and y' = i, it follows that 


and 




4 


( 2 ) 


A similar computation may be made when x' = 0 and y' = i. Hence, 
the foci are at (— \/2/4, V^/4) and at (v^2/4, — V^/4), relative to the 
old axes. 

The equations of the directrices relative to OX' and OF' are 


b 

db- 


J_ 

V2 

V2 




Hence, if y' 1, we have from relation (4): 
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If y' = —1, we have 

—1 =» — ^ or y =‘ X — V2. 

V2 

These are the equations of the directrices relative to the OX and OY axes. 

EXERCISES SO 

Determine the equation of each of the following curves when the axis system 
is rotated through the angle specified: 

1. 2x - 5t/ + 6 ^ 0; d = 45® 

2. 7a; + 22/ - 3 = 0; ^ = 30® 

3. 3a; - 52/ = 7; 6 = 60® 

4. 2 /" - 4a;; d - 90® 

6. a;^ 4- = 36; ^ = 30® (Explain your result) 

6. a;2 - 2/® = 5; d = 45® 

7. a; 2 / = 6; d = 45® (Determine the eccentricity of the curve) 

8. (3a; 4- 42/)* + 7a; = 0; 0 = tan""^ What is the eccentricity of the 
curve? 

9 . 4a;* 4- 2y/Sxy 4- 22 /* =* 9; 6 — 30®. Determine the eccentricity of the 
curve. 

10. 2a;* 4- 2xy 4- 22/* * 5; 8 « 45®. Determine the length of the major 
axis of the curve. 

11. X* — 2x2/ 4* 2/* + 6x = 0; 6 - 45® 

12. X* - 2/* = 0; e = 45® 


33. THE EFFEa OF ROTATION OF AXES ON DEGREE OF EQUATION 

The degree of an equation is not altered by the rotation of the axes. 
This may be seen from the fact that the transformation equations (1) and 
(2) are of first degree, and, hence, the equation of the curve in terms of x' 
and 2/' will not be higher than the degree of the original equation. The 
degree of the equation of the curve cannot be lowered, for if it were lowered, 
then by returning to the original equation through the transformation 
equations (3) and (4) the degree of the equation would have to be raised, 
which is impossible. 

34. THE GENERAL EQUATION OF THE SECOND DEGREE 

The general equation of the second degree may be written in the form 
Ax* + 2Bxy + Cy^ + 2Dx + 2Ey + F - 0, 

If B = 0, the equation reduces to some form already considered in the 
previous chapters, and the nature of the locus may be determined from 
previous considerations. 

We therefore assume in the following discussion that B ^ 0. If we 
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rotate the axes through an angle 6, the equation relative to OX' and OY' is 
A(x' cos B — y' sin By + 2B(x' cos B — y' sin B) 

. (x' sin ^ + 2 /' cos + C(x' sin B + y' cos By + 2Z)(x' cos B -- y' sin B) 
+ 2E(x' sin 0 + 2 /' cos ^) + /^ = 0. (1) 

If (1) is expanded, the coefficient of x'y' is 

2J5(cos® B — sin^ 0) + 2 (C — A) sin 0 cos B. 

As a consequence of well-known trigonometric relations, this coefficient 
may be written 

2B cos 2B — (A — C) sin 2B. 

Hence, if we choose B so that 

2B cos 20 — (A — C) sin 20 = 0, (2) 

which means that 

2B 

tan 20 = — * A Cj (2a) 

Jx 

Equation (1) will result in an equation of the second degree without an 
x'y' term. In other words, the rotation of the axes through 0 determined 
by Equation (2) transforms the general equation of the second degree 
involving an xy term, and where A 5 *^ C, to a new second-degree equation 
in x' and which does not involve an x'y' term. Under this new form, the 
equation may be classified under the cases already considered in previous 
chapters, and the nature of the locus may be determined from previous con- 
siderations. 

If A = C, Equation (2) yields the result 

2B cos 20 = 0, 

or 20 = 90°, 0 = 45°. 

In the illustration of Section 32 we considered the equation, 

3x* + 2xy + 32/* = 1. 

Here A = C; so by the result just obtained, 0 = 45°, and the rotation 
of the axes through 45° will result in a new equation without the x'y' term. 
This is precisely the angle that we chose for the illustration. 

To consider a case when A C, let us analyze the equation 

9x* - 24x2/ + 162/* + 10a; = 0. 

Here, A = 9, B = — 12, and Q = 16. Thus, the angle through which the 
axes may be rotated to eliminate the x' 2 /' term is given by Relation (2a). 
In fact. 
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We have from trigonometry 

tan 26 


2 tan 6 
1 - tan^d' 


( 8 ) 


Consequently, 

2 tan 0 _ 24 

1 - tan^ 0 “ T* 

12 tan* 0 + 7 tan 0 - 12 = 0, 

and tan ^ f or ~ 

If the first value is chosen, sin 0 = % and cos 0 = y. For these values 
of sin 0 and cos 0j by transformation equations (1) and (2) of Section 32, 

Ax' - 3?/' 

" = — 5 

3 *' + 4y' 

= 

After substituting for x and y in the given equation, we obtain 
25y'* — Gt/' + 8x' = 0. 

This is the equation of a parabola, which may be studied by methods 
already outlined. 

EXERCISES 21 

Simplify each of the following equations by rotating the axes so as to eliminate 
the x'y' term. Draw the various axes and the curve corresponding to each 
equation. 

1, xy = 7 2. X* — 2xy + y* + 3x = 0 

3. 5x* — 2xy 4- 5y* = 12 4. 5x* — 26x2/ + 52/® + 72 = 0 

6. 9x* H- 24xy + IGr/® — 80x + 60y = O'* 

6. 7x* 4- 48x2/ - 7%/ - 6x 4- 1382/ 4- 137 = 0 

7. 9x* - 12x2/ + 42/* - 18x 4- 121/ 4- 34 = 0 

8. 15x* 4- 24x2/ 4- 82/* 4- 30x 4- 202/ = 915/2 

9. 15x* - 24x1/ 4- 82/* 4- 30x - 20y = 35.5 

10. 5** + 4*2/ + 22/’ + qVIx = 22.2 

11. 3a:’ - 4a:2/ + %* + 20x + 102/ = 7.5 

35. DEGENERATE LOCI 

By referring to previous chapters and the considerations of this chapter, 
we see that the general equation of the second degree represents either an 
ellipse (the circle may be regarded as a particular case of an ellipse), a 
hyperbola, a parabola, or the possible degenerate cases of two intersecting 
lines, two parallel or two identical lines, only a single point, or an imaginary 
locus. It is possible to find criteria that may be used to determine the 
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nature of the locus without removing the xy term from the equation by the 
rotation of the axes through the required angle; these criteria are not 
treated in this book. In general, it is preferable in practice to remove the 
xy term by rotation, if such a term is present, and then determine the nature 
of the locus and its characteristics. However, the degenerate cases men- 
tioned above may be detected in advance by the use of special considera- 
tions, and such detection may save time in making the desired analysis. 

Suppose, in the general quadratic equation, that 


A = C = 0 and J5 5 ^ 0; 

then we have 

^Bxy + 2Dx + ^Ey + F = 0, 


or 


a^ + 3a; + -i/ + - 


= 0 . 


This may be rewritten in the form 

/ , E\/ D\ DE F 2DE-BF 

B^ 2B “ 2B* 

If 2DE — BF 9 ^ 0, the equation represents a h5nperbola with the lines 
x = —EIB and y = —DfB as asymptotes. In fact, the curve may be 
subjected to the type of study already outlined. 

However, if 2DE — BF = 0, the locus consists of two straight lines, 
namely, x = —E/B and y = —D/B, For example, the equation 

— 2y — 3a; + 6 = 0 can be written (x — 2) (y — 3) = 0; so the desired 
locus is merely the pair of intersecting lines x = 2 and 2/ = 3. 

Let us now, as a more common case, consider the factorability of the 
general quadratic equation where C 7*^ 0, B 9^ 0. We shall write the 
general equation, namely, 

Ax^ + 2Bxy + Cy^ + 2Dx + 2Ey + F == 0 ( 1 ) 

in the form 

Cy^ + {2Bx + 2E)y + Ax^ + 2Dx + F -- 0 (2) 

and solve for y, thereby obtaining 

2Bx + 2Edz 2V{Bx + Ey - C{Ax^ + 2Dx + F) 

V (3) 

The eicpresaon under the radical may be written 

(B* - AC)x* + 2(EB - CD)x + (B* - CF). (4) 

This quadratic in x is a perfect square if 

4(BB - CD)* - 4(B* - AC)iE* - CF) - 0. 
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This may be simplified and rewritten as 


AE^ + CD* + FB^ - 2EBD - ACF 


or, in determinant form, 


A B D 
BCE 
D E F 


= 0 . 


0 


( 5 ) 

( 6 ) 


If the coefficients of the given equation satisfy condition (6), it is 
possible for the expression under the radical in (3) to be in the form 
{Lx + M)* or — {Lx + ikf)*; the second possibility follows from the 
fact that a change in sign of all the coefficients of quadratic (4) would still 
yield the same equality (5). 

If the radicand in (3) is of the form {Lx + My, then (3) is of the form 
Bx + E db {Lx + M) 

y = ; ( 7 ) 


and then (7) may represent two intersecting lines, two distinct parallel 
lines, or two identical lines, depending on the values of L and M, 

If, however, the radicand in (3) is of the form — {Lx + M )*, then 
(3) may be written 

Bx + D zb {Lx + M) i ^ ^ 

y . (g) 


and then (8) may represent two identical lines, a single point, or an 
imaginary locus, depending on the values of L and M, 

In each of the following equations condition (6) is satisfied: 


**- 

- 2xy 

+ y^ 

+ 

2x 

— 

2y 

+ 5 

= 0. 

( 0 ) 

6a:® - 

- 2a:y 

+ y® 

+ 

2x 

— 

22/ 

+ 1 

= 0. 

ih) 

a:® - 

- 2xy 

+ y® 

- 

3x 

+ 

32/ 

+ 2 

= 0. 

(c) 

2a:® - 

CO 

1 

+ 

- 

3x 

+ 

22/ 

4-1 

= 0. 

id) 

a:® - 

- 2xy 

+ 2 /® 

- 

2x 

+ 

22/ 

4- 1 

= 0. 

(e) 


But, Elquation (a) represents an imaginary locus; (6) represents the point 
(0, 1); (c) represents the parallel lines a; — y — 1 = Oandx — y — 2 = 0; 
(d) represents the two intersecting lines x — y — 1 = 0 and 2x — y 
— 1 5= 0; and (e) represents the identical lines x — 2/ -- 1 = 0. 

, If C = 0 and A 0, B 0, we may solve Equation (1) for x instead 
of y. The condition that the expression under the radical shall be a perfect 
square in this case is exactly the same as (6). 

In summary, if we have no information relative to the locus of an 
equation of the second degree which contains the xy term, and if A and C 
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are not both zero, it is desirable to apply condition (6) to determine if 
perchance the locus is one of the degenerate forms considered above. If 
condition (6) is not fulfilled, then rotation of the axes for the elimination 
of the xy term is desirable. 


EXERCISES 22 

Examine each of the following equations to discover which represent de- 
generate conics, and discuss the nature of those that are degenerate. 

1. 2x^ — Sxy + + 7a; — 52/ + 6 = 0 

2. X* — 6xy -h 02/* + lOx — SOy + 25 = 0 

3. 5a;* — 4xy + 32/* + 2x — 2 / = 0 

4. 6a;* -h 7xy — 82/* — 3x -1- 2/ = 0 
6. X* — xy + 8x — 72/ + 7 = 0 

6. xy -h 22/* + 5x + 72/ — 15 = 0 

7. X* — 2x2/ + y* + 4x — 42/ + 4 = 0 

8. xy — 2y* — lOx + 5y — 12 = 0 

9. 2x* + xy — 14x — 7y =* 0 

10. 3x* — 5xy -h 9y* = 0 


36. TANGENT TO A CURVE 

Let /(x, y) « 0 be the equation of a curve, as shown in Figure 50. 
Moreover, let Pi(xi, yi) and ^2(2^2, ya) be two points on the curve, and the 

secant line PiS through these points is 
drawn. As P 2 moves along the curve to 
Pi, the secant line rotates in the plane 
about Pi, approaching, under common 
circumstances, the position designated 
in the figure by PiT, The line PiT is 
defined to be the tangent line to the curve 
at Pi. 

The equation of the secant line P1P2 
is 



Fig. 50 


y - yi ^ y^-yi 

X Xi X2 ““ Xi 


The right member is the slope of the line. As P2 approaches Pi along the 
curve, both numerator and denominator of the right member approach 
zero; yet the fraction can, and usually does, approach a definite limit. 
This limit is the slope of the tangent line PiT, that is, tan 0, and is defined 
as the slope of the curve at (xi, yi). 

Thus, in Figure 50, the slope, tan B, of the tangent line PiT is determined 
by 


lim 


yi - y\ 


P,~»P,X2 Xi 
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This important S3rmbolic expression is read, ‘The limit of the fraction 
(2/2 — yi)/ ix2 — Xi) as P2 approaches Pi/’ It is one of the fundamental 
problems of the calculus to determine this limit, if it has a value. 

We shall illustrate the method of determining this limiting value for a 
few particular equations and then for the general equation of the second 
degree. 

Illustration 1: Determine the slope and the equation of the tangent 
line at some point Pi(a;i, 2/1) for the curve of = 4x. 

Let P\{xiy 2/1) and P2(x2y 2/2) be two points on the given curve. Hence, 
both points must satisfy the equation of the curve; that is, 

y\ = 4x2, (2) 

y\ = 4x„ (3) 

and y\ — y\ = 4(x2 — Xi). 

From this relation we desire to obtain an expression for 

y^ - yi . 

X2 — Xi* 

this may be done by dividing the two members by (2/2 + yi){x2 — Xi), 
thereby obtaining 

?/2 - yi ^ 4 

X2 - xi 2/2 + yi 

As P2 approaches Pi, 2/2 must approach 2/1. So, 

tan 6 = lim ^ — = lim — - — = ~ . (4) 

— Xi yr-^yiy2 + 2/l 2/l 

Consequently, the equation of the tangent line at Pi(xi, 2/1)1 given by the 
point-slope form of the straight line, is 

( 6 ) 

X - xi 2/1 

This equation completes the solution of the exercise, but some additional 
algebraic manipulation yields interesting results. 

Equation (5) may be transformed to 

yyi- yl- 2 x — 2xi. (6) 

From Equations (3) and (6), we have 

2/yi — 4xi = 2x — 2xi, 

yyi = 2(x + *1). (7) 

This form, Equation (7), may be obtained in a mechanical way from 
yi = 4x by writing the variable of the second degree as yy and the variable 
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of the first degree as (a; + x)/2. Then we write y* « 4® as 




If we now apply the subscript to one of the y’s and to one of the x% we 
have 

( X -4“ Xi\ 

— )’ 

or yyi = 2(x + Xi). 

This interesting mechanical device receives justification in the next section. 

Of course, to obtain the equation of the tangent line to the curve at 
some particular point, Xi and yi should be given their appropriate values. 

Illustration 2: Determine the slope and equation of the tangent line 
at the point yi) for the curve, 

- 4-^=1 
25 ^ 16 

Let Pi(xi, yij and P 2 (x 2 , 2 / 2 ) be two points on the curve. Since their 
coordinates must satisfy the equation, we have 

2 2 

25 16 

and S + S = 1* 

25 16 


Consequently, 


xl-xl yi - yi _ 
25 16 


yt — yi 16 (xj + xi) 

Qp — - _ • 

X 2 - xi 25(2/2 + 2 / 1 ) 

The limit of this ratio, as P 2 approaches Pi, is the desired slope of the 
tangent at the point (xi, yi). Therefore, 

. . y 2 - 2/1 16 (X 2 + xi) 16 (2a;i) 16xi 

tan 6 = lun * lim — ; — r = “ 

Pr^Pi X 2 - Xi Pr-^P, 25 ( 2/2 + 2/i) 25 ( 22 / 1 ) 252/1 

and the equation of the tangent line at Pi(a:i, yi) is 

y — yi 16xi 

X — xi 25yi 

The last equation may be transformed to 

252/2/1 ““ 262/1 — 16xxi + Ifia^y 
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or 

16xari + 26yyi = 16*! + 26»!, 


or 

^ _ x! , y\ 

25 '*' 16 25 16 * 



The right member of this equation equals 1, since the point yi) 
is on the curve xV25 + = 1. Hence, the equation of the tangent 

line is 

25 16 

We note that the mechanical device for obtaining this equation from 
the given equation, as explained in Illustration 1, may also be applied this 
time; that is, we write the given equation in the form 

25 16 ’ 

and attach the subscript to one of the x's and to one of the 2/'s; then we 
have 

xxx yyi ^ 

25 16 

37. EQUATION OF THE TANGENT LINE TO ANY SECOND-DEGREE CURVE 

Take the points Pi(xi, yi) and P2ix2f 2 / 2 ) on the curve of 

Ax^ + 2Bxy + Cy^ + 2Dx + 2Ey + F = 0, ( 1 ) 

Since the coordinates of the points satisfy the equation, we have 

Axl + 2Bx2y2 + Cyl + 2Dx2 + 2Ey2 + P = 0 (2) 

and Axi + 2Bxiyi + Cy\ + 2lJxi + 2Eyi + P = 0. (3) 

After subtracting the members of Equation (3) from the corresponding 
members of (2), we have 

A{:3& - x\) + 2B{x2y2 - xiyi) + C(yl - yl) 

+ 2D(x2 — Xi) + 2E(y2 — yi) = 0. (4) 

The term 2B{x^2 — Xiyi) may be written in the form 

2B{x2y2 - Xiy2 + Xiy2 - xiyi) = 2By2{x2 - Xi) + 2Bxi(y2 - yi). 
Hence, (4) may be written 

A{x2 ““ xi){x2 + xi) + 2By2{x2 — Xi) + 2Bxi(y2 — yi) 

+ C(y2 ~ 2/1) (2/2 + 2/1) + 2 D{x 2 — Xi) + 2 E{y 2 — yi) = 0 . ( 5 ) 
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After dividing the two members by x% ■— Xi, we have 
A (x 2 + Xi) + 2J5y2 + 2Bx\ ^ 

{X2 - Xi) 

The solution of this equation for (y 2 — yi)/{x 2 — Xi) yields 
2/2 - yi ^ __ A (x 2 + xi) + 2By2 + 2D 
X 2 — xi 2Bxi + C{y 2 + yi) + 2E 

If the limit of the right member exists as P 2 approaches Pi, the limit is 
the desired value of tan d. 

When X 2 approaches Xi, y 2 approaches yi, and the right member of (7) 
has the limiting value 

2A^i -|- 2Byi -j- 2Z) 

2Bxi + 2Cyi + 2E * 


that is, 


^ ^ Axi + Byi + D 

tan 6 

Bxi + Cyi + E 


Hence, the equation of the tangent to the curve at Pi (xi, yi) is 
2/ - 2/1 ^ _ Axi + Byi + D 
X — xi Pxi + Cyi + E 


( 8 ) 

( 9 ) 


After clearing of fractions, we have 
Byxi - Bxiyi + Cyyi - Cyl + Ey — Eyi = -Axxi + Ax? 

—Bxyi + Bxiyi — Z)x + Dxi 


or 

Axxi + Byxi + Bxyi + Cyyi + Ey + Eyi + Dx + Dxi + F 

= Ax? + 2Bxiyi + Cy\ + 2Dxi + 2Eyi + F, 


Since, from Equation (3), the right member is zero, we obtain as the equa- 
tion of the tangent line 

Axxi + P(xi2/ + xyi) + Cyyi + D{x + Xi) + E{y + 2/i) + ^ = 0. (10) 

A comparison of the original Equation (1) with Equation (10) shows 
how (10) may be obtained from (1); that is, we write the given Equation 
(1) as 

Axx + B(xy + xy) + Cyy + D(x + x) + E(y + y) + F ^0, 

and then replace one of the x^s in each term by Xi and one of the y*8 in each 
term by yi. It should be especially noted that in the term B{xy + xy) we 
replace the x by Xi in one of the xy^s and the y by yi in the other xy. Of 
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course, this mechanical procedure is the one already employed in connec- 
tion with the two previous illustrations. 

Illustration 1: The equation of the tangent line at the point (5, 6) 
on the circle (a; — 1)^ + (y — 3)* == 25 is found by writing the equation 
in the form 

— 2x + — 6y = 15 

or XX - (x + x) +yy - 3(2/ + y) = 15. 

After replacing one of the x’s in each term by 5 and one of the y^B in each 
term by 6, we have 

5a; - (a; + 5) + 62 / - 3 ( 2 / + 6 ) = 15 

or 4a; + 32/ -- 38 = 0. 

Illustration 2: The equation of the tangent line at the point (1, 2) on 
the hyperbola X 2 / + 2x + 2 / = 6 is found by writing the equation in the 
form 

i (xy + a^) + (x + a:) + = 6 . 

After replacing one of the a;’s by 1 and one of the 2 /^s by 2, noting that 
in \ {xy + xy) we replace a; by 1 in one of the xy'B and y by 2 in the other 
xy^ we have 

^(y + 2x) + (X + 1) + = 6 

or 2 / + 2a; — 4 = 0. 

38. NORMAL TO A CURVE 

The line perpendicular to the tangent to a curve at the point of tangency 
is called a normal to the curve. Since the normal is perpendicular to the 
tangent line, the slope of the normal is the negative reciprocal of the slope 
of the tangent line. Hence, in the special case of a curve of second degree, 
the slope ni of the normal is the negative reciprocal of the value of tan 6 
obtained in Equation (8) of the previous section; that is, 

Bxi + Cyi + E 

fn = 

Axi + Byi + D 

Consequently, the equation of the normal to a curve of second d^ree at 
the point (xi, yi) is 

y - Vi ^ Bxi + Cyi + E 
X — xi Axi + By I + D 

As an illustration, the equation of the normal to the curve 
x^ + xy + ^x + 2y + 12 — U 
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at the point (2, —6) is 

y + 5 K2) + l 2 

x-2 l(2) + i(-5) + l 

or 4a; — 2 / — 13 = 0. 

EXERCISES 23 

1. Determine the slope of the tangent to each of the following curves at the 
point specified; 

'(a) = 5x; (5, 5) (6) = 25; (3, 4) 

(c) = 4y; (2, 1) id) xy =- 1; (1, 0) 

2. (a) Find the equation of the tangent to the parabola y^ = Sx at the 
point (2, 4). 

(b) Find the equation of the normal to y^ = Sx at (2, 4). 

3. (a) Find the equation of the tangent to x^ = 4t/ at the point (2, 1). 

(6) Find the equation of the normal to x^ = at the point (2, 1). 

4. Show that the x intercept of the tangent to the parabola y^ = 4pa; at 
(a;i, yi) is -xi, 

6. From the result of Exercise 4 explain how a tangent may be accurately 
drawn to a parabola at any point. 

6. Prove that a line from the focus of a parabola to any point P on the 
curve and a line through P, parallel to the axis, make equal angles with the 
tangent at P, 

7. (a) Write the equation of the tangent to the ellipse x^/25 + 2/^/16 = 1 
at the point (3, 3^). 

(6) Find the equation of the normal to the ellipse x^/25 + y^/lQ = 1 
at the point (3, 3^). 

8 . Find the equations of the tangents to the ellipse 9a;* + 36a; -f I62/* — 4Sy 
a= 72 at the points on the curve whose abscissa is zero. 

9. The tangent to the ellipse a;*/^* + 2/*/6* = 1 at a point P meets the 
tangent at the vertex (a, 0) in the point Q. Show that the line joining Q to the 
center is parallel to the line joining P to the other vertex. 

10. Prove: The lines from the foci of an ellipse to any point on the curve 
make equal angles with the line that is tangent to the ellipse at that point. 

11. Find the equations of the tangents to the hyperbola a;*/36 — y^/lQ = 1 
at the point where x ~ 7.5. 

12. Write the equation of the tangent to a;|/ » 10 at the point (2, 5). 

13. Find the equations of the tangents to the curve y* = 16a; — 32 at the 
extremities of the latus rectum. Show that they are perpendicular and meet 
on the directrix. 

14. Find the equation of the tangent and of the normal to the curve 
a;* + 2/* — 6a; -f 42/ = 0 at (1, 1). 

16. Prove that the tangents at the extremities of a latus rectum of the 
ellipse x^/a^ -f yyV^ « 1 intersect on the corresponding directrix. 

16. Prove that the tangent at one end of the latus rectum of the parabola 
y^ as 4pa; is parallel to the normal at the other end. 
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39. EQUATIONS OF THE TANGENTS WITH A GIVEN SLOPE TO A CURVE 
OF THE SECOND DEGREE 

If we assume the equation of the tangent line to be y = ma; + k, 
where m is known, we may consider the system of equations composed of 
the equation of the curve and y = mx + k. If we substitute mx + k for 
y in the equation of the curve, we obtain a quadratic equation in x involv- 
ing m and fc. Since the line is to be tangent to the curve, the two solutions 
for X must be identical. Hence, the discriminant of the quadratic in x 
must be zero. This fact enables us to determine k in terms of the known 
m, and the desired equation of the tangent is completely determined. 

As an illustration, suppose that the line given by y = mx + fc, where 
m is regarded as known, is to be tangent to y^ = 4px. We consider the 
system 

y = mx + k 
2/2 s= 4px. 

If, in the second equation, y is replaced by its value from the first equation, 
we have 

(mx + ky == 4px 

or m^x^ + (2mk — 4p)x + A;^ = 0. 

Now, if the discriminant, that is, the part under the radical in the 
quadratic equation, is equated to zero, we have 

(2mk - 4p)2 - 4m2A;2 = 0, 

4m%2 — 16mA;p + 16p* — 4in^k^ = 0, 

V 

or = — • 

m 

Hence, the equation of the tangelit of given slope m to the curve 

1/2 = 4px is 

j, = TOa: + ^* (1) 

Similarly, the tangents, with a given slope tti, to the ellipse 
x^ja^ + y^jV' = 1 and to the hyperbola x^ja^ — ~ 1 Diay be found 

to be, respectively, 

y ^ mx -±1 ahn^ -j- 6* (2) 

and y = TTix =fc Vahn^ — 6*. (3) 

The determination of these latter equations is left as an exercise for the 
student. 



874 


THE GENERAL EQUATION OF THE SECOND DEGREE 


[Ch.9 


EXERCISES 24 

1 . Find the equation of the line whose slope is 2 and which is tangent to 
the parabola — Sx, 

2. Derive a formula for the tangent to the parabola = 4py in terms of 
its slope m. 

3. Use the formula derived in Exercise 2 to find the equation of the line 
tangent to x^ = Qy and having the slope 2. 

4 . Find the equations of the lines through the point (2, 6) and tangent to 
the parabola y^ = Sx. 

Hint: Use the equation of the tangent to the parabola in terms of slope, 
and determine the slope so that the line will pass through the point (2, 6). 

5. Find the coordinates of the points of tangency for the tangents deter- 
mined in Exercise 3. 

6. Write the equations of the lines tangent to the ellipse + 25y^ = 400, 
and which have the slope 

7. Find the equations of the lines tangent to the ellipse x^/25 + y^/9 — 1 
and which pass through the point (4, 5). 

8. Find the equations of the lines tangent to the hyperbola x^/SS — 1 

which have the slope 2. 

9. Find the equation of a line tangent to xy — k and having the slope m. 

10 . Find the equations of the lines through the point (—1, 5) and tangent 
to the curve xy = 10. 

11 . Find the equations of the lines that are tangent to the hyperbola 

— 4y^ = 36 and parallel to the line 4a; -f Gy = 15. 

12 . Find the equations of the lines that are tangent to the circle 
a;* 4- J/* — 6a; = 0 and perpendicular to the line 2a; + St/ = 5. 

13 . Show that the circle tangent to the x axis and to each of the circles 

a;* — 2a; 4- 2 /* — 4- 1 = 0 and a;^ 4- 2a; 4- 2 /* + 2y 4- 1 - 0 has the radius 
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40. THE PROBLEM OF CURVE FIHING 

The experimenter collects data indicating how certain variables appear 
to be related. Thus, in the case of two variables, if one variable is taken as 
X and another as 2 /, a set of experiments merely provides a table of pairs of 
related values of x and y. Of course, these pairs of corresponding values 
may be displayed relative to a coordinate system, thereby portraying to 
better advantage any trends which may be present. 

Collections of data in tabular form are usually inconvenient to handle, 
especially if a mathematical analysis of the data is desired. So, it is 
common “to fit a formula to the data,'’ or, to state it in equivalent fashion, 
“to fit a curve to the points representing the data.’’ The human element is 
very strong in this latter process, for it is first necessary for the mathe- 
matical scientist to select a general type of curve that possesses the same 
general behavior as the trend indicated by the points. There is no unique 
curve to be found, and the ultimate choice will involve, to a certain extent, 
the scientist's prejudices. 

After the type of curve has been selected, it is necessary to determine 
the arbitrary constants in the equation of the curve so that the curve 
follows the points in an acceptable manner. For large collections of data 
it is usually impossible to determine values for the constants that will 
permit the curve to pass through all the points. Thus, we speak of 
obtaining the curve that best fits the points or data; of course, a definition 
must be given of the word “best." 

41. TYPES OF EQUATIONS COMMONLY USED IN CURVE FIHING 

The following types of equations are frequently considered in fitting a 
curve to experimental data: 


(a) 

y = A + Bx. 

id) 

A + Bx 

C + Dx' 

(b) 

y = A Bx + Cx^, 

ie) 

y = A5*, B > 0, 

(c) 

y = A+|. 

if) 

y = Ax^. 


375 
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Eqiiation (a) is the equation of a straight line with slope B and y 
intercept A. 

Equation (6) is the equation of a parabola with its axis parallel to the 
y axis. 

Equation (c) is the equation of a hyperbola with asymptotes y ^ A 
and X » 0. 

Equation (d) is the equation of a hyperbola with asymptotes 
X * —CID and y * B/D, 

Equation (e) provides an exponential curve. If B — e**, where e is the 
base of the natural logarithm system, then the equation may be written 
y = Ae". Written this way, the formula is known as the compound- 
interest law. The graph ofy = AB* takes one of the forms represented in 
Figure 51. 

Equation (/) is called the power law. If n = 1, then we have y = Ax, 
and the graph of the function is a straight line. If n = — 1, we have a 



Fig. 51 


special case of the type (c). If n = 2, we have a special case of the curve 
of type (6). If n > 2, and if n is an even integer, we have curves somewhat 



Fig. 52 Fig. 53 

similar to the parabolic t3rpe obtained when n = 2, but rising more and 
more rapidly with larger values of n. If n = 3, we have the cubical 
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parabola displayed in Figure 52 if A > 0, and that of Figure 63 if A < 0. 
If n > 3, and if n is an odd integer, we obtain curves somewhat similar to 
those in Figures 52 and 53. 

If in type (/) n is a rational fraction, that is, in the form p/g, we may 
have q odd or even. If q is odd, there is no ambiguity since will have 
only one real value for each value of x. But, if q is even, equals 
Frequently, however, we restrict our consideration to the 
function If n is irrational, we shall, by definition, restrict our 

consideration to the function +V^, where p/q is a rational approxima- 
tion to n, and limit ourselves to positive values of x. 

Thus, the graph y = Sx^^ is approximately that of p = 3x^"*, or 
perhaps y = and the approximate graph is given in Figure 54. 

In obtaining points on such a curve, the values of y are calculated by the 
use of logarithms. 



X 

y 

0 

0 

0.2 

0.32 

0.5 

1.13 

1.0 

3 

2.0 

7.99 

3.0 


4.0 

21.30 


EXERCISES 25 

1. Draw the graph of y = A + Bx -KCx*, for each set of values of A, B, 
and C given below: 

(а) A = 1, B = 2, C = 3 (6) A = 1, 5 = 2, C = -3 

(c) A = 0, B = 2, C = 3 (d) A = 0, B = 0, C = -3 

(б) A = 5, B = 2, C = 0.3 (/) A = 5, B = 2, C = 0.03 

(ff) A = 5, B - 2, C = 0.003 

2. Draw the graph of y = A + B/x for the following values of A and B; 

(a) A = 2, B = 3 (6) A = -2, B = 3 

(c) A = -2, B = -3 (d) A = 2, B - -3 

(e) A = 0, B « 3 

3. Draw the graph of y = (A + Bx)/(C 4- Dx) for the following values of 
A, B, C, and D, Also draw the asymptotes in each case. 

(а) A = 2, B = -3, C = 3, D = 5 

(б) A = -7, B « 5, C « 2, D = 7 

(c) A = 3, B = -16, C - -4, D = 6 


378 


CURVE FITTING 


[Ch. 10 


4. Draw the graph of y = AB* for the following values of A and Bi 

(a) A = 2, B = 10 (6) A = 2, B 

(c) A - 2, J5 = 1 

(d) What is the graphical significance of the constant A in the equation 
y = AB*? 

(e) If A is negative, what effect will it have on the graph? 

(/) Draw the graph for A = —3 and B = 5. • 

5. Let A = 1 in the equation y = Ax”, and draw the graph of this function 
for each of the following values of n: 0, 1, 2, 3, 4, —1, —2, —3, —4. Draw all 
these curves on the same set of axes, and note the graphical significance as n 
increases or decreases. Draw a similar set of curves for A = 2. What is the 
graphical significance of the constant A? 

6. Draw the graph of y = Ax" for each of the following values of A and n : 

(a) A = 2, n = i (6) A = 2, n = f 

(c) A = 3, n = f (d) A = 3, n = 3. 

7. (a) Rewrite the function y = (2.3)* in the form y = 10*'* 

Hint: By the use of a table of common logarithms, write 2.3 in the form 10^ 
(6) Draw the curve representing the function of part (a). Do you see 
any advantage in using the second form of the function? 

8 . Rewrite the function y = (3.6)* in the form y = c" Do you see any 
advantage in using the second form of the function? 

9. Compare the graphs of the curves, y = 10* and y = log x, where it is 
understood that the logarithm is in the common system. 

10. Write the function, x = log y — 2, in the form y = A • 10*. 

42. EQUATIONS OF GRAPHS THROUGH GIVEN POINTS 

In Chapter IV we derived a formula for finding the equation of a 
straight line through two points. It is often more convenient to use the 
method illustrated by the following example. 

Illustration 1 : Let us find the equation of a straight line through the 
points (2, 3) and (5, —1). 

Assume that the straight line given by the equation y = A + Bx 
passes through these two points. Then the coordinates of each of the 
points must satisfy the equation, and we have, by substituting the co- 
ordinates, 

3 = A + 2R (1) 

and ~1 = A + 5R. (2) 

After solving these equations for A and R, we obtain 

A = ^ and B ^ 

3 3 

When these values are substituted in the equation y = A + Bx and the 
result simplified, we have 4x + 3y =! 17, which is the required equation. 

Illustration 2: The same method may be used to find the equations of 
other types of curves through two points. For example, find the equation 
of a curve of type y ^ A + Bjx through the two points (2, 3) and (5, — 1). 
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After substituting, we have 



3 = A +|. 

(1) 

and 

-1 = ^ + 

5 

(2) 


The solution of this system for A and B yields B = — and A = 

d 

Hence, the required equation is 


11 , 40 


n 

3 ’ 


In general, this method may be used to find the equation of any curve 
through two or more points if the number of given points is equal to the 
number of arbitrary constants in the standard equation of the curve. 
Thus, to find the equation of a curve of the type, 

y = A + Bx + 

we must have three points given. If the number of points is less than 
the number of arbitrary constants in the formula assumed, an unlimited 
number of such functions may be obtained. 

Illustration 3 : Find a curve of the form y = A + + Cx^ passing 

through the points (1, 3) and (2, 7). 

We have, then, 

3 = A + 5 + C (1) 

and 7 = A + 2B + 4C. (2) 

These two equations are not sufficient to determine A, B, and C. 
However, we may eliminate C from these two equations as follows: 

12 = 4A + 45 + 4C, (1) 

7 == A + 25 + 4(7. (2) 

Therefore, 

6 = 3A + 25, 


or 


5 = 


5 - 3A 
2 


In a similar manner we may eliminate 5 from (1) and (2) as follows; 

6 = 2A + 25 + 2C (1) 

and 7 = A + 25 + 4C. (2) 

Therefore, 


-1 = A - 2C, 
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or 


C = 


A + 1 
2 


Hence, the original equation may be written 


y ^ A + 




We may now assign any value to A except A = — 1, and thus, through 
the given points, an unlimited number of such parabolas may be deter- 
mined. 

Illustration 4: On the other hand, let the given points be (0, 0), (1, 1), 
and (1, 7), apparently a sufficient number of points to determine A, J5, 
and C of the formula 


y = A + Bx + Cx^. 


We now have 


0=> A, 

(1) 

l^B + C, 

(2) 

7 = B + C. 

(3) 


Equations (2) and (3) are inconsistent. Hence, we cannot determine 
a curve of the required form through the given points. Thus, we see that 
it is not always possible to find the equation of a given type through points 
chosen at random. Further illustrations will be found in some of the 
problems of the following exercises. 


EXERCISES 26 


By use of the method explained in the previous section, find the equations 
of the following curves; 


1 . Find the equation of a straight line through the points ( — 1, 3) and 
(2, -7). 

2. Find the equation of a curve of the type y = A + B/x through the two 
points in Exercise 1. Draw the graph. 

3. Find the equation of a curve of the type y * AB* through the points 
(-1, 10) and (3, 160). 

4 . Find the equation of a curve of the type y =* Ax^ through the points 
(1, 5) and (2, 20). Draw the graph. 

5. Find the equation of a curve of the type y = A -f 4- Cx^ through 
the points (1, 0), (0, 0), and (3, 6). Draw the graph. 


6. Attempt to find the equation of a curve of type y 
the points (1, 2), (1, 0), and (1, 5). 


B C 

A + - -f -r through 

X X 
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7. Given the points (1, 3) and (3, 0). Determine which of the following 
types of curves may be made to pass through these points, and find the equation of 
each type that is possible. 

(a) y ^ A + Bx B 

(c) 2 / = (6) y = A + - 

(c) y = A ^ Bx + Cx» (d) y = Ax” 


8. Given the points (0, 3) and (1, 2). Can you find an equation of the 
type 2 / = A + B/x through them? Explain. Can you find an equation of the 
type y = Ax^ through them? Explain. 

9. Find the equation of a curve of the type y = AB^ through the points 
(—2, 10) and (|, 1). Draw the curve. 

10. Find the equation of a curve of the type y = A -{■ Bx Cx^ through the 
points (“1, —7), (1, 3), and (6, 0). Draw the curve. 


43. EXPERIMENTAL DATA ON A LINE 


We shall now consider problems in which the points representing the 
experimental data are exactly on a straight line or approximately on a 
straight line. 

If we graph the following data obtained in measuring the amount of 
heat h of a pound of steam at various temperatures the graph of the 
data indicates that the points lie exactly on a straight line (note Figure 55). 
The fact that these points are all on the same straight line is quickly 
confirmed by noting that if (0i, hi), (O 2 , h^), {Bz, hz) denote any three points 
on the curve; it is always true that 


hz — h2 


Bz — B2 


hz — hi ^ 


Bz — Bi 


h 

624.8 

626.3 

627.8 

629.3 


632.3 

633.8 

636.8 

639.8 

B 

60 

65 

70 

75 


85 

90 

100 

110 



In order to find the proper linear relation between h and 6, we employ 
the formula {!) h ^ A + BB and determine A and B from any two equa- 
tions obtained by substituting corresponding values of h and 6 from the 
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given table. Thus, we might take 

629.3 = A +75B (2) 

and 636.8 = A + lOOB. (3) 

After solving these equations for A and B, we have A = 606.8 and 
B = 0.3. Hence, the required linear relation between h and d is 
h = 606.8 + 0.36. 

Obviously this process is merely one of the methods of finding the 
equation of a straight line through two given points, a familiar problem. 

In the above data all the points were exactly on a straight line. How- 
ever, this may not always be the case, although the graphed data may 
indicate that the trend is essentially that of a straight line. In such a case 
it is evidently desirable to determine the equation of a straight line that 
will be approximately representative of the observed data. 

If we plot the points corresponding to the pairs of values of x and y 
given in the following table, we find that they lie approximately on a 
straight line. To obtain an equation of a straight line that they will 
satisfy approximately, we may use a transparent straightedge and by 
trial draw a straight line that will appear to divide the points into two 
groups, so that half of them will be on each side of the line, as shown in 
Figure 56. Then, if we observe the coordinates of two points on the line, 
we can find the desired equation. 


X 

D 

B 

1.0 

1.6 

M 

2.5 

3.0 

3.2 

3.8 

4.5 

5.5 

y 

.4 

.8 

1.0 



2.7 

3.3 


4.2 

4.5 




Prom the figure we note that the points (0.2, 0) and (5.5, 6) appear 
to be on the line. After substituting these values in the equation 
y ^ A + Bx, we have 


and 


0 = A + 0.2B 
6 = A + 5.5J5. 


( 1 ) 

( 2 ) 
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The solution of this system yields A = —0.23, B = 1.13; so the required 
equation is 

y = -0.23 + 1.13aj. (3) 

It is of interest to note how the observed data compares with the 
calculated data obtained from the resulting equation. These values are 
obtained by substituting the original values of x in Equation (3) and 
solving for y. The values are called yc in the accompanying table; yc y 
has also been calculated. If we add the negative values of i/c — t/, we get 
— 1.30, and the sum of the positive values gives 0.95, showing a numerical 
difference of only 0.35. This indicates that for many purposes the line is 
^‘sufficiently’’ representative of the given data. 


X 

Vr. 

Vc-y 

0.7 

0.56 

0.16 

0.7 

0.56 

-0.24 

1.0 

0.90 

-0.10 

1.6 

1.58 

0.08 

2.0 

2.03 

-0.47 

2.5 

2.60 

-0.10 

3.0 

3.16 

-0.14 

3.2 

3.39 

0.39 

3.8 

4.06 

-0.14 

4.5 

4.82 

0.32 

5.5 

5.89 

-0.11 


The method just given of “fitting a straight line” to the given data 
depends too much on whim to be satisfying to most scientists. Of course. 



any interpretation of “the line that best fits the data” must be arbitrary, 
but the line determined by the method of least squares is commonly 
accepted as furnishing quite a satisfactory solution to the problem. The 
theory underlying the method of least squares is too advanced to be treated 
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here. SufiBce it to say, however, that a line so determined is such that the 
sum of the squares of the vertical discrepancies dt, dt, d», and so on, be- 
tween the given points and the proposed line, as indicated in Figure 57, 
must be a minimum. 

The actual mechanical method of applying the principle of least squares 
in the case of a straight line will be explained by considering the particular 
data already treated above. 

If corresponding values of x and y are substituted into the equation 
y = A + Bx, we obtain the following set of eleven equations: 

A + 0.7B = 0.4, 

A + 0.7B = 0.8, 

A + 1.0J5 = 1.0, 

A + 1.6B = 1.5, 

A + 2.0B = 2.5, 

A + 2.5B = 2.7, 

A + 3.0B = 3.3, 

A + 3.2B = 3.0, 

A + 3.8B = 4.2, 

A + 4.5B = 4.5, 

A + 5.5B = 6.0. 


The first normal equation is obtained by multiplying each equation by 
its respective coefficient of A and then adding all the left members and all 
the right members. Since the coefficient of A is 1 in each case, the first 
normal equation is merely the sum of the eleven equations; the result is 

llA + 28.5B = 29.9. (1) 

The second normal equation is obtained in the same manner after 
first multiplying each member of each equation by its respective coefficient 
of B. We obtain 


0.7A + 
0.7A + 
1.0A + 
1.6A + 
2.0A + 
2.5A + 
3.0A + 
3.2A + 
3.8A + 
4.5A + 
5.5A + 


0.49B 

0.49B 

1.0B 

2MB 

4.0B 

6.25B 

9.0B 

10.24B 

14.44B 

20.25B 

30.25B 


0.28 

0.56 

1.0 

2.4 

5.0 

6.75 

9.9 

9.6 

15.96 

20.25 

33.0 


28.5A + 98.97B = 104.70. 


( 2 ) 
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The solution of the system of Equations (1) and (2) yields the desired 
values of A and B that are to be substituted into the equation y « A + Bz. 
The equation finally determined is 

y « —0.8 + 1.08a;. 

It is observed that this line approximates quite closely the one obtained by 
the rough method. 


EXERCISES 27 

Obtain a linear relationship satisfying the data, at least approximately, in 
each of the following exercises by both the first and the second method; 

1. S is the weight of sodium nitrate dissolved in 100 gm of water at temper- 
ature fC. Find a law for iS as a linear function of L 




72.9 

80.2 

87.5 

94.7 



0 

10 

20 

30 


2. S is the specific heat of mercury at temperature t°C, Find a law for S 
as a linear function of t. 


t 

75 

88 

100 

120 

130 

S 



0.03235 

0.03216 

0.03207 


3. P is the pull required to lift a weight W by means of a differential pulley 
block. Find a law for P as a linear function of W. 



145 

230 

273 

315 

358 

400 



30 

35 

40 

45 

50 


4. The theoretical horsepower-hours per acre-foot of storage area of water 
for different heads is given by the following table. H is the head in feet and E 
is the energy in horsepower-hours. Find a law for P as a linear function of //. 


H 

5 

!■ 



1^ 





m 

6.88 










6. The horsepower required by standard boring mills using one cutting tool 
of water-hardened steel at a cutting speed of about 20 fpm is found by experiment 
to be about as given in the following table. P is the horsepower required and 
R is the swing of the mill in inches. Find a law for P as a linear function of R, 


B 

5 

7.4 

9.7 

12 

14.4 

18.7 

m 

30 

40 

50 

60 

70 

80 
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6. In measuring the elongation E of & spring due to different forces F applied 
to it, the following observations were made in the laboratory. Find a law for E 
as a linear function of F, 


F 

100 

200 

300 

400 

500 

E 

0.7 

1.3 

2.0 

2.6 

3.2 


7. The following data show the relation between torque T and the armature 
current / in a shunt motor. Find a formula for T as a linear function of I. 



5.5 

12.5 

33.5 

42.5 

48.7 

61.0 

B 

3.15 

36.8 

126 

167 

194 

246 


44. FiniNG A PARABOLA TO EMPIRICAL DATA 

Much of the time a collection of points, obtained empirically, does not 
even suggest a straight line. Note the points in Figure 58, for example. 
Of course, even in such a case, it is possible to *^fit a straight line to the 
data,’^ but there would not be much correspondence between the linear 
function thus obtained and the data under consideration; in fact, the law 
would not have much value. It is much better to attempt to fit another 
type of curve to the data. The curves commonly employed were dis- 
cussed in the first part of this chapter. 

The parabola is used frequently in practice. In fact, the points of 
Figure 58 immediately suggest a parabola. The data for these points are 
given immediately above the figure. 


X 

0 

1 

2 

3 

4 

5 

y 

8 

CO 

2 

5 

12 

23 


30- 

25- 

Y 


20- 

■ 

' 

15 

- 


10* 


# 

5- 

• 

• 

T 1 I 1 1 1 

0 

i 

2 3 4 5 6 7 

Fio. 68 


Three points are sufficient to determine the constants in the equation 
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of the parabola when it is in the form y ^ A + Bx + Cx^. If the six 
given points determine a perfect parabola, the remaining three points will 
satisfy the equation thus determined. Usually a given set of points does 
not determine a perfect parabola, and such a method as that of least 
squares must be employed. This time, however, let us see what parabola 
in the form y ^ A + Bx + Cx^ is determined by three of the points. 

The coordinates of any three points given in the table may be substi- 
tuted in the equation y = A + Bx + Cx\ and A, B, and C may then be 
determined. 


Thus, 


for X 

= 0, 

y = 8, 

we have 

8 

= A; 


(1) 

for X 

= 3, 

J/ = 5, 

we have 

5 

CO 

+ 

II 

+ 9C; 

(2) 

for X 

= 6, 

2/ = 23, 

we have 

23 

+ 

11 

+ 25C. 

(3) 

Since A 

= 8, Equations 

(2) and (3) may 

be 

written 






SB + 9C = -3 




(4) 

and 



5B + 25C = 15. 




(5) 


The solution of this system yields C = 2 and = — 7. 

Hence, the equation of the parabola through these three points is 
2/ 8 — 7x + 2x2. 

When we test the other three values in the table, we find that they also 
satisfy the equation. Thus, all six points were exactly on a parabola of 
the desired form. 

When we change the data only slightly as in the following table, the 
trend still suggests a parabola, but no equation of the form 
y = A + Bx + Cx^ can be found which the coordinates of all the points 
will satisfy. Thus, we shall apply thew method of least squares to obtain 
the parabola of ‘hest fit.^^ 


X 

0.5 

1 

WSB 

WSB 

4 

5 

y 

6 

3 



' 12 

23 


First, as in our previous study of least squares, we substitute each pair 
of coordinates in the assumed equation of the form A + Bx + Cx^ = y. 
We obtain the following set of six equations: 

A + 0.5B + 0.25C = 6, 

A + B+ C = 3, 

A + 2B+ 4e = 2.6, 

A + SB + 9C = 4.5, 

A+ 4B -h 16C = 12, 

A -h 5B + 25C - 23. 
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Ab before, the first normal equation is found by multiplying the members 
of each equation by the coefficient of A and adding the resulting equations; 
the second normal equation is found by multiplying the members of each 
equation by the coefficient of B and adding the resulting equations; and 
the third normal equation is found by multiplying the members of each 
equation by the coefficient of C and adding the resulting equations. The 
three normal equations, thus obtained, form a system in A, £, and C. 
After solving for these three unknowns, the desired equation y ^ A + Bz 
+ Cz* is determined. It is suggested that the student complete the illus- 
tration as an exercise. 


EXERCISES 28 

1. Fit a parabola of the form y = A + Bo; + Cx* to the data (0, 3), (2, —1), 
(4,2). 

2 . Determine the constants in the equation y « A + Bx + Cx^ so that the 
coordinates of the following points will satisfy it: (1, 2.2), (3, 6.7), (5, 4.3). 

3. Fit a curve of the form y « A + Ba: -f Cx^ to the following data: (—1, 0), 
(0, 1), (1, 6), (2, 15), (3, 28). 

4L Find the parabola y = A + Bx + Cx* that fits the following data the 
best: (1,0), (2,2), (3,2), (4, -1). 

6. By the method of least squares, fit a curve of the form y « A 4* Bx 4* Cx* 
to the coordinates: (—1, 2), (1, 1), (3, 1), (5, 3), (6, 5). 

6. The following data were taken from a test on a 500-kw Curtis steam 
turbine: 


Average load, kw 

Approx, load 

Steam used per hour, 
lb per kw 

125.87 

0.252 

25.0 

250.06 

0.500 

22.4 

393.8 

0.785 

20.9 

511.7 

1.023 

20.5 

613.5 

1.227 

20.9 


The values in the second column of the above table were found by dividing 
each of the values in the first column by 500. Find the equation of a parabola 
that will be satisfied approximately by these data, using values in the second 
column as values of x and number of pounds of steam used per kilowatt as 
values of y. 

7. The following data Were taken from a test made on a 500-hp Bateau 
turbine: 


Electrical hp 
at brushes 

Approx, load 

Steam consumption, lb per 
electrical hp>hr at brushes 

135 

0.27 

21.3 

259 

0.62 

18.0 

525 

1.06 

15.8 

627 

1.26 

15.39 
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Using the approximate loads as values of x and the steam consumption as 
values of y, find the equation of a parabolic curve that will express approxi- 
mately the relation between x and y. 

45. FITTING A CURVE OF THE FORM y-A +-• 

For a set of values (xi, yi), (xt, yi), • • • , (x., y.) to satisfy an equation 
of the form 

y .M A + -> 

X 

the points determined by the set of coordinates (ui, yi), • • • , (ten, Vn), 
where u,- « I/*,-, t « 1, 2, • • • , n, should be on a straight line, for the 
substitution of u for l/x results in the linear equation 

y ^ A + Bu. 

Hence, if the graph of (ui, yi), • • • , (ttn, yn), where ■» l/x,-, i =» 1, 
2, • • * , n, is practically linear, we may find the equation of the straight line 
that best fits the data involving u and y by either of the methods previously 
discussed and thus have an equation of the form y « A + JBu, where 
A and B are now determined. After substituting l/x for u, we have the 
desired equation 

y « A + ~ 

X 


in terms of x and y. 

lUv^tration: Fit some convenient curve to the following data: 


X 



1 

2 

3 

4 

5 

y 

5 

4 

3 

2.6 

2.33 

2.25 

2.20 



When these coordinates are graphed, they have the trend indicated by 
the curve of Figure 59. The curve of Figure 59 resembles a h 3 rperbola. 
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Let us, then, adjust the given data as shown in the following table: 


tl * 1/x 

3 

2 

1 

i 

i 

i 

i 

y 

5 

4 

3 

2.5 

2.33 

2.25 

2.20 



Evidently these points lie exactly on a 
straight line, as shown in Figure 60; this 
fact is readily confirmed. Hence, we 
have by substituting, for example, w = 2, 
2 / = 4, and u = \,y = 2.25 in the equa- 
tion y = A + Buy the system of equations 

4 = A + 2B 
2.25 = A + -• . 


Fig. 60 


The solution of this system yields A = 2, 
B = 1, and we have the linear relation 


2/ = 2 + M. 


Hence, the required function y = 2 + - is satisfied by all the given data. 

X 

If the (w, y) coordinates had been located only approximately upon a 
straight line, but if a linear relation between them seems to provide a 
generally satisfactory law, the equation y = A + Bu may be obtained by 
the method of selected points or that of least squares. 


EXERCISES 29 

1. Determine a curve of the form y = A + B/x that passes through the 
points (2, 3) and (5, 8). 

2. What hyperbola of the form y = A 4- B/a; passes through the points 
(-1, ^1), (1, 5), and (3,1)? 

3. Fit some convenient curve to the points (1, 1), (2, —1), (4, —2), (8, —2.5). 

4. Fit a curve to the points (1, 8.8), (3, 5.1), (6. 3.9), (8, 3.8), (10, 3.6). 

6. Determine y as a function of x that appears to be compatible with the 
following data: 


x 

Bi 

3 

5 

10 

15 

20 

30 

y 


mm 

msm 

1.0 

0.8 

0.6 

0.5 


6. A relation between x and y is indicated by the following pairs of values. 
Find an appropriate formula. 


X 

1 

6 

10 

20 

30 

y 

73.7 

62.7 

61.4 

60.7 

60.4 
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7. The following data were obtained experimentally by measuring the rela^ 
tion between the voltage v and current i in a circuit containing a copper carbbn 
arc of 1 mm length in an illuminating-gas atmosphere with a magnetic field. 
Find the formula for t; as a function of i. 


V, volts 

49.0 

39.8 


22.0 



16.3 

iy amperes 

1.3 

1.6 


2.65 

3.0 

4.0 

5.0 


46. FiniNG A CURVE OF THE FORM y ^ A- B^,B>0 

For a set of values {xi, 2 / 1 ), • • * , {x^ Vn) to satisfy an equation of the 
form 

y = A* B >0, 

the graph determined by (xi, Vi), — , (Xn, Vn), where Vi = log i/*, e = 1, 
2, 3, • • • , n, should be linear. This follows from the fact that 

log y = log A + (log B)x. 

So, if log y is denoted by v, and if the constant log A is designated by Ai 
and log B by Bi, we have the linear function v = Ay + Byx. 

As a result, if the graph of (xi, Vi), • • • , (xn, Vn), where Vi = log i/,*, 
i = 1, 2, • • • , n, is practically linear, we may find the best line for the 
relation between x and v, by either of the methods already discussed and 
then have an equation of the form 

V = Ay + ByX, 

Since Ay = log A and By = log By A and B may now be determined, 
and we have a satisfactory equation of the form 

y ^ A- B^y 5 > 0, 


for the relation between x and y. 

Illustration: Find the functional relation between x and y for the 
following data: 


X 

0 

1 

2 

3 

4 

5 

6 

y 

3 

6 

12 

24 

48 

96 

192 


The graph sketched through the points determined by the data is 
displayed iii Figure 61, and it shows some resemblance to the exponential 
function 2 / = A • E®, where B > 1. 

To examine the situation more carefully, let us study the behavior of 
the points determined by the data that follows: 


X 

0 

1 

2 

3 

4 

5 

6 

V = logy 

0.477 




1.681 

1.982 

2.283 
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It is quickly confinned that these points lie on the straight line that appears 
m Figure 62. Hence, we have confirmed the fact that the function for the 
given data must be of the form y » A * B*. 



The equation v — Ai + BiX of the straight line in Figure 62 is found to 
be v « 0.477 + 0.301a;; that is, Ai = log A = 0.477 and Bi * log B 
- 0.301. 

Hence, B «= 2 and A = 3; so the required function is y * 3(2*). 

47. SEMILCXaARITHMIC PAPER 

In testing a function of the type 

y as A • B* 

to determine whether it is satisfied by the given data, the substitution 
V » log y requires the looking up of the logarithms corresponding to the 
values of y. Note the illustration of the previous section. In order to 
avoid the necessity of looking up logarithms and preparing the data of the 
second table, special paper for graphing has been devised (see Figure 63). 
This special paper, called semilogarithmic paper, is constructed by la3ring 
off on the horizontal scale the actual values of x and on the vertical scale 
the logarithms of the values of y. 

The paper of Figure 63 is divided into four cycles, all marked from 1 to 
10. We may choose any one of these I’s as any multiple of 10, and mark 
the other points accordingly. Thus, the first 1 may be called 0.1 ; and the 
next 1 will then be 1; the next 1 will be 10; and so on. In each cycle the 
number designations, such as 1, 2, 3, 4, really indicate the corresponding 
logarithms of these numbers on the vertical scale. In Figure 63 we have 
graphed the original data of the illustration in Section 46, and we have 
obtained a straight line, as expected. Thus, we have avoided the looking 
up of logarithms. 

Frcsn Figure 63 we may note that the y intercept equals the A of the 
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function A • B*. The value of B may then be found by substituting from 
the table a pair of corresponding values of z and y in the equation 
y ^ A> where A is now known. 



Of course, once it is known that the given data satisfy a function of the 
exponential form, A and B may be found by several methods. 

By substituting two pairs of corresponding values of x and y, such as 
{^h yi) and (x2, 1/2), in y = A • B‘, we obtain the system of equations 

2/1 = A . B*s ( 1 ) 

and y2 — A • B**. ( 2 ) 

The division of equals by equals yields 
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Hence^ 

— X2 

from which B is found. The value of A may then be found from either 
Equation (1) or (2) above. 

Quite often the points corresponding to (x, v) may not lie exactly on a 
straight line but sufficiently near a straight line for practical purposes. 
By the method of least squares or some other method, we may determine a 
line for this set of points and then find A and B as above. 

EXERCISES 30 

1. Determine a curve of the form y — A • that passes through the points 
(0, 3), (0.5, 6), (1.5, 24). 

2. If X denotes the number of a term of a certain geometric progression, and 
if 2 / is the value of that term, show that the pairs of values thus obtained satisfy 
a function of the type y = A' 

3. The number N of bacteria in a culture t hr after they were first counted 
is shown in the following table. Find a formula that will express approxi- 
mately the value of iV^ as a function of U 


t 

0 

1 

2 

3 

■1 

5 

6 

7 

N 

100 

165 

272 

450 

742 

1222 

2010 

3305 


4. The area A of a healing wound decreased in size, after t days, as shown in 
the following table. Find a formula that will express approximately the value 
of A as a function of t. 


t 

0 

2 

4 

6 

8 

10 

12 

A 

6.2 

4.8 

3.4 

2.6 

1.8 

1.3 

1.0 


6. The temperature T possessed by a cooling body after t min is shown in 
the following table. Find the formula for T in terms of U 


t 

0 

5 

10 

15 

20 

30 

40 

60 

ID 

18 

16.5 

15.3 

14.1 

13.2 

12.0 

10.5 

8 


6. To obtain core loss in an induction motor, the input (in watts) and the 
voltage are measured, and the core loss is computed from the results. The 
following table gives the results of such a test on a 1-hp 550-v three-phase motor. 
Determine the equation of the curve which gives approximately the relation 
between voltage v and watts w. 


V (volts) 

280 

360 

395 

495 

545 

595 

640 

710 

740 

w (watts) 

42 

60 

64 

97 

104 
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7. The production of petroleum in Argentina from 1919 to 1926 in thousands 
of barrels was as shown in the table. Find a formula that expresses the relation 
of number of barrels to years. 


Year 

1919 

1920 

1921 

1922 

1923 

1924 

1925 

1926 

Number of 
barrels, in 
thousands 

1331 

1651 

2036 

2866 

3400 

4639 

5997 

6500 


8. The following table gives the production of rayon products in the United 
States. Plot these data, and note that there was an increase each year from 
1912 to 1916 and also from 1918 to 1926. Find an approximate formula for 
the amount P, in terms of t (years), for each of these periods. 


Year 

Pounds 

Year 

Pounds 

1912 

1,100,000 

1920 

10,250,000 

1913 

1,560,000 

1921 

15,000,000 

1914 

2,400,000 

1922 

23,500,000 

1915 

4,100,000 

1923 

35,400,000 

1916 

5,750,000 

1924 

37,719,600 

1917 

6,700,000 

1925 

51,792,000 

1918 

1919 

5.800.000 

8.180.000 

1926 

65,750,000 


48. FiniNG A CURVE OF THE FORM y » Ax" 

For a set of values (xi, 2 / 1 ), • • • , (x*, yk) to satisfy an equation of the 
form 

y = Ax% 


the graph determined by (wi, vi), • • • , {uk, Vk), where Ui = log x,-, i = 1, 
2, • • • , /b, and Vi = log t = 1, 2, • • • , A;, should be linear. This follows 
from the fact that 

log y = log A + n log x. 

So, if the constant log A is designated by Ai and log y is replaced by 9 
and log X by u, we have the linear equation 

y = Ai + nu. 

If the graph of (wi, Vi), • • • , (w*, i;*), where Ui = log x*-, z = 1, 2, • • • , 
kj and Vi = log yi, i — 1, 2, • • • , k, is practically linear, we may find the 
best line for the relation between u and y, by either of the methods previ- 
ously discussed, thereby obtaining an equation of the form 

V = Ai + nu. 


It is then a simple step to obtain the desired function 

y = Ax". 
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Ittustratum: Fviwiinft the possibility of fitting an equation of the fonn 
y « Ax% to the following data: 


X 


40 

60 

80 

100 

y 

28.69 

87 

166.6 

263.7 

376.6 


Recalling the relations 

logy«t;, and logx^Uf 
we obtain the following table of values: 


u 

1.301 

1.602 

1.778 

1.903 

2 

V 

1.468 

1.939 

2.222 

2.421 

2.676 


The points corresponding to this table of values are essentially on a line, 
as shown in Figure 64. 



An equation for the straight line in Figure 64 is determined to be 
i; = -0.623 + 1.6ti. 

So, in the equation y «= Ax% n, which is the coefficient of u, is 1.6. More- 
over, 

Ax « log A « -0.623, or 0.377 - 1. 

Hence, A = 0.238. 

Consequently, the required function is 

y » 0.238«i-®. 

49. LOGARITHMIC PAPER 

In attempting to fit the function y » Ax*^ to the given data, the 
substitution u ^\ogx and t; » log y required the looking up of two sets of 
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logarithms corresponding to the values of x and y. In order to avoid the 
necessity of looking up these logarithms and preparing the data of the 
second table, another kind of special paper has been devised, called 
logari&mic paper. In this paper, on both the horizontal and vertical 
scales, the logarithms of x and y are measured and designated as on the 
vertical scale of the semilogarithmic paper. The name ^^semilogarithmic” 



i«fer8 to the fact that only one scale is logarithmic, whereas in this second 
typo of paper both scales are logarithmic. The graph of the original data 
of the illustration in 48 is shown on logarithmic paper in Figure 68 
It is a strai^t line, as one would anticipate. 
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By substituting from the first table in Section 48, two pairs of corre- 
sponding values of x and yiny — Ax^, A and n may be found. 

Thus, after substituting (20, 28.69) and (60, 166.6), we have 

28.69 == A(20y (1) 

and 166.6 = A(60)«. (2) 

By dividing the members of Equation (2) by the corresponding mem- 
bers of Equation (1), we have 

166.6 ^ W ^ 

28.69 (20)» ^ ^ ‘ 

Consequently, after taking the logarithm of each member, there results 

log 166.6 — log 28.69 = n log 3, 

log 166.6 - log 28.69 

n = ; — 

log 3 

The completion of the computation is left as an exercise. 

The value of A may be found by substituting this value of n in either 
Equation (1) or (2). 


EXERCISES 31 

1. The distances of the planets from the sun and their periods of revolu- 
tion are given below. Determine a formula for T as a function of D. (Note: 
the distance from the earth to the sun is taken as the unit of distance.) 



Mercury 

Venus 

Earth 

Mars 

Jupiter 

Saturn 

Uranus 

Neptune 

D (distance) 


0.723 

1.00 

1.52 


9.54 

19.2 


T (years) 

0.24 

0.615 


1.88 

11.9 


84 

165 


2. The following data show the relation between the voltage v and the 
alternating current i flowing across a copper-carbon arc in air. Find the formula 
for t; as a function of i. 


V 

36 

32.5 

30 

28 



20.1 

19.2 

i 

1.2 

1.4 

2.0 

2.5 




9.5 


3. The following data were obtained under the same conditions as in Exer- 
cise 2, except that a shorter arc was used. Find the formula for t; as a function 
of i. 


V 

46 

40.8 

37 

32.8 

30 

26.8 

23.2 

i 

1.1 

1.55 

2.05 

3.0 

4.05 

6.0 

9.0 
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4. In a test to determine the impedance of a 1-hp 650-v three-phase motor, 
the following values of watts input and volts between terminals were observed. 
Find a formula expressing ti; as a function of v. 


w 

50 

120 

300 

550 

1150 

1360 

1860 

V 

60 

98 

150 

200 

290 

320 

370 


50. FiniNG A CURVE OF THE TYPE y = A ^ Bx Cx^ 

For a set of values (xi, ^i), (x 2 , t/ 2 ), • • • , (Xn, Vn) to satisfy an equation 
of the form 

y = A + Bx + Cx^y 

the graph satisfied by (wi, t;i), • • • , (wn, i^n), where 

Ui = Xi + x', Vi = — > i = 1,2,3, ,n, 

X% X 

and {x\ y^) is a point on the curve y = A + Bx + Cx^y should be linear. 
This follows from the fact that the substitution of u for x + x' and of v 

y — 

for 7 results in a linear equation in u and v. This is easily demon- 

X — X 

strated. If we take 

y = A + Bx + Cx^y 

then I/' = A + + dx^y 

since {x\ y') is on the curve. 

Hence, 

2/ - y' = 5(x - xO + Clx^ - (x')^l, 

or - — ~ = JB + C(x^+ x')- 

X — X 

Consequently, after making the substitutions already indicated for u and 
Vy we have t- 

V = B + Cu, 

If the graph of (wi, Vi), • • • , (wn, Vn) is approximately linear, we may 
find the equation of the best line in u and v. Then we know the desired 
values of B and C. Since (x', y') is on the curve, we may obtain A from 
the equation 

y'^A+Bx' + C(x')^ 

and hence all the constants are determined. There is, however, a lack of 
mathematical precision in this method, inasmuch as it requires an element 
of guesswork to determine (x', t/')* To determine a choice for (x', 2/')> 
it is advisable to graph the .given values, and draw a freehand curve that 
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fits the values more or less closely. Any point that lies on this curve and 
is within the range of the given values wiU be sufficiently accurate for the 
test. 


lUuatration: Fit a curve to the following data: 


X 

0 

0.6 

1.0 


2.0 

3.0 

3.5 

4 

y 

1 

1.7 

2.0 

m 

- 1.0 

- 8.0 

- 15.0 

- 19.0 


If the points of the tabulated data are graphed, they seem to lie on a 
curve of the form 

y ^ A + Bx + CxK 
A sketch appears as Figure 66. 

We first make our selection of the point (x\ y') and tabulate the data 
for u and v. Let us choose x' * 1 and y' « 2. We then construct the 
following table: 


X 

y 

ti — * x ' 

mm 

B 

* — x ' 

0 

1.0 

1.0 

- 1.0 

- 1.0 

1.0 

0.6 

1.7 

1.6 

- 0.3 

- 0.6 

0.6 

1.0 


2.0 

0 

0 


1.5 

1.4 

2.6 

- 0.6 

0.5 

- 1.2 

2.0 

- 1.0 

8.0 

- 3.0 

1.0 

- 8.0 

8.0 

- 8.0 

4.0 

- 10.0 

2.0 

- 6.0 

3.6 

- 16.0 

4.6 

- 17.0 

2.6 

- 6.8 

4.0 

- 19.0 

5.0 

- 21.0 

3.0 

- 7.0 




Fio . 66 Fio . 67 


The graph in ti and v ispiaetically linear, as diown in Figure 67, so the 
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graph in x and y may be expressed to a close degree of approximation by 
y ^ A + Bx + Cx\ From Figure 67 we note that the points (3, — 3) 
and (1.5, 0.4) are approximately on the line. Hence, after substituting 
these values in the equation v ^ B + Cu^ we obtain 

-3 * B + 3C 

and 0.4 = B + 1.5C, 


from which C = —2.3 and B = 3.9. 

To find A we substitute x* — \ and y* — 2 m the equation. 


thereby giving 
or 


y — A + Bx + Cx®, 

2 = A + 3.9(1) - 2.3(1)*, 
A = 0.4. 


Hence, the desired relation is 

y « 0.4 + 3.9x — 2.3x*. 

51. RTTING A CURVE OF THE TYPE y - 

For a set of values (a;i, t/i), (xj, yj), • • • , (x„, yn) to satisfy an equation 
of the form 

A + Bx 

y 


the graph satisfied by (vi, yi). 


V.- 


Vi - y 

Vi — x' 


C + Dx 
> (*'n, yn), where 

1,2,3,*. 


A. Bx 

and where (x', y') is a point on the curve y * - ; ^ » should be linear. 


The derivation of this fact is as follows*: 
The original equation 

A + Bx 


C + Dx 


y - 


C + Dx 


may be written 


or 


which becomes 


A^B 
D D 


A| + BjX 
“ Ci + x * 

Ciy + xy ^ At + Ba. 


( 1 ) 
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Then, if {x\ y') is a point on the curve, it follows that 

+ xy = Ai + Bix\ (2) 

After subtracting the members of (2) from the corresponding members of 
(1), we obtain the following equalities: 

Ciiy - 2/0 + xy - xy = Bi{x - a:'), 

Ci(y - 2/0 + ^y - y^' + y^' - = Bi{x - x'), 

^ 1 ( 2 / - 2/0 + 2/(iC “ icO + x'iy - 2/0 = Bi(x - xO, 




y — y' Bi-y 

X — x' Cl + x' 

(3) 

If we let 

1 

II 

and K = Cl 

(4) 


X — X' 


then 

Bi-y 
*’= A' 

or 2/ = ^1 

(5) 


which is linear in v and y. 

After determining the linear relation in v and 2 /, the coefficients Bi and 
K are known. Then Ci may be found from (4) and Ai from (2). These 
values substituted in (1) give the desired relation between x and y. 

Illustration: Let us find the functional relation between x and y for the 
following data: 


X 


1 

2 

3 

4 

5 

6 


4.00 

2.43 

1.56 

1.00 

0.62 


0.12 


The points representing these values have been located in Figure 68, 
and a curve indicating the trend of the data has been sketched. 


From the graph one might suppose 
the points to lie on a curve either 
of type y = AJ5* or of type y 

= -prTTTr' 

O ”y" JL/X 



semilogarithmic paper shows that 
the curve is not of type y == A.J5*. 
Hence, we shall try the test for y 
A + Bx 
" C + Dt 
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y ““ y 

Let V = ; • Assume the point (0, 4) as the point {x\ y'). Then 

a; — X 

calculate the values of the following table: 


X 

V 

X — x' 

y - y ' 

V 

0 

4.00 

0 

0 


1 

2.43 

1 

- 1.57 

- 1.67 

2 

1.56 

2 

- 2.44 

- 1.22 

3 

1.00 

3 

-3 

-1 

4 

0.62 

4 

- 3.38 

- 0.84 

5 

0.33 

5 

- 3.67 

- 0.73 

6 

0.12 

6 

- 3.88 

- 0.65 


Since the points of coordinates (y, y) are essentially on a straight 
line, as shown in Figure 69, the original points must lie on a curve of 


type y = 


A Bx 
C + Dx 


After substituting points (-“1.57, 2.43) and (—0.73, 0.33) in Equation 
(5), we have 


2.43 = + 1.57K 


and 


0.33 ^ Bi + 0.73jK:. 



The solution of this system yields K = 2.5 and Bi = —1.5. From 
Equation (4), 

Cl = 2.5 - 0 = 2.5, 

and from Equation (2), 

2.5(4) +(0)(4) = Ai-f(-1.5)(0). 

Therefore, Ai =» 10. Hence, by employing Equation (1), the required 
equation is 

10 - 1.5x 
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1. The temperature T of water as it cooled in a calorimeter was observed 
at frequent time intervals t, and the results were recorded in the following table: 


t 

0 

5 

10 

15 

20 

25 

30 

35 

40 

45 

T 

79 

68.4 

61.5 





43.5 

41.2 

39.6 


JL '4” St 

Show that these data satisfy approximately an equation of type T » y r T • 

O *+■ -Ur 

Find the equation that is consistent with the given data, obtaining the 
values of A, B, C, and D correct to three significant figures. 

2 . The densities d of cerous chloride solution at 25% in terms of molality m, 
are given in the following table: 


m 

0 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

d 

0.99707 

1.1079 





1.5726 

1.6506 


Find a formula for d in terms of m, obtaining values of the constants accurate 
to five significant figures. 


MISCELLANEOUS EXERCISES 33 

1. The following data show the relation of length L and the corresponding 
weight W of the trout in Bearcamp River: 


L, cm 





20.5 

21.6 

22.7 

W,gr 

10 

20 



80 

100 

120 


Find a formula expressing the weight as a function of the length for the trout 
in this river. 

2. In an experiment to . study the deflection d of the needle of a ballistic 
galvanometer caused by varying charges of electricity C through a capacitor, 
the following data were obtained: 


c,^ 

1.0 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

d, cm 

10.50 

9.51 

8.50 

7.50 

6.34 

5.34 

4.31 

3.22 

2.14 

1.06 


Find a formula for d in terms of C. 

8. The following table shows the horsepower H transmitted per inch of 
width of a double leather belt running at various speeds S: 


H 

QQ 

1.2 

1.75 

2.6 

2.8 

3.2 

3.4 

3.38 

3.15 

2.7 

2.4 

St f pm 

B 


1500 

2000 

2500 

3000 

3500 

4000 

4500 

5000 

5500 



Determine a formula for H as a function of S, 
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4 . The following table shows the relation between the unit cost of produc- 
tion of a certain manufactured article and the number of pieces per lot: 


C, cost per piece in dollars 

s 

i 

1.80 

1.40 

1.20 

1.13 

ns 

n, number of pieces manufactured 

D 

i 

5 

10 

20 

30 

50 


Find a formula for C in terms of n. 

6. Gas was allowed to expand adiabatically in a cylinder and the following 
corresponding values of pressure p and volume v were measured: 


P. lb 

1.10 

0.70 

0.46 

0.31 

0.21 

t;, cu ft 

0.47 

0.71 

1.10 

1.66 

2.29 


Find p as a function of v. 
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52. PARAMETRIC REPRESENTATION 

The coordinates x and 2 / of a point on a curve are often related through 
the medium of a third variable, or parameter, by expressing both x and y 
as functions of the parameter. If t is the parameter, and 


X = /(<) 

y = «#>(<) 


( 1 ) 


each choice of t within its permissible range gives a value of x and a value 
of y, it being assumed that the functions exist for some range of U The 
points (Xj y) determined in this manner constitute a curve, and Equations 
(1) are called the parametric equations of the curve. 

I Y Such parametric equations may arise 

in many ways. For example, the para- 
metric equations for the circle of radius 
a and center at (0, 0) may be found by 
yj reference to Figure 70 as follows: 

\ If we let the angle XOP be tj and 

choose t as our parameter, we have 



the two equations 


and 


X = a cost 
y — asm L 


( 2 ) 

(3) 


Fia. 70 


By giving t various values from 0 to 
2ir, we may find the corresponding values for x and y and thus graph the 
curve. 

In the case of the circle, it is not necessary, nor particularly desirable 
for most purposes, to use parametric representation. On the other hand, 
let us now derive the parametric equations of the curve traced by a point 
on the circumference of a circle that rolls upon a straight line. This curve 
is called a cydoid and is shown in Figure 71. 

Let the circle C roll upon the straight line OX. We wish to find the 
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parametric equations of the curve traced by the point P. Let a be the 
radius of the rolling circle, and assume that the circle has rolled from its 
position tangent to OX at 0 to the position tangent to OX at A, and that 



in so doing the point P has traced the arc of the cycloid OP. Then, arc 
AP = at, where t is measured in radians, but arc AP = OA = at. It 
follows that 

X = OD == OA — DA = at — BC = at — a cos {t — t/2). 


But, since cos (—a) = cos a, we have 

X = at — a cos (7r/2 — t)y 

or X = o< — a sin < = a{t — sin t). (4) 

Also y = DP = DB + BP = a + o sin (< — ir/2). 

But, since sin ( — a) = — sin a, we have 

2/ = a — a sin (7r/2 — t) 

or y = a — a cos t^ a(l — cos t), (6) 

Equations (4) and (5) are the required parametric equations for this 
curve, the cycloid. 

In this case it would have been quite inconvenient to derive the Car- 
tesian equation directly. Moreover, the properties of the curve are much 
easier to study by reference to its parametric representation. 

The actual mechanics of graphing a pair of parametric equations is 
illustrated by the following example. 

Illustration: Graph the parametric equations 

x^2t I 

In the following table the values of t are chosen arbitrarily, after which 
the corresponding values of x and y are determined. Of course, only the 
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X and y values are used in locating points on the curve, which is a straight 
line (note Figure 72). 


t 

-2 

-1 

0 

1 

2 

3 

4 

X 

-4 

-2 

0 

2 

B 

6 

8 

y 

B 

-4 

B 

2 

5 

8 

11 



Fig. 72 


53. ELIMINATION OF THE PARAMETER 

Frequently it is possible to eliminate the parameter from two parametric 
equations, thereby obtaining a single equation in x and y. For example, 
if we square each member of Equations (2) and (3), we have 

cos* t and = a* sin* t. 

After adding the right and left members, we obtain 

a;2 ^ 2 /* = a* (cos* t + sin* t) 

or X* + 2 /* = a*. 

This is the equation of a circle, as one would anticipate. 

We may eliminate the parameter t from Equations (4) and (6) as 
follows: From Equation (5) we have 

cos t = or t = cos"“^ > 


a 


a 
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After substituting the values for t and sin t in Equation (4), we have 
the Cartesian equation. 

( ,a — y V2ay - 

cos-1 )• 

a a / 

The student must not obtain the impression that the graph of a pair 
of parametric equations is necessarily identical with the graph of the equa- 
tion resulting after the elimination of the parameter. The graph of the 
equation in x and y^ after the parameter has been eliminated, will contain 
the graph of the parametric equations, but it may also contain additional 
points. This fact may be illustrated by considering the parametric 
equations 

X ^ smt 
y •= i — i cos 

Since cos » 1 — 2 sin’ t, the parameter is readily eliminated as follows: 
y « J } cos 2^ * i — }(1 — 2 sin* /) 

»= sin* t = «*. 

The graph of ~ x* is a parabola with its vertex at the origin; 
obviously, such points as (2, 4), (—2, 4), (3, 9), (—3, 9), and so on, are on 
the curve. In examining the original parametric equation, however, it 
is observed that x and y are narrowly restricted in magnitude; for instance, 
X » sin Ms restricted to the range — 1 g x ^ 1. In fact, the graph of 
the parametric equations is merely the portion of the parabola in the 
neighborhood of the origin from to (1, 1). The student should 

actually construct these graphs as an exercise. 

EXERCISES 34 

!• Draw the graphs of the following pairs of parametric equations: 

(a) X “ 2<, y ■* 4< — 1 (6) x - y « 2< + 1 

(c) X e cos t, y « sin ( (d) x » sin t, y » cos t 

(e) X « cos* t, y *> sin* L (This curve is known as a hypocycloid of four 
cusps.) 

(/) X « 4 cos y » 2 sin t. 

2. Eliminate t from the parametric equations in Exercise !(/}, and show 
that the resulting equation is that of an ellipse. 

8. Graph the curve whose parametric equations are 
3t 

»“!+?• 

This curve is known as the /olium cf Dsaoorfes. 
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4. Graph the curve a; = 10(i* — 0; V = — 0- Find the Cartesian 

equation. 

5 . Show that the graph of a; = 2e\ y — 1 is only part of a straight 
line. What is the equation of the entire line in Cartesian coordinates? 

6. Graph the curve a; = a sin y = 6 cos® 6, Find the Cartesian equation. 

7. Graph the curve a; = a tan d;y = a cos® 6, 

8. If a projectile starts with an initial velocity Vo in a direction which makes 

an angle a with the x axis, its position at any time t is given by the equations 
X = Vot cos otf y — vd sin a — Find the Cartesian equation of the path of 

the projectile. What kind of a curve is it? 

9. A gun stands on a cliff 1000 ft above the water. From the equations of 
Exercise 8, what elevation must be given to the gun so that a projectile may 
strike a point in the water 2 miles away from the base of the cliff? Given 
Vo ~ 2000 fpS| Q — 32.3 

10 . From the equations of Exercise 8, what elevation must be given to 
a gun to obtain a maximum range on a horizontal line passing through the muzzle? 

11 . Draw the graph of each of the following pairs of parametric equations, 
and find the corresponding Cartesian equation in (x, y) for each pair of para- 
metric equations. In each case call attention to any difference between the 
graph of the parametric equations and that of its corresponding Cartesian 
equation. 

(a) a; = 2/ = ~ (6) a; = i ^ ; y = ^ -h - 

(c) a: « y - U — ^ id) x = sin t\ y = cos 2t 

(e) X « tan® t\ y = sec < (/) x = 2^®; y = 6^® + 7 

ig) X - 2(1 + cos 0; 2/ = 5 cos t (h) x - sin y = 1 — cos 2t 

54. INVOLUTE OF A CIRCLE ^ 

If a string kept taut is unwound 
from the circumference of a circle, the 
end describes a curve called the involute 
of a circle (note Figure 73). 

To find the parametric equations 
of the involute of a circle, let 0 be 
2L the center of the circle and AP a por- 
tion of the involute traced by the point 
P. Let Z.A0B = ZPOB = t, and 
the radius of the circle = a. Then 
arc AB = BP. 

But arc AB = if ^ is measured in 
radians, and BP = a tan t. Therefore, 

a4> ^ a tan t or 4> ^ tan t 

X = OP cos .(0 — 0 *= ® 86C ^ cos (0 — 0 
= a sec <(cos <ttcost + sin 0 sin <) 

~ o(cos 0 + sin 0 tan t), 



Also, 
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Moreover, 


so 


z = a(cos <^ + 0 sin 0). 

2 / = OP sin (0 — <) = a sec < sin (0 — t) 
= a sec <(sin 0 cos i — cos 0 sin t) 

= a(sin 0 — cos 0 tan 0; 

2 / = a (sin <t> — <t> cos 0). 


The two equations for x and y are the parametric equations for the involute 
of a circle. The involute is useful in gear design. 



Solid Analytic Geometry 


55. REaANGULAR COORDINATES 

In the rectangular coordinate system for solid anal 3 rtic geometry a 
point is determined by its three distances from three intersecting planes, 
mutually perpendicular to one another. These planes divide space into 
eight portions called octanta. The portion 0 — XYZ is sometimes called 
the first octant. The other octants are not usually numbered. 



Thus, in Figure 74 the three reference planes are XOF, ZOZ, and 
YOZ. For short these planes are designated respectively as the xy, xs, 
and the yz planes. The point Pi is determined by x = 3, y « 2, s « 6. 
The point Pi is determined by x * 3, y » —2, s * 2. The point P# is 
determined by x = 3, y * 2, s = —2. It is evident how a point is deter- 
mined in any octant of Figure 74. 

56. EQUATIONS OF CERTAIN PLANES 

In Figure 75, x » 3 is the equation of the plane parallel to the yz plane 
and 3 units to the right of it. The equation states that any point in this 
plane has 3 for its x coordinate. The plane parallel to the yz plane and 3 
units to the Irft of it has for its equation x » —3. Similarly, the plane 
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parallel to the xz plane and 3 units f orward on the y axis has for its equation 
y ** 3. 

In general, a plane x » a is parallel to the yz plane, a plane y « b is 
parallel to the xz plane, and a plane s » c is parallel to the xy plane. In 
particular, the reference planes xy, xz, and yz have the equations z 0, 
y a* 0, and x » 0, respectively. 



We may also note that when a point is determined by the coordinates 
X *= o, y = b, 2 = c, this point may be considered as the intersection of the 
planes x — a, y h, z — c, 

57. EQUATrONS OF CERTAIN LINES 

In Figure 75, the line AB is determined by the intersection of the plane 
X = 3 with the plane 2 = 0. Hence, we say that the line AB has for its 
equations x = 3, 2 = 0; similarly, the line CD has for its equations 
X = — 3, 2 = 0; and the line EF has for its equations y = 3, 2 = 0. In 
particular, the x axis is given by y = 0, 2 = 0; the y axis is given by 
X = 0, 2 = 0; and the 2 axis is given by x = 0, y = 0. 

We have noted so far that the planes considered are given by one 
equation of the first degree; that the lines considered are given by two 
equations of the first degree, and that a point is given by three equations of 
the first degree. We shall see later that this conclusion applies to any 
plane and any line. 

58. EQUATION OF A SURFACE 

We have noted that the equation of a plane, which of course is a special 
case of a surface, is given by one equation. In general, the equation of a 
surface is given by one equation involving x, y, and 2 . The form of the 
surface is determined from the form of the function in x, y, and 2 . 

As in plane analytic geometry, we have the problems of determining 
the surface, having given the equation, and of finding the equation, having 
given the surface. 

Thus, having the equation x* + y* + 2 * = 26, we may readily detennine 
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the surface. It is seen from the equation that 

— 5 ^ a; g 6, 

-5 g y ^ 5, 

— 5 g g 5. 

If we consider the intersection of the xy plane, that is, the plane of 
2 = 0, and the surface of = 25, we are considering 2 = 0 and 

x^+y^+z^ == 25 as a system of equations. Hence, we obtain x^+y^ = 25, 



the equation of a circle in the xy plane. In other words, the section of 
the surface obtained by passing the plane 2 = 0 through it is a circle of 
radius 5. Similarly, the plane a; = 0 cuts the surface in the circle y^+z^ = 25, 
and the plane y == 0 cuts the surface in the circle x^ + z^ 25. More- 
over, any plane x = a, — 5<a<5, cuts the surface in the circle 
u* + — 25 or = 25 — a\ From the symmetry of the figure 

it is seen that the surface x'^+ y^ + z^ — 25 is a sphere and that one 

eighth of the surface is represented in Figure 76. 

Conversely, we may now find the equation of the sphere whose center 
is (0, 0, 0) and whose radius is 5. 

In Figure 77 let P be any point on the sphere of center (0, 0, 0) and 
radius 5. Hence, we have from right triangle OPP' 

+ 22 = 25 (1) 

and from right triangle OAP' 

= X2 + (2) 

Hence, from (1) and (2) we have the equation of the sphere, namely, 
x* -f" *4" <2?* 25. 
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In Section 59 and some of the following sections we shall present a more 
systematic study of points, lines, planes, and certain surfaces. 



EXERCISES 35 

1 . Plot the following points: A (2, 3, —5), J5(7, —1, 3), C(— 3, —2, —6), and 
Z)(-3, 3, 3). 

2. Draw the following planes: (a) a: = 5, (6) y — —3, (c) « = 4. 

3. Draw the straight lines represented by each of the following systems of 
equations: (a) a; = 3, y = 2; (6) y = 5, 2 = 4; (c) a; = 4, « = —3. 

4 . Write the equation of a sphere with the center at the origin and radius 10. 
6. What is the locus of all points 7 units below the xy plane? Write its 

equation. 

6. Write the equations of the locus of all points 5 units above the xy plane 
and 3 units to the right of the yz plane. 

7. Write the equation of the locus of all points 13 units from the origin. 

59. DISTANCE BETWEEN TWO POINTS 

We shall now derive a formula for the distance between the points 
Pi(xu Vu ^i) and P 2 (x 2 y y 2 , 22 ). 

In Figure 78, 

OB = Xi, BD = yi, DPi = 21 , 

OA = X 2 , AC = y 2 , CP 2 = 22 . 

PiF is drawn parallel to OX, and EF is drawn parallel to YO. The 
angle P 1 EP 2 is a right angle, and the angle PiFE is a right angle. Hence, 

KB® = KB® + BB®; 

= KB® + BB® + 


But 

hence, 
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Now PiF « a?i — Xi, EF ^ yt-- yi, and EPt ai — 

80 d* * («i - ofi)* + (yt - yi)* + (zt - «i)*, 

or d « V (a;j — »i)* + (ya — yi)* + (22 — * 1 )*, 

which is the formula for the distance between Pi and Ps. 



60. DIRECTION COSINES OF A LINE 

In Figure 79 we reproduce a portion of Figure 78 and draw PzR parallel 
to EPi. If angle PP1P2 = «, where PiP is parallel to OX, angle ilf P1P2 = P, 



where Piilf is parallel to OY, and angle P2P1P = y, where PiP is parallel 
to OZ, we refer to cos a, cos p, and cos 7 as the direction cosines of the line 
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PiF * 0:2 — Xi, 


we have cos a 


X2 — Xi 


and from PiE' — FE * 2/2 — yi, we obtain cos /3 = ^ — — ; 

d 


and from PiR = EP2 = 22 — zu we have cos y = 


22 - Zi 


From these relations we have the following equation: 

(X2 - xi)^ , (2/2 - yi)* , (22 - 2 i)2 ^ ^ ^ , 

d} ^ d* ' ^2 ~ ^ 7 - 

But from Section 59 we have seen that 

d^ = (X 2 - xi)^ + (y 2 - Viy + (22- 2 i)*. 

Hence, we have the important result 

cos^ a + cos^ + cos^ 7=1. 


61. ANGLE BETWEEN TWO LINES 

We shall define the angle between any two directed straight lines in 
space, whether or not they lie in the same plane, as the angle B between the 
lines that pass through the origin parallel to the given lines. 



We shall now develop a formula for cos B which serves as a means to 
determine By since between two directed lines there is but one angle B such 
that 0 < ^ < 180 ®. 

Let P1P2 be the line whose direction angles are ai, ft, 71 and let P[Pi 
be the line whose direction angles are ^2, ft, 72* We shall assume that the 
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lines are not parallel and shall draw through 0 lines respectively parallel 
to PiPaandPlPj. 

Let Ri(xi, yiy Zi) and PaCxa, ya, Zi) be any two points, except the origin, 
on the lines parallel to PiPa and P1P2, respectively, and passing through 
the origin, and let OR2 = di, OR2 — da, and PaPa = d (note Figure 80). 
From the law of cosines in trigonometry we have 

d® . = di 4“ da — 2did2 cos 6 

or («a “ + (ya — ViY + (z2 — ® 1 + y i + 

+ iCa + ya + 22 — 2dida cos $f 

^ (^1^2 + yiy* + ^1^2) 

from which we obtain cos 0 =» — 

didi 

Now xx = di cos ai, yi = di cos ft, 21 = di cos 71, 

and Xa = da cos aa, ya = da cos jSa* ^^a “ da cos 7a. 

Hence, 

didaCcos ai cos aa + cos ft cos /Sa + cos 71 cos 7a) 

cos B = — > 

uiOa 

or COS B = cos ai cos aa + cos ft cos fiz + cos 71 cos 72. 

Since ai, ft, 71, and aa, jSz, 72 are supposed to be known, the formula 
determines cos B, and hence B, 


EXERCISES 36 


1 . Find the length of each side of the triangle A(3, 2, 5), J5(— 1 , 5, 2 ), 
and C(7, 3, - 1 ). 

2 . Find the direction cosines of each side of the triangle in Exercise 1 . 

3. Find the angle ABC; the angle BCA; the angle CAP, Exercise 1. 
Checl* by showing that the sum of these three angles equals 180®. 

4. Show that the numbers J, J, and J cannot be the direction cosines of 
a line. 

5. If cos a = cos jS = i, find cos 7 , where cos a, cos ft and cos 7 are 
the direction cosines of a line. 

6 . Find the direction cosines of a line that makes equal angles with the 
positive end of the Xf y, and z axes. Find the angles. 

7. Find the equation of a sphere with center at the point (2, 6,-1) and 
whose radius is 5. 


8 . Find the equation of the locus of all points equidistant from the points 
(2, 1,7) and (-3, -6,1). 

9* If cos a = 9 cos 0 * — 7 = 9 and cos 7 = 0 are the direction cosines 

V2 V2 


of a line through the point (2, 3, 4), draw the line. 

10. Find the equation of a sphere whose center is the point (2, 9, 6 ) and which 
is tangent to the xz plane. 
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68. THE PLANE 


We know from solid geometry that 
three noncollinear points determine a 
plane. Let us consider a portion of 
a plane BCD, whose perpendicular 
distance from the origin is p. 

Let Pi be the foot of the perpen- 
dicular from 0 to the plane, P(x, y, z) 
any point in the plane other than Pi, 
a, 0, y the direction angles of OP, 
oil, ft, 7i the direction angles of OPi, 
and the angle POPi = 6 , (Refer to 
Figure 81.) Then from Section 61, 

cos 0 = cos a cos ai + cc 



cos ft + cos 7 cos 7i. 


But 


^ ^ y 2 , p 

cos a = — > cos 8 = — y COS y = — > and cos d = — • 
OP OP OP nT> 


OP 


Therefore, ^ ^ ^ ^ 

or X COS ai + y cos ft + z cos 71 = p, (1) 

which is the required equation of the first degree. 

Conversely, the equation Ax + By + Cz + D — 0, A 9^ 0, may be 
By Cz D 

written in the form x + —r + ~T+T = 0 
AAA 


or X + hy + k2Z + Aja = 0. (2) 

This equation involves three undetermined constants ki, k2y and A; 3. 
If we have three noncollinear points {xi, yi, Zi), {x2, pa, ^2), and (0:3, yz, Zz), 
we may substitute them for x, y, and z of Equation (2) and thus obtain 
three linear equations, from which ki, k2, and ks may be determined. 

If Ax + By + Cz + D = 0 is rewritten as 

KAx + KBy + KCz + KD 0 

and compared with Equation (1), we note that KA = cos ai, KB = cos ft, 
and KC == cos 71, 

or K^A^ + K^B^ K^C^ = cos^ ai + cos® ft + cos® 71, 

from which we obtain 2iC®(A® + B^ + C®) = 1. 

Therefore, K = ■ ^ — » 

=b Va® + r® + c® 


Hence, the general equation of first degree 

Ax “b By + Cz + Z) ~ 0 
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may be written in the form 

^ I ^ 

±VA^ + B^ + C* dbVA2 + B^ + C^ 

^ Cz _ -D 

d=VA2 + B^ + C^ ±VA^ + 

which represents a plane whose perpendicular distance from the origin is 

^ * The direction cosines of a perpendicular to this plane 

±VA^ + B^ + 

are 

A B C 

dbVi42 + B2 + C*’ ±VA^ + B^ + C^' ±VA^ + B^ + C^' 

where the sign of the radical is taken opposite to that of D, if D 0, to 
render the perpendicular distance always positive. If Z) = 0, then p = 0, 
and either sign may be used before the radical to determine the direction 
cosine of a perpendicular to this plane. 

63. DISTANCE FROM A PLANE TO A POINT 

Let Pi (xij yi, Zi) be a given point and a: cos a + y cos jS + 2 cos 7 = p be 
a given plane. Then a plane through Pi parallel to the given plane has 
for its equation 

X cos a + y cos p + z cos y = q. 

If d is the perpendicular distance from the given plane to the given 
point, then g = p + d. Hence, the equation of the plane through Pi is 

X cos a + y cos P + z cos 7 = p + d. 

But since (xi, yi, Zi) is a point on this plane, 

d = a;i cos a + yi cos + 2^1 cos 7 — p. 

It should be noted that d may be positive or negative. 

64. THE ANGLE BETWEEN TWO PLANES 

K 

AiX + Biy + CiZ + 2>i = 0 

and AiX + B2y “H C2Z “H D2 = 0 

are two given planes, these two planes may be written as 

AiX + Biy + CiZ + jDi A^x + Biy + C2Z + D2 ^ 

= 0 and ; = 0. 

iVIf+fifTc! ±VaI + + Cl 

By definition the angle between two planes is the angle between the 
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normals to these planes. Let 0 be this angle; then 

A1A2 + B1B2 + C1C2 

COS^ = , , : :z: . := * (1) 

±V(Al + B\ + + Cl) 

If the two planes are parallel, their perpendiculars are parallel. Hence, 
the two planes are parallel if 

A^ 

y/A\ + B\ + ct ~ VaI + Bl + Cl ’ 


VAf + B'f + a VaI + Bl + Cl 

^ Cl _ C2 

VaI + Bl + C? VAI + Bl + ct 
In other words, the two planes are parallel if 
Ai = A2kj 

Bl = BJCy 
Ct = Cafe, 


where 


- V^! + Bi + CL . 


'Al + Bl+Cl 


If the two planes are perpendicular, cos 0 = 0. Hence, by reference to 
Relation (1), the two planes are perpendicular if A 1 A 2 + B 1 B 2 + C 1 C 2 — O. 

65 . THE EQUATION OF A PLANE IN TERMS OF ITS INTERCEPTS 

The equation of the plane Az + By + Cz + D = 0, where D 5 *^ 0, 
may be written 

z y z 
ABC 

From this equation we see that if 2 / = 0, and 2 = 0, then ® ~ ^ > 

if X = 0, and 2 / = 0, then 2 = — ^ ; and if a; = 0, and 2 = 0, then y = 

— If we let — ~ = a, — ~ = 6, and — ^ = c, we have 
B A B C 

-+l+--h 

a 0 c 

which is known as the intercept form of the equation of the plane, and a, b, 
and c are, respectively, the a?, y, and 2 intercepts. 
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EXERCISES 37 

1. Find the equation of the pl'ane if the length of the perpendicular upon it 
from the origin is 7 units, and the direction cosines of this perpendicular with the 
X, y, and z axes, respectively, are i, f , and \/TT/6. 

2. (a) Find the equation of the plane through the three points A (3, 2, 5), 

5, 2), and C(7, 3, -1). 

(b) Find the distance from the origin to this plane. 

(c) Find the direction cosines of the perpendicular from the origin to 
the plane. 

3. Draw a portion of the plane represented by the equation 2a; -f 3y — s — 6. 

Hint: Find the intercept on each axis and connect the points. 

Definition: The intersection of a plane with a coordinate plane is called the 
trace of the plane on the coordinate plane. Thus, the trace of the plane in 
Exercise 3 on the xy plane is 2x + 8y = 6, since 2 = 0 for all points in the 
xy plane. 

4. Given the plane 3x — 52/ + 102 = 20. Find its trace on each coordinate 
plane. 

5. Change the equation of the plane in Exercise 4 to the intercept form. 

6. Find the perpendicular distance from the plane 2x — 32/ + 62 = 12 to 
the point (10, 3, —1). 

7. Find the angle between the planes 2a; — 3?/ + 62 = 12 and x + 2/ — 2 = 4. 

8. Find the equation of a plane parallel to 2x — By + 32 = 14 and 10 units 
from the origin. 

9. Find the equation of the plane tangent at P(4, 12, 6) to the sphere whose 
center is the origin. 

10. Find the equation of the plane passing through the points (5, 5, 6) and 
(—1, 3, 0), and parallel to the 2 axis. 

11. Find the equation of a plane through the point (6, 1, 5) parallel to the 
plane 3x — 22/ — 62 = 5. 

12. Find the equation of the plane perpendicular to the line joining (2, 1, 3) 
and (4, —3, —1) at its mid-point. 

13. The equation 2x — 2/ + ^2 = 10 represents a system of planes. Draw 
three or four planes of this system. How are the planes of this system related? 
Find the equation of the particular plane of this system that passes through 
the point (1, 1, 1). 

14. Describe the system of planes represented by the equation 3x + 6y — 2z 
^ k. Find the value of k so that one of these planes will pass through the 
point (2, 1, 3). 

15. (a) Draw the plane 2x — 8y = 6. 

(b) Draw the plane x — 2 = 3. 

66. THE STRAIGHT LINE 

In Section 57 we showed how certain lines are determined by two 
equations of the first degree. In general, every equation of the first degree 
represents a plane, and two nonparallel planes intersect in a straight line. 
Hence, in general, a straight line is determined by two equations of the 
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first degree. Thus, the system of equations 

Aix + Biy + Ciz + Di =0 
AsX + B2y + + D 2 = 0 


are the equations of a straight line if the planes are not parallel. 

If the straight line is to be determined by its direction cosines, cos a, 
cos /S, cos 7 , and a point (xi, yi, Zi), its equation may be found as follows; 
Let (x, z) be any point on the line other than (xi, yi, Zi ) ; then from Section 
60, 

X- xi ^ y -yi z-zi 

cos a = — - — > cos = — - — > cos 7 = — - — > 
dad 

where d = V(x — Xi)^ + (y — yiY + {z — Zi)K 


Hence, 


X - xi ^ y - yi ^ z - zi 
cos a cos ^ cos 7 


( 1 ) 


If Z, m, n are any three numbers proportional to the direction cosines of 
the line, they are called direction nvmbers. 

Since I — k cos a^m — k cos /9, and n — k cos 7 , Equation ( 1 ) may be 
written 


X - xi ^ y -yi ^ z-zi 
I m n 


( 2 ) 


If the straight line is to be determined by two points (xi, yi, Zi) and 
{x 2 j 2 / 2 , Z 2 ), its equations may be found as follows: Let (x, y, z) be any point 
on the line other than (xi, 2 / 1 , zi) and (x 2 , ^ 2 , ^ 2 ); then, 


and 


Thus, 


X 

- Xi 

Si 

1 

2 — 

cos a 

COS /3 

COS 7 

X2 

- Xi 

1 

CM 

II 

1 

II 

COS a 

COS P 

COS 7 

X 

- Xi 

& 

1 

II 

1 

II 

X 2 

- Xi 

1 

e« 

1 

1 


The direction cosines of a line may be determined by finding the equa- 
tions of the line in Form ( 2 ). Thus, if the equations of the line are 

X + 2y — Sz — 6, and Sx + 4y + z = 5, 

we may eliminate any variable, such as z, and obtain 


lOx + 14y = 21 


-lOx + 21 

or y 


14 
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If we now eliminate any other variable, such as x, we obtain 

« .o 10« + 13 

2y — lOz = 13 or y • 


Hence, 


-10a; + 21 102 + 13 

= y » 


or 


14 

X - H y z + 


TJf 


-i 1 i 

Comparing these equations with (2), we have 

m = 1, and 


^ = —iy 
I 


Since cos a = r > 
k 

and 

we have 


m 


cos /8 = — » and 
k 


n = i. 


cos 7 = 7 > 
k 


cos^ a + cos^ + cos^ 7=1, 

^ + ■^ + ^=1. 
25A;2 ^ k^^ 25k^ 


Restricting A; to be positive, we find that k = VS, 


Hence, cos a = > cos ^ = — tz > 

6V3 Vs 


cos 7 = 


6V3 


EXERCISES 38 

1. Sketch the lines represented by each of the following pairs of equations: 

(a) 2 = 1, (6) 2/ + 2 = 3, 

a; = 2. a; + 2/ = 3. 

(c) a; + 22/ + 2 = 5, (d) a; + 22/ + 2 = 5, 

2 = 3. a; + 2y = 6. 

(e) 2a; - 32/ + 2 = 6, 
a; + 2 / + 22 = 4. 

2. Find the coordinates of the points in which the line a;+2/~22= —10, 
3a; — 2/ + 32 = 6, cuts each of the coordinate planes. Draw the line. 

3. Find the coordinates of the point in which the line whose equations are 
a; — 32/ + 52 = 18, 2a; + 2/ — 32 = 3, meets the plane 6a; + 42/ + 2 = 23. 

4. Find the equations of the straight lines through each of the following 
pairs of points: 

(a) (0, 1, 0), (2, 5, 6) (6) (3, -1, 4), (-2, 3, 5) 

(c) (5, 0, -3), (0, -2, 5) (d) (2, 0, -1), (0, 0, 5) 

5. Find the equations of a line which passes through the point (1, 3, —5) 
and whose direction cosines are cos a == i, cos jS = — f, and cos 7 = VTT/fi. 

6. Find the equations of a line through the point (2, —3, 4) and perpendic- 
ular to the plane a; — 22/ + 22 = 7. Draw a portion of the plane and the 
perpendicular. Find the coordinates of the point of intersection of the perpen- 
dicular and the plane. 
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7. Find the direction cosines of the lines represented by each of the follow- 
ing pairs of equations: 

(a) a; - 2y + 3^ = 12 (6) a; + 2y = 10 

2a; + y — 2« = 8 5a; - 7^ + « = 22 

8. Show that the following lines are parallel: 

(а) 4a; - y + 2 + 4 = 0 , 2a; - 2y - « - 9 = 0 

2a;4-2/“}-2;8 + 5 = 0 2a;H-y+23+3 = 0 

(б) a; - 3y + 52 = 8 . 19a; + 19y - 332 = 52 

5a; + 4y - 72 = 20 16a; + Oy - I62 = 11 

9. Find the angle between the two lines: 

X — 22/ + 22 = 10 1 2x — 31 / + 62 = 12 

2 x + 1/ - 22 = 15 6x + 21/ - 32 = 30 

10. Show that the following lines are perpendicular: 

X — 1 2 / — 2 2 + 1. x+3 y 2 — 5 

” 2 ’ 1 2 - 


(a) 


-5 


2 

(6) X + 2 = 1 

2x - 3i/ - 32 + 16 = 0 


4 

5x — y — 2 = 14 
3x + 52/ - 32 + 6 


67. SURFACES OF REVOLUTION 

Let 2 = /(x) be some curve in the xz plane. If we rotate a portion of 
the curve 2 = f(x) about the x axis, we generate a surface of revolution 



whose equation may be found as follows: Let P be any point on the curve 
2 = /(x), as shown in Figure 82. Then, the rotation of /(x) causes P to 
generate the circle y^ + z^ = r*, where r == 2 for the point P. Hence, 
r = /(x). Therefore, we have t/* + 2 * = [/(®)1* as the required equation 
of the surface. 

Thus, as an illustration, if we rotate a line 2 = 0 about the x axis, we 
obtain the cylinder of revolution displayed in Figure 83, whose equation 
is + 2 * = a*. 

Similarly, the equation of the cone generated by the line 2 = 2x rotated 
about the x axis is 2 /^ + 2 ^ 4x^ (Figure 84). The equation of the cone 
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generated by rotating the line « « 2a; about the z axis is a;* + y* *= 
(Figiro 86), 



Fig. 84 Fig. 85 


The paraboloid of revolution generated by rotating = 4a; about the 
X axis has for its equation = 4a; (Figure 86). If it is rotated about 

the z axis, the equation of the surface is x* + y* = 2*/16 (Figure 87). This 
surface is not designated a paraboloid. 



Fig. 86 Fig. 87 
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If we rotate the ellips(6 “: + r; ==* 1 about the x axis, we obtain a surface 


whose equation is 


2/^ + 2^ = ~ (a* - x*) 


or = a*5^. 

This may be written in the form 


a ;2 2/2 ^2 


“ + — + 1. 


This surface is called an ellipsoid of revolution. 

If the ellipse is rotated about the z axis, we obtain the ellipsoid of 
revolution whose equation is 


x2 

— + ^ + - 
62 


= 1 . 


EXERCISES 39 


1. Write the equation of the surface generated by revolving the curve 
2/2 = 6x about the x axis; about the y axis. Draw a figure representing the 
surface in each case. 


2. Write the equation of the surface generated by revolving the curve 
^2 ?/2 ^ 

— -f- ~ = 1 about the x axis. Draw a figure representing the surface. 

9 4 

3. Write the equation of the surface generated by revolving the curve 

7/2 

_ = 1 about the x axis; about the y axis. Draw the diagrams in each case. 

9 4 


4. Write the equation of the surface generated by revolving the curve 
(x — 5)2 + (y — 6)2 = 16 about the x axis. This surface is called a torus. 


68. CERTAIN CONICOIDS 

Any surface whose equation is of the second degree in three variables 
is called a conicoidj or a quadric surface. The general equation of a quadric 
surface is 

Ax2 + By^ + Cz^ + Dxy + Eyz + Fxz + Gx + Hy + Kz + M ^ D. 

This equation, by translation and rotation of axes, is reducible to various 
standard forms. We list below the equations of a few important quadric 
surfaces. Compare each with the corresponding surface of revolution. 

69 . DRAWING SURFACES AND INTERSEaiONS OF SURFACES 

In practice it is often necessary to find the area of certain surfaces, or 
certain portions of surfaces, as well as the volume bounded by a surface or 
surfaces. In general, these problems are solved by means of calculus. It 
is of great importance that the student be able to picture surfaces and the 
intersections of surfaces. 




Fio. 01. Elliptic Paraboloid 


Fig. 92. Htperbouc Paraboloid 
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In drawing a surface, what we really do is to draw various sections of 
the surface or lines on the surface, which show its character. In drawing 
the intersections of surfaces, it is a good practice to cut the various surfaces 
by some plane or planes whose intersections with them can be recognized. 
These planes cut curves out of the surfaces. A curve drawn through 
common points of the surfaces is a curve in which the surfaces intersect. 

The quadric surfaces of Section 68 were drawn by picturing the sections 
of the surfaces with the coordinate planes and planes parallel to the co- 



ordinate planes. As an example in the drawing of surfaces and their inter- 
sections, we consider the surfaces x^+ = az and = 2ax and 

their intersections. If the surface x^ + y^ = az is cut by any plane 
parallel to the xy plane, such as the plane z = ky we have a circle + 2 /® = 
ak. In particular, if A; = 0, we have the point (0, 0, 0). If the surface 
is cut by the plane 2 / = 0, we have the parabola x^ = az. Consequently, 
the surface may be pictured as a circle parallel to the xy plane sliding along 
the parabola = az (note Figure 93). The surface x^ + 2/^ = 2ax is a 
cylinder. Since the equation of the surface x^ + 2 /^ = 2ax is independent 
of 2 , the intersection of this surface by any plane parallel to the xy plane, 
such as 2 = A;, will always give the circle x^ + y^ — 2ax, 

The intersection of the circle x^ + 2 /^ = ak in the plane 2 = A; with the 
circle x^ + y^ = 2ax in the plane z = k will give points on the intersection 
of the surfaces. Solving these equations, we have x = A;/2, and y = 
zkiV ^ak — k^. Thus we have two points on the intersection of the two 
surfaces, namely, (A;/2, i V 4aA: — k\ k) and (A;/2, — 4oA; — A;*, A;). 
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For every value of fc, two points on the intersection are determined. If 
these points are joined, we obtain the curve of intersection of the surfaces. 
This is the curve OCABO in Figure 93. 

As another example of drawing surfaces and their intersections, we 
consider the spherical surface = o* and the cylindrical surface 

.x* + = ax. 



The plane y — kx will cut out of the cylindrical surface the line OA 
and the line CD, and out of the spherical surface a circle of which the arc 
AE is a quadrant. If we solve the system 

y = kx, x^ + y^ = ox. 


and x^ + y^ + 

for X, 2/, and 2 , we will get points of intersection of the two given surfaces. 
Solving simultaneously x^ + y^ = ax and y = fcx, we have x = 0 and 
a 

X = 


y 


1 +/b2 
ak 

r+^' 


Substituting these values in y = A;x, we have y = 0 and 


Substituting x = 0, y = 0 and x = ■ 


y = 


ak 


1+k^ 


1 +k^ 
ak 

in X* + y* + 2® = o®, we have x = ±o and z = ±—p=. Hence, we 

VI + k^ 

have obtained the points of intersection of the surfaces as (0, 0, ifca) and 

ak ak 


\1 + A;* 1 




+ VY+¥. 




For every value of A;, four points on the intersection are determined. If 
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these points are joined, we obtain the curve of intersection of the surfaces. 
Figure 94 pictures the curve of intersection for the first octant only* 


EXERCIXS 40 


1. Draw figures to represent each of the following surfaces: 
= 1 (b) 




(c) y* + ** — 4;!? 


(d) = 25 


f/2 

16 9 ” ^ 


2. (a) Draw a diagram representing the surface z = and its 

intersection with the plane 2 = 10. 

(6) Draw the intersection of this surface with the plane x + + z = 6. 

3. Draw a diagram showing the volume bounded by the surfaces z = x* + 

and z == 18 — — y^. 

4. Draw a diagram showing the intersection of the surfaces x* -f y* = lOx 
and 4x^ 4- 

5. Draw a figure showing the intersection of the surfaces x* + y* = 100 and 
2 /* 4- z^ = 100, and the volume bounded by these surfaces. 

6. Draw a diagram showing the intersection of the surface of the paraboloid 
2/* 4- 2* = 2ax and the cylindrical surface y^ = ox. Show also the volume 
bounded by these two surfaces and the planes x = a and z = 0. 


70. SPHERICAL COORDINATES AND CYLINDRICAL COORDINATES 

It is often convenient to use polar coordinates in space; these are usually 
referred to as spherical coordinates. The spherical coordinates of a point P 
are p, its distance from the origin; a, the angle made by the projection of 
OP on the xy plane with the x axis; and jS, the angle made by OP with the z 
axis. Hence, if the Cartesian coordinates of P are x, y, z, we have from 
Figure 95 the equations 

X = P singP cos a, 
y = psinff sin a, 

and z = p cos p. 


Thus, the point (3, 4, 6) in Cartesian coordinates may be expressed in 
spherical coordinates as follows: 



3 = p sin p cos a. 

(1) 


4 = p sin sin a. 

(2) 

and 

5 = p cos /?. 

(3) 


Dividing (2) by (1) we have tan a = ^ or a = tan“i so sin a ^ i. 
Dividing (2) by (3), after substituting sin a = we have tan /S = 1, 
or /3 = 45®. Substituting cos P = 1/V2 in (3), we obtain p = 5V2. 
Consequently, the spherical coordinates of the point are (5^2, tan""^ i, 45®). 
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Another system of coordinates used quite often in scientific practice 
is known as cylindrical coordinates. In this system a point P is determined 
by coordinates a, and where a has the same significance as in spherical 
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Solving, we get a = tan“^ ^ = S. 

Hence, the cylindrical coordinates of P are (6, tan~^ i,5). 

EXEKIX5 41 

1 . (a) Find the equation of the sphere 4- 2 /* 4- 2 * = 4 in spherical co- 
ordinates. 

(6) In cylindrical coordinates. 

2 . (a) Find the equation of ^ 2ax in spherical coordinates. 

(6) In cylindrical coordinates. 

3 . (a) Find the equation of = 2az in spherical coordinates. 

(6) In cylindrical coordinates. 

4 . Transform x^ + y^ ^ into cylindrical coordinates; into spherical 
coordinates. 

6. Transform a;® + 2/^ 4- ~ 4 into cylindrical coordinates; into spherical 

coordinates. 

6. Transform the following from spherical to rectangular coordinates: 
(a) /) = 8; (6) p sin a sin /3 = 8; p = 3 cos jS 
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1 50 — Five-Place Common Logarithms —* 200 



764 

782 

811 

*041 

*070 

*099 

327 

355 

384 

611 

63d 

667 

893 

921 

949 

173 

201 

229 

451 

479 

607 

728 

766 

783 


*003 *030 *058 *085 
276 303 330 358 

648 S76 602 629 

817 844 871 898 

*085 *112 *139 *165 
352 378 405 431 


669 696 722 
932 958 985 
194 220 246 


426 

462 

477 

502 

628 

679 

704 

729 

754 

779 

930 

956 

980 

*006 

*030 

180 

204 

229 

254 

279 

428 

452 

477 

602 

627 

674 

699 

724 

748 

773 

920 

944 

969 

993 

*018 

164 

188 

212 

237 

261 


246 

269 

293 

316 

340 

364 

387 

411 

435 

468 

482 

606 

629 

663 

676 

600 

623 

647 

670 

694 

717 

741 

764 

788 

811 

834 

868 

881 

905 

928 

961 

975 

998 

*021 

*046 

*068 

*091 

*114 

*138 

*161 

27 184 

207 

231 

264 

277 

300 

323 

346 

370 

393 

416 

439 

462 

486 

608 

631 

654 

677 

600 

623 

646 

669 

692 

715 

738 

761 

784 

807 

830 

862 

876 

898 

921 

944 

967 

989 

*012 

*036 

*068 

*081 

28 103 

126 

149 

171 

194 

217 

240 

262 

285 

307 

330 

363 

376 

398 

421 

443 

466 

488 

611 

533 

666 

678 

601 

623 

646 

668 

691 

713 

736 

768 

780 

803 

825 

847 

870 

892 

914 

937 

969 

981 

29 003 

026 

048 

070 

092 

115 

137 

159 

181 

203 

226 

248 

270 

292 

314 

336 

368 

380 

403 

426 


469 

491 

613 

636 

657 

679 

601 

623 

646 

667 

688 

710 

732 

754 

776 

798 

820 

842 

863 


907 

929 

961 

973 

994 

*016 

*038 

*060 

*081 

130 103 

126 

146 

168 

190 

211 

233 

266 

276 

298 


Pn^. Parts 


20 28 

1 2.9 2.8 

2 6.8 6.6 

8 8.7 8.4 

4 11.6 11.2 

5 14.6 14.0 

6 17.4 16.8 

7 20.3 19.6 

8 23.2 22.4 I 

9 26.1 26.2 


27 26 

1 2.7 2.6 

2 6.4 6.2 

3 8.1 7.8 

4 10.8 10.4 

5 13.6 13.0 

6 16.2 16.6 

7 18.9 18.2 

8 21.6 20.8 I 

9 24.3 23.4 


24 23 

2.4 2.3 


1 2.4 2.3 

2 4.8 4.6 

3 7.2 6.9 

4 9.6 9.2 

5 12.0 11.6 

6 14.4 13.8 

7 16.8 16.1 

8 19.2 18.4 
0 21.6 20.7 


22 21 
2.2 2.1 


1 2.2 2.1 

2 4.4 4.2 

3 6.6 6.3 

4 8.8 8.4 

5 11.0 10.6 

6 13.2 12.6 

7 16.4 14.7 

8 17.6 16.8 

9 19.8 18.9 


Prop. Parts 


150 — Five-Place Common Logarithms — 200 



















Table 1 


437 


200 — Five-Place Common Logarithms — 250 


200 30 103 

201 320 

202 635 

203 750 

204 963 
206 31 176 

206 387 

207 697 

208 806 

209 32 016 

210 222 

211 428 

212 634 

213 838 

214 33 041 

216 244 

216 445 

217 646 

218 846 

219 


146 

168 

190 

363 

384 

406 

678 

600 

621 

792 

814 

836 

*006 

*027 

*048 

218 

239 

260 

429 

450 

471 

639 

660 

681 

848 

869 

890 

066 

077 

098 

263 

284 

305 

469 

490 

610 

675 

695 

715 

879 

899 

919 

082 

102 

122 

284 

304 

325 

486 

606 

626 

686 

706 

726 

885 

905 

925 


211 

233 

265 

276 

298 

428 

449 

471 

492 

614 

643 

664 

685 

707 

728 

866 

878 

899 

920 

942 

*069 

*091 

*112 

*133 

*154 

281 

302 

323 

346 

366 

492 

613 

634 

665 

676 

702 

723 

744 

765 

785 

911 

931 

952 

973 

994 

118 

139 

160 

181 

201 

325 

346 

366 

387 

408 

631 

652 

672 

693 

613 

736 

766 

777 

797 

818 

940 

960 

980 

*001 







345 

366 

385 

405 


646 

666 

686 

606 

626 

746 

766 

786 

806 

826 

945 

965 

985 

*005 

*025 

143 

163 

183 

203 

223 

341 

361 

380 

400 

420 

537 

657 

677 

696 

616 

733 

753 

772 

792 

811 

928 

947 

967 

986 

*005 

122 

141 

160 

180 

199 

315 

334 

353 

372 

392 

607 

626 

645 

664 

683 

698 

717 

736 

755 

774 


Prop. Parts 


22 21 
1 2.2 2.1 
2 4.4 4.2 

8 6.6 6.3 

4 8.8 8.4 

5 11.0 10.6 

6 13.2 12.6 

7 16.4 14.7 

8 17.6 16.8 
e 19.8 18.9 


291 

310 

328 

346 

366 

475 

493 

611 

630 

648 

668 

676 

694 

712 

731 

840 

868 

876 

894 

912 

38 021 

039 

057 

075 

093 

202 

220 

238 

266 

274 

382 

399 

417 

436 

463 

661 

678 

696 

614 

632 

739 

767 

775 

792 

810 

917 

934 

952 

970 

987 

39 094 

111 

129 

146 

164 

270 

287 

305 

322 

340 

445 

463 

480 

498 

616 

620 

637 

665 

672 

690 

794 

811 

829 

846 

863 


666 685 603 621 639 
749 767 785 803 822 
931 949 967 985 *003 

112 130 148 166 184 
292 310 328 346 364 
471 489 607 625 643 
650 668 686 703 721 

828 846 863 881 899 
*005 *023 *041 *058 *076 
182 199 217 236 262 

358 375 393 410 428 
633 660 668 686 602 
707 724 742 759 777 

881 898 915 933 950 


2 3 

* 

5 

0 7 


Prop. Parts 


200 Five-Place Common Logarithms — 250 
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rr 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

1 Prop. Parts 

rwi 

39 794 

811 

829 

846 

863 

881 

898 

916 

933 

950 



251 

967 

985 

*002 

*019 

*037 

*054 

*071 

*088 

*106 

*123 



262 

40 140 

157 

175 

192 

209 

226 

243 

261 

278 

295 


18 

253 

312 

329 

346 

364 

381 

398 

415 

432 

449 

466 

1 

2 

1.8 

3.6 

254 

483 

500 

518 

535 

552 

569 

686 

603 

620 

637 

8 

4 

6.4 

7 2 

255 

654 

671 

688 

705 

722 

739 

766 

773 

790 

807 

5 

9.0 

256 

824 

841 

858 

875 

892 

909 

926 

943 

960 

976 

6 

10.8 












T 

12.6 

257 

993 

*010 

*027 

*044 

*061 

*078 

*096 

*111 

*128 

*145 

8 

14.4 

258 

41 162 

179 

196 

212 

229 

246 

263 

280 

296 

313 

0 

16.2 

259 

330 

347 

363 

380 

397 

414 

430 

447 

464 

481 



260 

497 

514 

531 

647 

564 

581 

697 

614 

631 

647 



261 

664 

681 

697 

714 

731 

747 

764 

780 

797 

814 



262 

830 

847 

863 

880 

896 

913 

929 

946 

963 

979 


17 

263 

996 

•012 

*029 

*046 

*062 

*078 

*095 

*111 

*127 

*144 

1 

1.7 












2 

3.4 

264 

42 160 

177 

193 

210 

226 

243 

259 

276 

292 

308 

8 

5.1 

265 

325 

341 

357 

374 

390 

406 

423 

439 

455 

472 

4 

6.8 

266 

488 

504 

521 

637 

. 663 

570 

586 

602 

619 

635 

6 

10.2 

267 

651 

667 

684 

700 

716 

732 

749 

765 

781 

797 

7 

8 

11.9 

13.6 

268 

813 

830 

846 

862 

878 

894 

911 

927 

943 

959 

9 

16.3 

269 

976 

991 

*008 

*024 

*040 

*066 

*072 

*088 

*104 

*120 



270 

43 136 

152 

169 

185 

201 

217 

233 

249 

265 
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275 
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949 
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232 
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248 

264 
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373 
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404 

420 

436 

461 

467 

483 

498 

614 

629 

545 
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560 
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623 

638 

654 

669 

685 
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731 

747 

762 
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793 

809 

824 

840 

855 
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871 

886 

902 

917 
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948 

963 

979 
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45 025 
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148 
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799 

813 

828 
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857 

871 

885 

900 

914 

929 

943 

958 

972 
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48 001 
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029 

044 

058 
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087 

101 

116 

130 
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202 

216 

230 

244 

259 
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302 

316 
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344 

359 

373 
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401 

416 


10 
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430 

444 

458 

473 

487 

501 

515 

530 

544 

558 
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572 
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615 

629 

643 
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686 
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2 
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714 

728 

742 
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770 
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813 
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4 
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856 
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883 
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5 
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996 
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7 
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206 

220 
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8 

9 
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311 

276 

290 
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318 

332 

346 

360 

374 

388 

402 
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415 
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443 

467 

471 

485 

499 

513 

627 

541 
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554 

568 

582 

596 

610 

624 

638 

651 

665 

679 
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693 

707 

721 

734 

748 

762 

776 

790 

803 

817 
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886 
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325 
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501 

8 

4 

4.2 
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542 

556 
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623 

637 

5 

6 

7.0 

8.4 
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651 
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705 

718 
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745 
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772 
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799 
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840 
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866 

880 

893 

907 

8 

11.2 
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934 
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974 
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•041 

9 
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096 
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188 
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242 

255 
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282 

295 

308 
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322 
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348 

362 

375 

388 

402 

415 
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441 
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455 

468 

481 
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508 
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479 
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11.7 
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504 

617 
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543 

556 
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595 

608 
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647 
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711 

724 

737 
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776 

789 
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827 

840 

853 

866 

879 
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892 
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917 

930 

943 

956 

969 

982 

994 
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53 020 
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046 

058 
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110 
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186 
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212 

224 

237 
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339 
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506 
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580 

593 

605 
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630 

642 
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654 

667 

679 

691 

704 

716 
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741 

753 

765 
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777 

790 

802 

814 
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851 

864 
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937 
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55 023 

035 

047 

060 

072 

084 

096 
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582 

594 

606 

618 

6 

7.8 












7 

9.1 
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703 
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775 
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♦074 
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455 
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490 
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585 
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679 
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703 
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726 

738 
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761 
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855 
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♦031 
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57 054 
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078 

089 

101 
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148 
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8 
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373 

171 
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206 

217 

229 

241 

252 

264 

276 

9 

10.8 

374 

287 
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322 

334 

345 
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368 

380 

392 



375 

403 

415 

426 

438 

449 

461 

473 

484 

496 

507 



376 

519 

530 

542 

553 

565 

576 

588 

600 

611 

623 



377 

634 

646 

667 

669 

680 

692 

703 

715 

726 

738 
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749 

761 

772 
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796 

807 

818 

830 

841 

852 


11 
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864 

875 
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910 
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933 

944 

955 
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♦024 
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3.3 
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115 
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4 
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206 

218 
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240 
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274 
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297 

309 

5 
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383 
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343 
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377 
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410 

422 

6 

7 
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7.7 
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444 

456 

467 

478 

490 

501 

512 

524 

535 

8 

9 
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385 

546 
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569 

580 

591 

602 

614 

625 

636 

647 



386 
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681 

692 

704 

715 

726 

737 

749 

760 
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771 
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794 
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816 

827 

838 
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894 

906 
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217 

228 

239 
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260 
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325 

336 

347 

358 

369 

379 

390 

401 

412 
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433 

444 

455 

466 

477 

487 

498 

509 

520 

531 

541 

552 

563 
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584 

595 
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617 
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638 
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681 
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703 

713 

724 

735 

746 

756 

767 

778 

788 

799 

810 
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831 

842 

853 

863 
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885 

895 

906 

917 

927 

938 
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959 

970 

981 
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•013 
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•034 

•045 

•055 

61 066 
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119 

130 
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321 

331 

342 

352 

363 
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384 

395 

405 

416 

426 

437 

448 

458 

469 

479 

490 

500 

511 
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532 

542 

553 

563 
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584 

595 
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616 

627 

637 

648 

658 

669 

679 

690 

700 

711 
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731 

742 

752 

763 

773 

784 

794 

805 

815 

826 

836 

847 

857 

868 

878 

888 

899 

909 

920 

930 

941 

951 

962 

972 

982 

993 

•003 

62 014 

024 

034 

045 

055 

066 

076 
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097 

107 
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128 

138 

149 

159 

170 
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221 

232 

242 

252 

263 

273 

284 

294 

304 

315 

325 

335 

346 

356 

366 

377 

387 

397 

408 

418 

428 

439 

449 

459 

469 

480 

490 

500 

511 

521 

531 

542 

552 

562 

572 

583 

593 

603 

613 

624 

634 

644 

655 

665 

675 

685 

696 

706 

716 

726 

737 

747 

757 

767 

778 

788 
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818 
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839 

849 

859 
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910 
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951 
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*033 
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134 
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215 
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296 

306 
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327 
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347 

357 
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377 

387 

397 

407 

417 
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438 
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458 
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478 
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508 

518 

528 

538 

548 

558 

568 

579 

589 

599 

609 

619 

629 

639 

649 

659 

669 

679 

689 

699 

709 

719 

729 

739 

749 

759 

769 

779 

789 

799 

809 
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389 

398 
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437 

447 

456 

466 

476 

485 

495 
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614 

523 

533 

543 

552 

562 

571 
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030 

037 

043 

050 

057 

064 

070 

077 

084 

647 

090 

097 

104 

111 

117 

124 

131 

137 

144 

151 

648 

158 

164 

171 

178 

184 

191 

198 

204 

211 

218 

649 

224 

231 

238 

245 

251 

258 

265 

271 

278 

285 

650 

291 

298 

305 

311 

318 

325 

331 

338 

345 

351 
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1 Prop. Pkrtf 1 

650 

81 291 

298 

305 

311 

318 

325 

331 

338 

345 

351 



661 

358 

365 

371 

378 

385 

391 

398 

405 

411 

418 



652 

425 

431 

438 

445 

451 

458 

465 

471 

478 

485 



653 

491 

498 

505 

511 

518 

525 

531 

538 

544 

551 



664 

558 

564 

571 

578 

584 

591 

598 

604 

611 

617 



655 

624 

631 

637 

644 

651 

657 

664 

671 

677 

684 



656 

690 

697 

704 

710 

717 

723 

730 

737 

743 

750 



657 

757 

763 

770 

776 

783 

790 

796 

803 

809 

816 



658 

823 

829 

836 

842 

849 

856 

862 

869 

875 

882 



659 

889 

895 

902 

908 

915 

921 

928 

935 

941 

948 



660 

954 

961 

968 

974 

981 

987 

994 

*000 

*007 

*014 



661 

82 020 

027 

033 

040 

046 

053 

060 

066 

073 

079 



662 

086 

092 

099 

105 

112 

119 

125 

132 

138 

145 



663 

151 

158 

164 

171 

178 

184 

191 

197 

204 

210 


7 












1 

0.7 

664 

217 

223 

230 

236 

243 

249 

256 

263 

269 

276 

2 

1.4 

665 

282 

289 

295 

302 

308 

315 

321 

328 

334 

341 

8 

2.1 

666 

347 

354 

360 

367 

373 

380 

387 

393 

400 

406 

5 

3.5 

667 

413 

419 

426 

432 

439 

445 

452 

458 

465 

471 

6 

7 

4.2 

4.9 

668 

478 

484 

491 

497 

504 

510 

517 

523 

530 

536 

8 

5.6 

669 

543 

549 

556 

562 

569 

575 

582 

588 

595 

601 

9 

6.3 

670 

607 

614 

620 

627 

633 

640 

646 

653 

659 

666 



671 

672 

679 

685 

692 

698 

705 

711 

718 

724 

730 



672 

737 

743 

750 

756 

763 

769 

776 

782 

789 

795 



673 

802 

808 

814 

821 

827 

834 

840 

847 

853 

860 



674 

866 

872 

879 

885 

892 

898 

905 

911 

918 

924 



675 

930 

937 

943 

950 

956 

963 

969 

975 

982 

988 



676 

995 

*001 

*008 

*014 

•020 

*027 

*033 

*040 

*046 

•052 



677 

83 059 

065 

072 

078 

085 

091 

097 

104 

110 

117 



678 

123 

129 

136 

142 

149 

155 

161 

168 

174 

181 



679 

187 

193 

200 

206 

213 

219 

225 

232 

238 

245 



680 

251 

257 

264 

270 

276 

283 

289 

296 

302 

308 



681 

315 

321 

327 

334 

340 

347 

353 

359 

366 

372 



682 

378 

385 

391 

398 

404 

410 

417 

423 

429 

436 



683 

442 

448 

455 

461 

467 

474 

480 

487 

493 

499 

1 

O 

0.6 

684 

506 

512 

518 

525 

531 

537 

544 

550 

556 

563 
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3 

1.2 

1 8 

685 

569 

575 

582 

588 

594 

601 

607 

613 

620 

626 

4 

2!4 

686 

632 

639 

645 

651 

658 

664 

670 

677 

683 

689 

0 

3.0 












6 

3.6 

687 

696 

702 

708 

715 

721 

727 

734 

740 

746 

753 

T 

4.2 

688 

759 

765 

771 

778 

784 

790 

797 

803 

809 

816 

o 

4.8 

C A 

689 

822 

828 

835 

841 

847 

853 

860 

866 

872 

879 

V 



885 

891 

897 

904 

910 

916 

923 

929 

935 

942 



691 

948 

954 

960 

967 

973 

979 

985 

992 

998 

*004 



692 

84 011 

017 

023 

029 

036 

042 

048 

055 

061 

067 



693 

073 

080 

086 

092 

098 

105 

111 

117 

123 

130 



694 

136 

142 

148 

155 

161 

167 

173 

180 

186 

192 



695 

198 

205 

211 

217 

223 

230 

236 

242 

248 

255 



696 

261 

267 

273 

280 

286 

292 

298 

305 

311 

317 



697 

323 

330 

336 

342 

348 

354 

361 

367 

373 

379 



698 

386 

392 

398 

404 

410 

417 

423 

429 

435 

442 



699 

448 

454 

460 

466 

473 

479 

485 

491 

497 

504 




510 

516 

522 

528 

535 

541 

547 

553 

559 

566 
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700 Fhft-PloM Common Logotfriimt— 750 


EM 

0 

1 

2 

3 

4 

5 

6 

T 

8 

0 

PfO^. Parti 1 

700 

84 610 

616 

622 

628 

635 

641 

647 

663 

669 

666 

1 


701 

672 

678 

684 

690 

697 

603 

609 

616 

621 

628 



702 

634 

640 

646 

662 

668 

666 

671 

677 

683 

689 



703 

696 

702 

708 

714 

720 

726 

733 

739 

746 

751 



704 

767 

763 

770 

776 

782 

788 

794 

800 

807 

813 



706 

819 

826 

831 

837 

844 

860 

866 

862 

868 

874 



706 

880 

887 

893 

899 

906 

911 

917 

924 

930 

936 



707 

942 

948 

964 

960 

967 

973 

979 

986 

991 

997 



708 

86 003 

009 

016 

022 

028 

034 

040 

046 

062 

068 


7 

709 

066 

071 

077 

083 

089 

096 

101 

107 

114 

120 

1 

0.7 












2 

1.4 

710 

126 

132 

138 

144 

160 

166 

163 

169 

176 

181 

8 

4 

2.1 

2 8 

711 

187 

193 

199 

206 

211 

217 

224 

230 

236 

242 

5 

5,6 

712 

248 

264 

260 

266 

272 

278 

286 

291 

297 

303 

6 

4.2 

713 

309 

315 

321 

327 

333 

339 

346 

362 

368 

364 

7 

s 

4.9 

6.6 

714 

370 

376 

382 

388 

394 

400 

406 

412 

418 

425 

e 

6.3 

716 

431 

437 

443 

449 

456 

461 

467 

473 

479 

486 



716 

491 

497 

603 

609 

616 

622 

628 

634 

540 

646 



717 

662 

668 

664 

670 

676 

682 

688 

694 

600 

606 



718 

612 

618 

626 

631 

637 

643 

649 

666 

661 

667 



719 

673 

679 

686 

691 

697 

703 

709 

716 

721 

727 



720 

733 

739 

746 

761 

757 

763 

769 

776 

781 

788 



721 

794 

800 

806 

812 

818 

824 

830 

836 

842 

848 



722 

864 

860 

866 

872 

878 

884 

890 

896 

902 

908 



723 

914 

920 

926 

932 

938 

944 

950 

966 

962 

968 
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o 

0.6 

724 

974 

980 

986 

992 

998 

•004 

•010 

•016 

•022 

•028 

2 

s 

1.2 

L8 

726 

86 034 

040 

046 

052 

058 

064 

070 

076 

082 

088 

4 

2.4 

726 

094 

100 

106 

112 

118 

124 

130 

136 

141 

147 

0 
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6 

3.6 

727 

163 

169 

166 

171 

177 

183 

189 

196 

201 

207 

7 

4.2 

728 

213 

219 

226 

231 

237 

243 

249 

266 

261 

267 

8 

o 

4*8 

K. A 

729 

273 

279 

286 

291 

297 

303 

308 

314 

320 

326 

V 


730 

332 

338 

344 

360 

366 

362 

368 

374 

380 

386 



731 

392 

398 

404 

410 

416 

421 

427 

433 

439 

446 



732 

461 

467 

463 

469 

475 

481 

487 

493 

499 

604 



733 

610 

616 

622 

628 

634 

640 

646 

662 

658 

664 



734 

670 

676 

681 

687 

693 

699 

606 

611 

617 

623 



736 

629 

636 

641 

646 

652 

658 ^ 

664 

670 

676 

682 



736 

688 

694 

700 

706 

711 

717 

723 

729 

736 

741 



737 

747 

763 

769 

764 

770 

776 

782 

788 

794 

800 

1 

8 

A X 

738 

806 

812 

817 

823 

829 

835 

841 

847 

853 

869 

X 

2 

U.O 

1.0 

739 

864 

870 

876 

882 

888 

894 

900 

906 

911 

917 

8 

1.5 












4 

2.0 

740 

923 

929 

936 

941 

947 

953 

968 

964 

970 

976 

5 

2.6 

741 

982 

988 

994 

999 

•005 

•on 

•017 

•023 

•029 

•035 

6 

3.0 

742 

87 040 

046 

062 

058 

064 

070 

075 

081 

087 

093 

7 

3*S 

A A 

743 

099 

106 

111 

116 

122 

128 

134 

140 

146 

161 

9 

4.5 J 

744 

167 

163 

169 

175 

181 

186 

192 

198 

204 

210 



746 

216 

221 

227 

233 

239 

246 

251 

256 

262 

268 



746 

274 

280 

286 

291 

297 

303 

309 

316 

320 

326 



747 

332 

338 

344 

349 

366 

361 

367 

373 

379 

384 



748 

390 

396 

402 

408 

413 

419 

426 

431 

437 

442 



749 

448 

464 

460 

466 

471 

477 

483 

489 

496 

600 



750 

606 

612 

618 

623 

629 

636 

641 

647 

662 

668 
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1 Pr^iKPirts 1 

750 

87 606 

612 

618 

623 

629 

636 

641 

647 

662 

658 



761 

664 

670 

676 

681 

687 

693 

699 

604 

610 

616 



762 

622 

628 

633 

639 

646 

651 

656 

662 

668 

674 



763 

679 

686 

691 

697 

703 

708 

714 

720 

726 

731 



764 

737 

743 

749 

764 

760 

766 

772 

777 

783 

789 



766 

796 

800 

806 

812 

818 

823 

829 

836 

841 

846 



766 

862 

868 

864 

869 

875 

881 

887 

892 

898 

904 



767 

910 

916 

921 

927 

933 

938 

944 

960 

956 

961 



768 

967 

973 

978 

984 

990 

996 

•001 

•007 

•013 

•018 



769 

88 024 

030 

036 

041 

047 

063 

068 

064 

070 

076 



760 

081 

087 

093 

098 

104 

110 

116 

121 

127 

133 



761 

138 

144 

160 

166 

161 

167 

173 

178 

184 

190 



762 

196 

201 

207 

213 

218 

224 

230 

236 

241 

247 



763 

262 

268 

264 

270 

275 

281 

287 

292 

298 

304 


6 












1 

0.6 

764 

309 

316 

321 

326 

332 

338 

343 

349 

355 

360 

a 

1.2 

766 

366 

372 

377 

383 

389 

396 

400 

406 

412 

417 

3 

1.8 

766 

423 

429 

434 

440 

446 

451 

457 

463 

468 

474 

6 

3.0 

767 

480 

486 

491 

497 

602 

608 

613 

619 

626 

630 

0 

7 

3.6 

4.2 

768 

636 

642 

647 

653 

659 

664 

670 

676 

681 

687 

8 

4.8 

769 

693 

698 

604 

610 

616 

621 

627 

632 

638 

643 

8 

614 

770 

649 

656 

660 

666 

672 

677 

683 

689 

694 

700 



771 

706 

711 

717 

722 

728 

734 

739 

745 

750 

756 



772 

762 

767 

773 

779 

784 

790 

795 

801 

807 

812 



773 

818 

824 

829 

836 

840 

846 

862 

867 

863 

868 



774 

874 

880 

886 

891 

897 

902 

908 

913 

919 

925 



776 

930 

936 

941 

947 

953 

958 

964 

969 

975 

981 



776 

986 

992 

997 

*003 

•009 

•014 

•020 

•025 

•031 

•037 



777 

89 042 

048 

063 

059 

064 

070 

076 

081 

087 

092 



778 

098 

104 

109 

116 

120 

126 

131 

137 

143 

148 



779 

164 

169 

166 

170 

176 

182 

187 

193 

198 

204 



780 

209 

216 

221 

226 

232 

237 

243 

248 

254 

260 



781 

266 

271 

276 

282 

287 

293 

298 

304 

310 

315 



782 

321 

326 

332 

337 

343 

348 

354 

360 

365 

371 


6 

783 

376 

382 

387 

393 

398 

404 

409 

415 

421 

426 

1 

2 

0.6 

1.0 

784 

432 

437 

443 

448 

454 

469 

465 

470 

476 

481 

3 

4 

1.5 

2.0 

786 

487 

492 

498 

604 

609 

616 

620 

626 

631 

637 

6 

2.5 

786 

642 

648 

663 

669 

664 

670 

675 

681 

686 

692 

0 
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7 

3.5 

787 

697 

603 

609 

614 

620 

626 

631 

636 

642 

647 

8 

4.0 

788 

663 

668 

664 

669 

675 

680 

686 

691 

697 

702 

0 

4.6 

789 

708 

713 

719 

724 

730 

735 

741 

746 

762 

757 



700 

763 

768 

774 

779 

785 

790 

796 

801 

807 

812 



791 

818 

823 

829 

834 

840 

i 845 

851 

856 

862 

867 



792 

873 

878 

883 

889 

894 

900 

905 

911 

916 

922 



793 

927 

933 

938 

944 

949 

965 

960 

966 

971 

977 



794 

982 

988 

993 

998 

•004 

•009 

•015 

•020 

•026 

•031 



796 

90 037 

042 

048 

063 

069 

064 

069 

075 

080 

086 



796 

091 

097 

102 

108 

113 

119 

124 

129 

136 

140 



797 

146 

161 

167 

162 

168 

173 

179 

184 

189 

195 



798 

200 

206 

211 

217 

222 

227 

233 

238 

244 

249 



799 

266 

260 

266 

271 

276 

282 

287 

293 

298 

304 
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314 

320 

326 

331 

336 

342 

347 

362 

368 
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6 
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Prop. Putt 1 

800 

90 309 

314 

320 

325 

331 

336 

342 

347 

352 

358 



801 

363 

369 

374 

380 

385 

390 

396 

401 

407 

412 



802 

417 

423 

428 

434 

439 

445 

450 

455 

461 

466 



803 

472 

477 

482 

488 

493 

499 

504 

509 

515 

520 



804 

526 

531 

636 

542 

547 

553 

558 

563 

569 

574 



805 

580 

585 

590 

596 

601 

607 

612 

617 

623 

628 



806 

634 

639 

644 

650 

655 

660 

666 

671 

677 

682 



807 

687 

693 

698 

703 

709 

714 

720 

725 

730 

736 



808 

741 

747 

752 

767 

763 

768 

773 

779 

784 

789 



809 

795 

800 

806 

811 

816 

822 

827 

832 

838 

843 



810 

849 

854 

859 

865 

870 

875 

881 

886 

891 

897 



811 

902 

907 

913 

918 

924 

929 

934 

940 

945 

950 



812 

956 

961 

966 

972 

977 

982 

988 

993 

998 

•004 



813 

91 009 

014 

020 

025 

030 

036 

041 

046 

052 

057 


6 














814 

062 

068 

073 

078 

084 

089 

094 

100 

105 

no 



815 

116 

121 

126 

132 

137 

142 

148 

153 

158 

164 



816 

169 

174 

180 

185 

190 

196 

201 

206 

212 

217 
















817 

222 

228 

233 

238 

243 

249 

254 

259 

265 

270 


3 

818 

275 

281 

286 

291 

297 

302 

307 

312 

318 

323 

8 

4.8 

819 

328 

334 

339 

344 

350 

355 

360 

365 

371 

376 

9 

6.4 

820 

381 

387 

392 

397 

403 

408 

413 

418 

424 

429 



821 

434 

440 

445 

450 

455 

461 

466 

471 

477 

482 



822 

487 

492 

498 

503 

508 

514 

519 

524 

529 

535 



823 

540 

545 

551 

556 

561 

566 

572 

577 

582 

587 



824 

593 

598 

603 

609 

614 

619 

624 

630 

635 

640 



825 

645 

651 

656 

661 

666 

672 

677 

682 

687 

693 



826 

698 

703 

709 

714 

719 

724 

730 

735 

740 

745 



827 

751 

756 

761 

766 

772 

777 

782 

787 

793 

798 



828 

803 

808 

814 

819 

824 

829 

834 

840 

845 

850 



829 

855 

861 

866 

871 

876 

882 

887 

892 

897 

903 



830 

908 

913 

918 

924 

929 

934 

939 

944 

950 

955 



831 

960 

965 

971 

976 

981 

986 

991 

997 

•002 

•007 1 



832 

92 012 

018 

023 

028 

033 

038 

044 

049 

054 

059 1 



833 

065 

070 

075 

080 

085 

091 

096 

101 

106 

111 

1 

a 

0.6 

1.0 

834 

117 

122 

127 

132 

137 

143 

148 

153 

158 

163 

3 

4 

1.5 

2.0 

835 

169 

174 

179 

184 

189 

19ff* 

200 

205 

210 

215 

5 


836 

221 

226 

231 

236 

241 

247 

252 

257 

262 

267 

6 













7 


837 

273 

278 

283 

288 

293 

298 

304 

309 

314 

319 

8 

4.0 

838 

324 

330 

335 

340 

345 

350 

355 

361 

366 

371 1 



839 

376 

381 

387 

392 

397 

402 

407 

412 

418 

423 



840 

428 

433 

438 

443 

449 

454 

459 

464 

469 

474 



841 

480 

485 

490 

495 

500 

505 

511 

516 

521 

526 



842 

531 

536 

542 

547 

552 

557 

562 

567 

572 

578 



843 

583 

588 

593 

598 

603 

609 

614 

619 

624 

629 



844 

634 

639 

645 

650 

655 

660 

665 

670 

675 

681 



845 

686 

691 

696 

701 

706 

711 

716 

722 

727 

732 



846 

737 

742 

747 

752 

758 

763 

768 

773 

778 

783 



847 

788 

793 

799 

804 

809 

814 

819 

824 

829 

834 



848 

840 

845 

850 

855 

860 

865 

870 

875 

881 

886 



849 

891 

896 

901 

906 

911 

916 

921 

927 

932 

937 



850 

942 

947 

952 

957 

962 

967 

973 

978 

983 

988 



D 


1 

2 

8 

4 

5 

6 

7 

8 

9 

1 Prop. Puts 1 
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950— * Fivo-PIde* Cemmen Legarilhim— 900 


M 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 

Prop. Pttrti 1 


92 942 

947 

962 

967 

962 , 

967 

973 

978 

983 

988 



851 

993 

998 

•003 

•008 

•013 

•018 

•024 

•029 

•034 

•039 



862 

93 044 

049 

064 

069 

064 

069 

076 

080 

085 

090 



863 

096 

100 

106 

110 

116 

120 

126 

131 

136 

141 



864 

146 

161 

156 

161 

166 

171 

176 

181 

186 

192 



865 

197 

202 

207 

212 

217 

222 

227 

232 

237 

242 



866 

247 

262 

268 

263 

268 

273 

278 

283 

288 

293 



867 

298 

303 

308 

313 

318 

323 

328 

334 

339 

344 



868 

349 

364 

369 

364 

369 

374 

379 

384 

389 

394 


0 

869 

399 

404 

409 

414 

420 

425 

430 

435 

440 

446 

1 

0.6 












a 

1.2 

860 

460 

466 

460 

466 

470 

476 

480 

486 

490 

496 

8 

4 

1.8 

2 4 

861 

600 

606 

610 

615 

620 

626 

631 

636 

641 

646 

5 

3.0 

862 

661 

666 

661 

666 

671 

676 

681 

686 

691 

696 

6 

3.6 

863 

601 

606 

611 

616 

621 

626 

631 

636 

641 

646 

7 

4.2 












8 

4.8 

864 

661 

666 

661 

666 

671 

676 

682 

687 

692 

697 

e 

6.4 

866 

702 

707 

712 

717 

722 

727 

732 

737 

742 

747 



866 

762 

767 

762 

767 

772 

777 

782 

787 

792 

797 



867 

802 

807 

812 

817 

822 

827 

832 

837 

842 

847 



868 

862 

867 

862 

867 

872 

877 

882 

887 

892 

897 



869 

902 

907 

912 

917 

922 

927 

932 

937 

942 

947 



870 

962 

967 

962 

967 

972 

977 

982 

987 

992 

997 



871 

94 002 

007 

012 

017 

022 

027 

032 

037 

042 

047 



872 

062 

067 

062 

067 

072 

077 

082 

086 

091 

096 


5 

873 

101 

106 

111 

116 

121 

126 

131 

136 

141 

146 

1 

0.6 












a 

1.0 

W'im 

151 

166 

161 

166 

171 

176 

181 

186 

191 

196 

8 

1.6 


201 

206 

211 

216 

221 

226 

231 

236 

240 

246 

4 

2.0 

iii 

260 

266 

260 

265 

270 

276 

280 

286 

290 

295 

5 

6 

2.6 

3.0 

877 

300 

306 

310 

316 

320 

326 

330 

335 

340 

346 

7 

8 

3.6 

4.0 

878 

349 

364 

369 

364 

369 

374 

379 

384 

389 

394 

9 

4.6 

879 

399 

404 

409 

414 

419 

424 

429 

433 

438 

443 



880 

448 

463 

468 

463 

468 

473 

478 

483 

488 

493 



881 

498 

603 

607 

612 

617 

622 

627 

632 

637 

642 



882 

647 

662 

667 

662 

667 

671 

676 

681 

686 

691 



883 

696 

601 

606 

611 

616 

621 

626 

630 

636 

640 



884 

646 

660 

656 

660 

666 

670 

676 

680 

686 

689 



886 

694 

699 

704 

709 

714 

719 

724 

729 

734 

738 



886 

743 

748 

763 

768 

763 

768 

773 

778 

783 

787 


4 

887 

792 

797 

802 

807 

812 

817 

822 

827 

832 

836 

1 

A 

0.4 

888 

841 

846 

861 

866 

861 

866 

871 

876 

880 

886 

SB 

3 

0.8 

1 2 

889 

890 

896 

900 

906 

910 

916 

919 

924 

929 

934 

4 

l .*6 












5 

2.0 

800 

939 

944 

949 

954 

969 

963 

968 

973 

978 

983 

6 

2.4 

891 

988 

993 

998 

•002 

•007 

•012 

•017 

•022 

•027 

•032 

7 

2.8 

892 

96 036 

041 

046 

061 

066 

061 

066 

071 

076 

080 

8 

3.2 

893 

085 

090 

096 

100 

106 

109 

114 

119 

124 

129 

9 

3.6 

894 

134 

139 

143 

148 

163 

168 

163 

168 

173 

177 



896 

182 

187 

192 

197 

202 

207 

211 

216 

221 

226 



896 

231 

236 

240 

246 

260 

265 

260 

266 

270 

274 



897 

279 

284 

289 

294 

299 

303 

308 

313 

318 

323 



898 

328 

332 

337 

342 

347 

362 

367 

361 

366 

371 



899 

376 

381 

386 

390 

396 

400 

406 

410 

416 

419 




424 

429 

434 

439 

444 

448 

463 

468 

463 

468 



a 

0 

1 

2 

3 

KB 

mM 

6 

7 

8 

9 
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I— nv«4*lae« Common Logarithms— 950 


P!V^* Pttfto 


96 424 

429 

434 

439 

444 

448 

453 

458 

463 

468 

472 

477 

482 

487 

492 

497 

601 

606 

611 

616 

521 

626 

630 

635 

640 

646 

650 

664 

669 

664 

669 

674 

678 

683 

688 

693 

698 

602 

607 

612 

617 

622 

626 

631 

636 

641 

646 

660 

665 

660 

666 

670 

674 

679 

684 j 

689 

694 

698 

703 

708 

713 

718 

722 

727 

732 

737 

742 

746 

761 

766 

761 

766 

770 

776 

780 

786 

789 

794 

799 

804 

809 

813 

818 

823 

828 

832 

837 

842 

847 

862 

866 

861 

866 

871 

876 

880 

886 

890 

896 

899 

904 

909 

914 

918 

923 

928 

933 

938 

942 

947 

962 

967 

961 

966 

971 

976 

980 

986 

990 

996 

999 

•004 

•009 

•014 

•019 

•023 

•028 

•033 

•038 

•042 

96 047 

062 

067 

061 

066 

071 

076 

080 

085 

090 

096 

099 

104 

109 

114 

118 

123 

128 

133 

137 

142 

147 

162 

166 

161 

166 

171 

176 

180 

185 

190 

194 

199 

204 

209 

213 

218 

223 

1 

227 

232 

237 

242 

246 

261 

256 

261 

265 

270 

276 

280 

284 

289 

294 

298 

303 

308 

313 

317 

322 

327 

332 

336 

341 

346 

360 

355 

360 

365 

369 

374 

379 

384 

388 

393 

398 

402 

407 

412 

417 

421 

426 

431 

436 

440 

445 

450 

454 

459 

464 

468 

473 

478 

483 

487 

492 

497 

601 

606 

611 

516 

620 

626 

630 

634 

639 

644 

648 

663 

668 

662 

667 

672 

677 

681 

686 

691 

695 

600 

605 

609 

614 

619 

624 

628 

633 

638 

642 

647 

662 

666 

661 

666 

670 

676 

680 

686 

689 

694 

699 

703 

708 

713 

717 

722 

727 

731 

736 

741 

746 

760 

766 

769 

764 

769 

774 

778 

783 

788 

792 

797 

802 

806 

811 

816 

820 

825 

830 

834 

839 

844 

848 

863 

858 

862 

867 

872 

876 

881 

886 

890 

896 

900 

904 

909 

914 

918 

923 

928 

932 

937 

942 

946 

961 

966 

960 

966 

970 

974 

979 

984 

988 

993 

997 

•002 

•007 

•oil 

•016 

•021 

•026 

•030 

97 035 

039 

044 

049 

053 

058 

063 

067 

072 

077 

081 

086 

090 

096 

100 


109 

114 

118 

123 

128 

132 

137 

142 

146 

151 

155 

160 

165 

169 

174 

179 

183 

188 

192 

197 

202 

206 

211 

216 

220 

226 

230 

234 

239 

243 

248 

263 

257 

262 

267 

271 

276 

280 

285 

290 

294 

299 

304 

308 

313 

317 

322 

327 

331 

336 

340 

345 

360 

364 

369 

364 

368 

373 

377 

382 

387 

391 

396 

400 

406 

410 

414 

419 

424 

428 

433 

437 

442 

447 

461 

466 

460 

466 

470 

474 

479 

483 

488 

493 

497 

602 

606 

611 

616 

620 

625 

629 

634 

639 

643 

648 

652 

667 

662 

666 

671 

676 

580 

686 

689 

694 

698 

603 

607 

612 

617 

621 

626 

630 

635 

640 

644 

649 

653 

658 

663 

667 

672 

676 

681 

685 

690 

695 

699 

704 

708 

713 

717 

722 

727 

731 

736 

740 

745 

749 

764 

769 

763 

768 

772 

777 

782 

786 

791 

796 

800 

804 

809 

813 
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Tab/e 1 


950 — Fiw^lae* Common Logarithms — 1000 


El 


1 

2 

3 

4 

5 

6 

7 

8 

9 

Prop. Parts 

050 

97 772 

777 

782 

786 

791 

796 

800 

804 

809 

813 


951 

818 

823 

827 

832 

836 

841 

845 

850 

855 

859 


952 

864 

868 

873 

877 

882 

886 

891 

896 

900 

90S 


953 

909 

914 

918 

923 

928 

932 

937 

941 

946 

950 


954 

955 

959 

964 

968 

973 

978 

982 

987 

991 

996 


955 

98 000 

005 

009 

014 

019 

023 

028 

032 

037 

041 


956 

046 

050 

055 

059 

064 

068 

073 

078 

082 

087 


957 

091 

096 

100 

105 

109 

114 

118 

123 

127 

132 


958 

137 

141 

146 

150 

155 

169 

164 

168 

173 

177 


959 

182 

186 

191 

195 

200 

204 

209 

214 

218 

223 



227 

232 

236 

241 

245 

250 

254 

259 

263 

268 



272 

277 

281 

286 

290 

295 

299 

304 

308 

313 



318 

322 

327 

331 

336 

340 

345 

349 

354 

358 



363 

367 

372 

376 

381 

385 

390 

394 

399 

403 

5 












1 0.5 

964 

408 

412 

417 

421 

426 

430 

435 

439 

444 

448 

a 1.0 

965 

453 

457 

462 

466 

471 

475 

480 

484 

489 

493 

8 1.5 

966 

498 

502 

507 

511 

516 

520 

525 

629 

534 

538 

4 2.0 

5 2.5 

967 

543 

547 

552 

556 

561 

565 

670 

674 

679 

583 

0 3.0 

7 3.5 

968 

588 

592 

597 

601 

605 

610 

614 

619 

623 

628 

8 4.0 

969 

632 

637 

641 

646 

650 

655 

659 

664 

668 

673 

8 4.6 

070 

677 

682 

686 

691 

695 

700 

704 

709 

713 

717 


971 

722 

726 

731 

735 

740 

744 

749 

753 

758 

762 


972 

767 

771 

776 

780 

784 

789 

793 

798 

802 

807 


973 

811 

816 

820 

825 

829 

834 

838 

843 

847 

851 


974 

856 

860 

865 

869 

874 

878 

883 

887 

892 

896 


975 

900 

905 

909 

914 

918 

923 

927 

932 

936 

941 


976 

945 

949 

954 

958 

963 

967 

972 

976 

981 

985 


977 

989 

994 

998 

•003 

*007 

•012 

•016 

•021 

•025 

*029 


978 

99 034 

038 

043 

047 

052 

056 

061 

065 

069 

074 


979 

078 

083 

087 

092;. 

096 

100 

105 

109 

114 

118 


080 

123 

127 

131 

136 

140 

145 

149 

154 

158 

162 


981 

167 

msM 


■cni 

185 

189 

193 

198 

202 

207 


982 

211 

216 

220 

224 

229 

233 

238 

242 

247 

251 

4 

983 

255 

260 

264 

269 

273 

277 

282 

286 

291 

295 

1 0.4 












a 0.8 

984 

300 

304 

308 

313 

317 

322 

526 

330 

335 

339 

3 1.2 

985 

344 

348 

352 

357 

361 

366 

370 

374 

379 

383 

4 1.6 

986 

388 

392 

396 

401 

405 

410 

414 

419 

423 

427 

5 2.0 

6 2.4 

987 

432 

436 

441 

445 

449 

454 

458 

463 

467 

471 

7 2.8 

8 32 

988 

476 

480 

484 

489 

493 

498 

502 

506 

511 

515 

e 3.6 

989 

520 

524 

528 

533 

637 

542 

546 

550 

555 

559 


000 

564 

568 

672 

677 

581 

585 

590 

594 

599 

603 


991 

607 

612 

616 

621 

625 

629 

634 

638 

642 

647 


992 

651 

656 

660 

664 

669 

673 

677 

682 

686 

691 


993 

695 

699 

704 

708 

712 

717 

721 

726 

730 

734 


994 

739 

743 

747 

762 

756 

760 

765 

769 

774 

778 


995 

782 

787 

791 

796 

800 

804 

808 

813 

817 

822 


996 

826 

830 

835 

839 

843 

848 

852 

856 

861 

865 


997 

870 

874 

878 

883 

887 

891 

896 

900 

904 

909 


998 

913 

917 

922 

926 

930 

935 

939 

944 

948 

952 



957 

961 

965 

970 

974 

978 

983 

987 

991 

996 



00 000 

004 

009 

013 

017 

022 

026 

030 

035 

039 


Ll 

0 

1 

2 

8 

4 

5 

6 

7 

8 

9 
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TABLE 2 453 

Ncrtuial Trigonomatric FuncHom 


0 ® 1 ® 


t 

8in Tan Ctn Goa 

/ 


3 

Sin Tan Ctn Cos 

/ 

0 

.00000 .00000 — 1.0000 

60 


■a 

.01745 .01746 57.290 .99985 

60' 

1 

.00029 .00029 3437.7 1.0000 

59 


1 

.01774 .01775 56.351 .99984 

59 

2 

.00058 .00058 1718.9 1.0000 

58 


2 

.01803 .01804 55.442 .99984 

58 

3 

.00087 .00087 1145.9 1.0000 

57 


3 

.01832 .01833 54.561 .99983 

57 

4 

.00116 .00116 859.44 1.0000 

56 


4 

.01862 .01862 53.709 .99983 

56 

5 

.00145 .00145 687.55 1.0000 

55 


5 

.01891 .01891 52.882 .99982 

55 

6 

.00175 .00175 572.96 1.0000 

54 


6 

.01920 .01920 52.081 .99982 

54 

7 

.00204 .00204 491.11 1.0000 

53 


7 

.01949 .01949 51.303 .99981 

53 

8 

.00233 .00233 429.72 1.0000 

52 


8 

.01978 .01978 50.549 .99980 

52 

9 

.00262 .00262 381.97 1.0000 

51 


9 

.02007 .02007 49.816 .99980 

51 

10 

.00291 .00291 343.77 1.0000 

50 


10 

.02036 .02036 49.104 .99979 

50 

11 

.00320 .00320 312.52 .99999 

49 


11 

.02065 .02066 48.412 .99979 

49 

12 

.00349 .00349 286.48 .99999 

48 


12 

.02094 .02095 47.740 .99978 

48 

13 

.00378 .00378 264.44 .99999 

47 


13 

.02123 .02124 47.085 .99977 

47 

14 

.00407 .00407 245.55 .99999 

46 


14 

.02152 .02153 46.449 .99977 

46 

15 

.00436 .00436 229.18 .99999 

45 


15 

.02181 .02182 45.829 .99976 

45 

16 

.00465 .00465 214.86 .99999 

44 


16 

.02211 .02211 45.226 .99976 

44 

17 

.00495 .00495 202.22 .99999 

43 


17 

.02240 .02240 44.639 .99975 

43 

18 

.00524 .00524 190.98 .99999 

42 


18 

.02269 .02269 44.066 .99974 

42 

19 

.00553 .00553 180.93 .99998 

41 


19 

.02298 .02298 43.508 .99974 

41 

20 

.00582 .00582 171.89 .99998 

40 


20 

.02327 .02328 42.964 .99973 

40 

21 

.00611 .00611 163.70 .99998 

39 


21 

.02356 .02357 42.433 .99972 

39 

22 

.00640 .00640 156.26 .99998 

38 


22 

.02385 .02386 41.916 .99972 

38 

23 

.00669 .00669 149.47 .99998 

37 


23 

.02414 .02415 41.411 .99971 

37 

24 

.00698 .00698 143.24 .99998 

36 


24 

.02443 .02444 40.917 .99970 

36 

25 

.00727 .00727 137.51 .99997 

35 


25 

.02472 .02473 40.436 .99969 

35 

26 

.00756 .00756 132.22 .99997 

34 


26 

.02501 .02502 39.965 .99969 

34 

27 

.00785 .00785 127.32 . 99997 ' 

33 


27 

.02530 .02531 39.506 .99968 

33 

28 

.00814 .00815 122,77 .99997 

32 


28 

.02560 .02560 39.057 .99967 

32 

29 

.00844 .00844 118.54 .99996 

31 


29 

.02589 .02589 38.618 .99966 

31 

30 

.00873 .00873 114.59 .99996 

30 


30 

.02618 .02619 38.188 .99966 

30 

31 

.00902 .00902 110.89 .99996 

29 


31 

.02647 .02648 37.769 .99965 

29 

32 

.00931 .00931 107.43 .99996 

28 


32 

.02676 .02677 37.358 .99964 

28 

33 

.00960 .00960 104.17 .99995 

27 


33 

.02705 .02706 36.956 .99963 

27 

34 

.00989 .00989 101.11 .99995 

26 


34 

.02734 .02735 36.563 .99963 

26 

85 

.01018 .01018 98.218 .99995 

25 


35 

.02763 .02764 36.178 .99962 

25 

36 

.01047 .01047 95.489 .99995 

24 


36 

.02792 .02793 35.801 .99961 

24 

37 

.01076 .01076 92,908 .99994 

23 


37 

.02821 .02822 35.431 .99960 

23 

38 

.01105 .01105 90.463 .99994 

22 


38 

.02850 .02851 35.070 .99959 

22 

39 

.01134 .01135 88,144 .99994 

21 


,39 

.02879 .02881 34.715 .99959 

21 

40 

.01164 .01164 85.940 .99993 

20 


40 

.02908 .02910 34.368 .99958 

20 

41 

.01193 .01193 83.844 .99993 

19 


41 

.02938 .02939 34.027 .99957 

19 

42 

.01222 .01222 81.847 .99993 

18 


42 

.02967 .02968 33.694 .99956 

18 

43 

.01251 .01251 79.943 .99992 

17 


43 

.02996 .02997 33.366 .99955 

17 

44 

.01280 .01280 78.126 .99992 

16 


44 

.03025 .03026 33.045 .99954 

16 

45 

.01309 .01309 76.390 .99991 

15 


45 

.03054 .03055 32.730 .99953 

15 

46 

.01338 .01338 74.729 .99991 

14 


46 

.03083 .03084 32.421 .99952 

14 

47 

.01367 .01367 73.139 .99991 

13 


47 

.03112 .03114 32.118 .99952 

13 

48 

.01396 .01396 71.615 .99990 

12 


48 

.03141 .03143 31.821 .99951 

12 

49 

.01425 .01425 70.153 .99990 

11 


49 

.03170 .03172 31.528 .99950 

11 

50 

.01454 .01455 68.750 .99989 

10 


50 

.03199 .03201 31.242 .99949 

10 

51 

.01483 .01484 67.402 .99989 

9 


51 

.03228 .03230 30.960 .99948 

9 

62 

.01513 .01513 66.105 .99989 

8 


52 

.03257 .03259 30.683 .99947 

8 

63 

.01542 .01542 64.858 .99988 

7 


53 

.03286 .03288 30.412 .99946 

7 

54 

.01571 .01571 63.657 .99988 

6 


54 

.03316 .03317 30.145 .99945 

6 

55 

.01600 01600 62.499 .99987 

5 


55 

.03345 .03346 29.882 .99944 

5 

56 

.01629 .01629 61.383 .99987 

4 


56 

.03374 .03376 29.624 .99943 

4 

67 

.01658 .01658 60.306 .99986 

3 


57 

.03403 .03405 29.371 .99942 

3 

58 

.01687 .01687 59.266 .99986 

2 


58 

.03432 .03434 29.122 .99941 

2 

69 

.01716 .01716 58.261 .99985 

1 


59 

.03461 .03463 28.877 .99940 

1 

60 

.01745 .01746 57.290 .99985 

0 


60 

.03490 .03492 28.636 .99939 

0 

/ 

Cos Ctn Tan Sin 

/ 


/ 

Cos Ctn Tan Sin 

/ 


W® 








r«fc/ts 


Natural Trigonomotrie FuncHont 


Tan Ctn Cot 


Tan Ctn 


.04071 

21 .04100 

22 .04129 

23 .04159 

24 .04188 

.04217 

26 1 .04246 

27 .04276 

28 .04304 

29 1 .04333 


85 .04607 

36 .04636 

37 .04666 

38 .04694 

39 .04623 

40 .04653 

41 .04682 

42 .04711 

43 .04740 

44 .04769 

45 .04798 

46 .04827 

47 .04866 

48 .04886 

49 .04914 

.04943 

51 1.04972 

52 i .05001 

53 .05030 

54 1 .05059 
.06088 

56 .05117 

57 .05146 
68 .05175 

59 .05205 

60 ,06234 


.99939 
.99938 59 
.99937 58 
.99936 67 
.99935 56 

.99934 55 
.99933 54 
.99932 53 
.99931 52 
.99930 51 
.99929 50 
.99927 49 
.99926 48 
.99925 47 
.99924 46 

.99923 45 
.99922 44 
.99921 43 
.99919 42 
.99918 41 

.99917 40 
.99916 39 
.99916 38 
.99913 37 
.99912 36 

.99911 85 
.99910 34 
.99909 33 
,99907 32 
.99906 31 

.99906 80 
.99904 29 
.99902 28 
.99901 27 
.99900 26 
.99898 25 
.99897 24 
.99896 23 
.99894 22 
.99893 21 

.99892 20 
.99890 19 
.99889 18 
.99888 17 
.99886 16 
.99885 15 
.99883 14 
.99882 13 
.99881 12 
.99879 11 



.05379 

6 .05408 

7 .06437 

8 .05466 

9 .05495 

10 .05524 

11 .05553 

12 .05582 

13 .05611 

14 .05640 

15 .05669 

16 .06698 

17 .06727 

18 .06766 

19 .06785 

20 .06814 

21 .06844 

22 .05873 

23 .06902 

24 .06931 

25 .06960 

26 .05989 

27 .06018 

28 .06047 

29 .06076 

30 .06106 

31 .06134 
52 .06163 

33 .06192 

34 .06221 

35 .06250 

36 .06279 

37 .06308 

38 .06337 

39 .06366 

40 .06395 

41 .06424 

42 .06463 

43 .06482 

44 .06511 

45 .06640 

46 .06569 

47 .06698 

48 .06627 

49 .06656 

50 .06685 

51 .06714 

52 .06743 
63 .06773 

54 .06802 

55 .06831 
66 .06860 

67 .06889 

68 .06918 

69 .06947 
.06976 


.99863 60 
.99861 59 
.99860 58 
.99858 57 
.99857 56 

.99855 
.99854 54 
.99852 53 
.99851 52 
.99849 51 
.99847 50 
.99846 49 
.99844 48 
.99842 47 
.99841 46 

.99839 45 
.99838 44 
.99836 43 
.99834 42 
.99833 41 
.99831 40 
.99829 39 
.99827 38 
.99826 37 
.99824 36 

.99822 05 
.99821 34 
.99819 33 
.99817 32 
.99815 31 
.99813 30 
.99812 29 
.99810 28 
.99808 27 
.99806 26 
.99804 
.99803 24 
.99801 23 
.99799 22 
.99797 21 


Ctn Tan Sin 


Cot Ctn Tan 

















TaU «2 


Notural Trigonometric Functions 


45$ 



Sin 

Tan 

Ctn 

Coa 



z 

Sin Tan 

Ctn 

Coa 

L 

13 

.06976 

.06993 

14.301 

.99756 

60 


K1 

.08716 .08749 

11.430 

.99619 

eo 

ll 

.07005 

.07022 

14.241 

.99754 

69 


1 

.08745 .08778 

11.392 

.99617 

59 

2 

.07034 

.07051 

14.182 

.99752 

58 


2 

.08774 .08807 

11.354 

.99614 

58 

3 

.07063 

.07080 

14.124 

.99760 

67 


3 

.08803 .08837 

11.316 

.99612 

57 

4 

.07092 

.07110 

14.065 

.99748 

56 


4 

.08831 .08866 

11.279 

.99609 

56 

5 

.07121 

.07139 

14.008 

.99746 

55 


5 

.08860 .08895 

11.242 

.99607 

55 

6 

.07150 

.07168 

13.951 

.99744 

64 


6 

.08889 .08925 

11.206 

.99604 

54 

7 

.07179 

.07197 

13.894 

.99742 

53 


7 

.08918 .08964 

11.168 

.99602 

53 

8 

.07208 

.07227 

13.838 

.99740 

52 


8 

.08947 .08983 

11.132 

.99699 

52 

9 

.07237 

.07266 

13.782 

.99738 

61 


9 

.08976 .09013 

11.095 

.99696 

51 

rn 

.07266 

.07285 

13.727 

.99736 

m 


10 

.09005 .09042 

11.059 

.99694 

50 

11 

.07295 

.07314 

13.672 

.99734 

49 


11 

.09034 .09071 

11.024 

.99691 

49 

12 

.07324 

.07344 

13.617 

.99731 

48 


12 

.09063 .09101 

10.988 

.99688 

48 


.07363 

.07373 

13.663 

.99729 

47 


13 

.09092 .09130 

10.953 

.99686 

47 

14 

.07382 

.07402 

13.610 

.99727 

46 


14 

.09121 .09169 

10.918 

.99683 

46 

m 

.07411 

.07431 

13.467 

.99726 

45 


15 

.09160 .09189 

10.883 

.99680 

45 


.07440 

.07461 

13.404 

.99723 

44 


16 

.09179 .09218 

10.848 

.99678 

44 

17 

.07469 

.07490 

13.362 

.99721 

43 


17 

.09208 .09247 

10.814 

.99576 

43 

18 

.07498 

.07619 

13.300 

.99719 

42 


18 

.09237 .09277 

10.780 

.99672 

42 

19 

.07627 

.07648 

13.248 

.99716 

41 


19 

.09266 .09306 

10.746 

.99670 

41 

20 

.07656 

.07678 

13.197 

.99714 

40 


20 

.09295 .09335 

10.712 

.99667 

40 

21 

.07686 

.07607 

13.146 

.99712 

39 


21 

.09324 .09365 

10.678 

.99664 

39 

22 

.07614 

.07636 

13.096 

.99710 

38 


22 

.09363 .09394 

10.646 

.99662 

38 

23 

.07643 

.07665 

13.046 

.99708 

37 


23 

.09382 .09423 

10.612 

.99569 

37 

24 

.07672 

.07695 

12.996 

.99705 

36 


24 

.09411 .09463 

10.679 

.99666 

36 

25 

.07701 

.07724 

12.947 

.99703 

35 


25 

.09440 .09482 

10.546 

.99653 

85 

26 

.07730 

.07763 

12.898 

.99701 

34 


26 

.09469 .09511 

10.614 

.99551 

34 

27 

.07759 

.07782 

12.860 

.99699 

33 


27 

.09498 .09541 

10.481 

.99648 

33 

28 

.07788 

.07812 

12.801 

.99696 

32 


28 

.09627 .09670 

10.449 

.99646 

32 

29 

.07817 

.07841 

12.764 

.99694 

31 


29 

.09666 .09600 

10.417 

.99642 

31 

30 

.07846 

.07870 

12.706 

.99692 

80 


Eiii 

.09685 .09629 

10.385 

.99640 

80 

31 

.07876 

.07899 

12.659 

.99689 

29 


31 

.09614 .09668 

10.364 

.99637 

29 

32 

.07904 

.07929 

12.612 

.99687 

28 


32 

.09642 .09688 

10.322 

.99634 

28 

33 

.07933 

.07968 

12.666 

.99686 

27 


33 

.09671 .09717 

10.291 

.99631 

27 

34 

.07962 

.07987 

12.620 

.99683 

26 


34 

.09700 .09746 

10.260 

.99628 

26 

35 

.07991 

.08017 

12.474 

.99680 

25 


35 

.09729 .09776 

10.229 

.99626 

25 

36 

.08020 

.08046 

12.429 

.99678 

24 


36 

.09768 .09805 

10.199 

.99623 

24 

37 

.08049 

.08076 

12.384 

.99676 

23 


37 

.09787 .09834 

10.168 

.99620 

23 

38 

.08078 

.08104 

12.339 

.99673 

22 


38 

.09816 .09864 

10.138 

.99617 

22 

39 

.08107 

.08134 

12.295 

.99671 

21 


39 

.09845 .09893 

10.108 

.99514 

21 

40 

.08136 

.08163 

12.261 

.99668 

20 


40 

.09874 .09923 

10.078 

.99611 

m 

EH 

.08166 

.08192 

12.207 

.99666 

19 


41 

.09903 .09962 

10.048 

.99608 

19 

42 

.08194 

.08221 

12.163 

.99664 

18 


42 

.09932 .09981 

10.019 

.99606 

18 

43 

.08223 

.08251 

12.120 

.99661 

17 


43 

.09961 .10011 

9.9893 

.99503 

17 

44 

.08252 

.08280 

12.077 

.99669 

16 


44 

.09990 .10040 

9.9601 

.99600 

16 

45 

.08281 

.08309 

12.035 

.99667 

15 


45 

.10019 .10069 

9.9310 

.99497 


46 

.08310 

.08339 

11.992 

.99664 

14 


46 

.10048 .10099 

9.9021 

.99494 


47 

.08339 

.08368 

11.960 

.99662 

13 


47 

.10077 .10128 

9.8734 

.99491 


48 

.08368 

.08397 

11.909 

.99649 

12 


48 

.10106 .10168 

9.8448 

.99488 

12 

49 

.08397 

.08427 

11.867 

.99647 

11 


49 

.10135 .10187 

9.8164 

.99486 

11 

m 

.08426 

.08456 

11.826 

.99644 

10 


50 

.10164 .10216 

9.7882 

.99482 

10 

51 

.08455 

.08485 

11.785 

.99642 

9 


61 

.10192 .10246 

9.7601 

.99479 

9 

52 

.08484 

.08514 

11.745 

.99639 

8 


62 

.10221 .10276 

9.7322 

.99476 

8 

53 

.08613 

.08544 

11.706 

.99637 

7 


63 

.10250 .10306 

9.7044 

.99473 

7 

54 

.08542 

.08673 

11.664 

.99636 

6 


64 

.10279 .10334 

9.6768 

.99470 


55 

.08571 

.08602 

11.625 

.99632 

5 


55 

.10308 .10363 

9.6493 

.99467 



.08600 

.08632 

11.685 

.996301 

4 


66 

.10337 .10393 

9.6220 

.99464 



.08629 

.08661 

11.546 

.99627 

3 


67 

.10366 .10422 

9.5949 

.99461 


1m 

.08658 

.08690 

11.507 

.99625 

2 


68 

.10395 .10452 

9.6679 

.99458 


59 

.08687 

.08720 

11.468 

.99622 

1 


69 

.10424 .10481 

9.5411 

.99455 

Bi 

m 

.08716 

.08749 

11.430 

.99619 

m 


EH 

.10463 .10610 

9.5144 

.99452 

mi 


' Cos Ctn Tan Sin I ' 


84 ® 


Cot Ctn Tan Sin 
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456 


TMti 


Natural Trigonometric Functions 


6® r 


n 

Sin Tan Ctn Cos 




Sin Tan Ctn Cos 

m 

.10453 .10510 9.5144 .99452 

r!i 


■a 

.12187 .12278 8.1443 .99255 

1 

.10482 .10540 9.4878 .99449 

59 


1 

.12216 .12308 8.1248 .99251 

2 

.10511 .10569 9.4614 .99446 

58 


2 

.12245 .12338 8.1054 .99248 

3 

.10540 .10599 9.4352 .99443 

57 


3 

.12274 .12367 8.0860 .99244 

4 

.10569 .10628 9.4090 .99440 

56 


4 

.12302 .12397 8.0667 .99240 

5 

.10597 .10657 9.3831 .99437 

55 


5 

.12331 .12426 8.0476 .99237 

6 

.10626 .10687 9.3572 .99434 

54 


6 

.12360 .12456 8.0285 .99233 

7 

.10655 .10716 9.3315 .99431 

53 


7 

.12389 .12485 8.0095 .99230 

8 

.10684 .10746 9.3060 .99428 

52 


8 

.12418 .12515 7.9906 .99226 

9 

.10713 .10775 9.2806 .99424 

51 


9 

.12447 .12544 7.9718 .99222 

10 

.10742 .10805 9.2553 .99421 

50 


10 

.12476 .12574 7.9530 .99219 

11 

.10771 .10834 9.2302 .99418 

49 


11 

.12504 .12603 7.9344 .99215 

12 

.10800 .10863 9.2052 .99415 

48 


12 

.12533 .12633 7.9158 .99211 

13 

.10829 .10893 9.1803 .99412 

47 


13 

.12562 .12662 7.8973 .99208 

14 

.10858 .10922 9.1555 .99409 

46 


14 

.12591 .12692 7.8789 .99204 

15 

.10887 .10952 9.1309 .99406 

45 


15 

.12620 .12722 7.8606 .99200 

16 

.10916 .10981 9.1065 .99402 

44 


16 

.12649 .12751 7.8424 .99197 

17 

.10945 .11011 9.0821 .99399 

43 


17 

.12678 .12781 7.8243 .99193 

18 

.10973 .11040 9.0579 .99396 

42 


18 

.12706 .12810 7.8062 .99189 

19 

.11002 .11070 9.0338 .99393 

41 


19 

.12735 .12840 7.7882 .99186 

20 

.11031 .11099 9.0098 .99390 

40 


20 

.12764 .12869 7.7704 .99182 

21 

.11060 .11128 8.9860 .99386 

39 


21 

.12793 .12899 7.7525 .99178 

22 

.11089 .11158 8.9623 .99383 

38 


22 

.12822 .12929 7.7348 .99175 

23 

.11118 .11187 8.9387 .99380 

37 


23 

.12851 .12958 7.7171 .99171 

24 

.11147 .11217 8.9152 .99377 

36 


24 

.12880 .12988 7.6996 .99167 

25 

.11176 .11246 8.8919 .99374 

35 


25 

.12908 .13017 7.6821 .99163 

26 

.11205 .11276 8.8686 .99370 

34 


26 

.12937 .13047 7.6647 .99160 

27 

.11234 .11305 8.8455 .99367 

33 


27 

.12966 .13076 7.6473 .99156 

28 

.11263 .11335 8.8225 .99364 

32 


28 

.12995 .13106 7.6301 .99152 

29 

.11291 .11364 8,7996 .99360 

31 


29 

.13024 .13136 7.6129 .99148 

30 

.11320 .11394 8.7769 .99357 

30 


30 

.13053 .15165 7.5958 .99144 

31 

.11349 .11423 8.7542 .99354 

29 


31 

.13081 .13195 7.5787 .99141 

32 

.11378 .11452 8.7317 .99351 

28 


32 

.13110 .13224 7.5618 .99137 

33 

.11407 .11482 8.7093 .99347 

27 


33 

.13139 .13254 7.5449 .99133 

34 

.11436 .11511 8.6870 .99344 

26 


34 

.13168 .13284 7.5281 .99129 

35 

.11465 .11541 8.6648 .99341 

25 


35 

.13197 .13313 7.5113 .99125 

36 

.11494 .11570 8.6427 .99337 

24 


36 

.13226 .13343 7.4947 .99122 

37 

.11523 .11600 8.6208 .99334 

23 


37 

.13254 .13372 7.4781 .99118 

38 

.11552 .11629 8.5989 .99331 

22 


38 

.13283 .13402 7.4615 .99114 

39 

.11580 .11659 8.5772 .99327 

21 


39 

.13312 .13432 7.4451 .99110 

40 

.11609 .11688 8.5555 .99324 

20 


40 

.13341 .13461 7.4287 .99106 

41 

.11638 .11718 8.5340 .99320 

19 


41 

.13370 .13491 7.4124 .99102 

42 

.11667 .11747 8.5126 .99317 

18 


42 

.13399 .13521 7.3962 .99098 

43 

.11696 .11777 8.4913 .99314 

17 


43 

.13427 .13550 7.3800 .99094 

44 

.11725 .11806 8.4701 .99310 

16 


44 

.13456 .13580 7.3639 .99091 

45 

.11754 .11836 8.4490 .99307 

15 


45 

.13485 .13609 7.3479 .99087 

46 

.11783 .11865 8.4280 .99303 

14 


46 

.13514 .13639 7.3319 .99083 

47 

.11812 .11895 8.4071 .99300 

13 


47 

.13543 .13669 7.3160 .99079 

48 

.11840 .11924 8.3863 .99297 

12 


48 

.13572 .13698 7.3002 .99075 

49 

.11869 .11954 8.3656 .99293 

11 


49 

.13600 .13728 7.2844 .99071 

50 

.11898 .11983 8.3450 .99290 

10 


50 

.13629 .13758 7.2687 .99067 

51 

.11927 .12013 8.3245 .99286 

9 


51 

.13658 .13787 7.2531 .99063 

52 

.11956 .12042 8.3041 .99283 

8 


52 

.13687 .13817 7.2375 .99059 

53 

.11985 .12072 8.2838 .99279 

7 


53 

.13716 .13846 7.2220 .99055 

54 

.12014 .12101 8.2636 .99276 

6 


54 

.13744 .13876 7.2066 .99051 

55 

.12043 .12131 8.2434 .99272 

5 


55 

.13773 .13906 7.1912 .99047 

56 

.12071 .12160 8.2234 .99269 

4 


56 

.13802 .13935 7.1759 .99043 

57 

.12100 .12190 8.2035 .99265 

3 


57 

.13831 .13965 7.1607 .99039 

58 

.12129 .12219 8.1837 .99262 

2 


58 

.13860 .13996 7.1465 .99036 

59 

.12158 .12249 8.1640 .99258 

1 


59 

.13889 .14024 7.1304 .99031 


.12187 .12278 8.1443 .99255 

0 


60 

.13917 .14064 7.1154 .99027 

H 

Coa Ctn Tan Sin 

/ 


/ 

Cos Ctn Tan Sin 


83 ® 



59 

58 

57 

56 

55 

54 

53 

52 

51 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 


10 



Cos Ctn Tan Sin 
82 ® 









TM» 2 457 

Natural Trigonomulrie FuncHom 


8 » 9 “ 


/ 

Sin Tan Ctn Cos 

Zl 


/ 

Sin Tan Ctn Cos 


0 

.13917 .14064 7.1164 .99027 

m 


0 

.15643 .15838 6.3138 .98769 

"eo 

1 

.13946 .14084 7.1004 .99023 

69 


1 

.16672 .15868 6.3019 .98764 

69 

2 

.13975 .14113 7.0866 .99019 

68 


2 

.16701 .16898 6.2901 .98760 

68 

3 

.14004 .14143 7.0706 .99016 

67 


3 

.16730 .16928 6.2783 .98755 

67 

4 

.14033 .14173 7.0668 .99011 

66 


4 

.15758 .15958 6.2666 .98751 

66 

5 

.14061 .14202 7.0410 .99006 

55 


5 

.15787 .15988 6.2649 .98746 

55 

6 

.14090 .14232 7.0264 .99002 

64 


6 

.16816 .16017 6.2432 .98741 

64 

7 

.14119 .14262 7.0117 .98998 

63 


7 

.15845 .16047 6.2316 .98737 

63 

8 

.14148 .14291 6.9972 .98994 

62 


8 

.15873 .16077 6.2200 .98732 

52 

9 

.14177 .14321 6.9827 .98990 

61 


9 

.15902 .16107 6.2086 .98728 

51 

10 

.14206 .14351 6.9682 .98986 

50 


10 

.15931 .16137 6.1970 .98723 

50 

11 

.14234 .14381 6.9538 .98982 

49 


11 

.15959 .16167 6.1856 .98718 

49 

12 

.14263 .14410 6.9395 .98978 

48 


12 

.15988 .16196 6.1742 .98714 

48 

13 

.14292 .14440 6.9252 .98973 

47 


13 

.16017 .16226 6.1628 .98709 

47 

14 

.14320 .14470 6.9110 .98969 

46 


14 

.16046 .16256 6.1616 .98704 

46 

15 

.14349 .14499 6.8969 .98965 

45 


15 

.16074 .16286 6.1402 .98700 

45 

16 

.14378 .14529 6.8828 .98961 

44 


16 

.16103 .16316 6.1290 .98695 

44 

17 

.14407 .14559 6.8687 .98957 

43 


17 

.16132 .16346 6.1178 .98690 

43 

18 

.14436 .14588 6.8548 .98953 

42 


18 

.16160 .16376 6.1066 .98686 

42 

19 

.14464 .14618 6.8408 .98948 

41 


19 

.16189 .16405 6.0956 .98681 

41 

20 

.14493 .14648 6.8269 .98944 

40 



.16218 .16435 6.0844 .98676 

40 

21 

.14522 .14678 6.8131 .98940 

39 


21 

.16246 .16465 6.0734 .98671 

39 

22 

.14551 .14707 6.7994 .98936 

38 


22 

.16275 .16495 6.0624 .98667 

38 

23 

.14580 .14737 6.7856 .98931 

37 


23 

.16304 .16525 6.0514 .98662 

37 

24 

.14608 .14767 6.7720 .98927 

36 


24 

.16333 .16555 6.0405 .98657 

36 

25 

.14637 .14796 6.7584 .98923 

35 


25 

.16361 .16585 6.0296 .98652 

35 

26 

.14666 .14826 6.7448 .98919 

34 


26 

.16390 .16615 6.0188 .98648 

34 

27 

.14695 .14856 6.7313 .98914 

33 


27 

.16419 .16645 6.0080 .98643 

33 

28 

.14723 .14886 6.7179 .98910 

32 


28 

.16447 .16674 5.9972 .98638 

32 

29 

.14762 .14915 6.7045 .98906 

31 


29 

.16476 .16704 5.9865 .98633 

31 

80 

.14781 .14945 6.6912 .98902 

30 


30 

.16505 .16734 5.9758 .98629 

30 

31 

.14810 .14975 6.6779 .98897 

29 


31 

.16533 .16764 5.9651 .98624 

29 

32 

.14838 .15005 6.6646 .98893 

28 


32 

1.16562 .16794 5.9545 .98619 

28 

33 

.14867 .15034 6.6514 .98889 

27 


33 

.16591 .16824 5.9439 .98614 

27 

34 

.14896 .15064 6.6383 .98884 

26 


34 

.16620 .16854 5.9333 .98609 

26 

35 

.14925 .15094 6.6252 .98880 

25 


35 

.16648 .16884 5.9228 .98604 

25 

36 

.14954 .15124 6.6122 .98876 

24 


36 

.16677 .16914 5.9124 .98600 

24 

37 

.14982 .15153 6.5992 .98871 

23 


37 

.16706 .16944 5.9019 .98595 

23 

38 

.15011 .15183 6.5863 .98867 

22 

1 

38 

.16734 .16974 5.8915 .98590 

22 

39 

.15040 .16213 6.5734 .98863 

21 


39 

.16763 .17004 5.8811 .98585 

21 

40 

.15069 .15243 6.6606 .98858 

20 


40 

.16792 .17033 5.8708 .98580 

20 

41 

.15097 .15272 6.5478 .98854 

19 


41 

.16820 .17063 5.8605 .98575 

19 

42 

.15126 .15302 6.5350 .98849 

18 


42 

.16849 .17093 5.8502 .98570 

18 

43 

.15155 .15332 6.5223 .98845 

17 


43 

.16878 .17123 5.8400 .98565 

17 

44 

.16184 .16362 6.6097 .98841 

16 


44 

.16906 .17153 5.8298 .98561 

16 

45 

.16212 .16391 6.4971 .98836 

15 


45 

.16935 .17183 5.8197 .98556 

15 

46 

.15241 .15421 6.4846 .98832 

14 


46 

.16964 .17213 6.8095 .98551 

14 

47 

.16270 .16461 6.4721 .98827 

13 


47 

.16992 .17243 5.7994 .98546 

13 

48 

.16299 .16481 6.4596 .98823 

12 


48 

.17021 .17273 5.7894 .98641 

12 

49 

.15327 .16511 6.4472 .98818 

11 


49 

.17060 .17303 6.7794 .98636 

11 

50 

.16366 .16540 6.4348 .98814 

10 


50 

.17078 .17333 5.7694 .98531 

10 

51 

.16385 .15570 6.4225 .98809 

9 


61 

.17107 .17363 6.7594 .98626 

9 

62 

.16414 .16600 6.4103 .98805 

8 


52 

.17136 .17393 6.7496 .98621 

8 

53 

.15442 .16630 6.3980 .98800 

7 


63 

.17164 .17423 6.7396 .98516 

7 

54 

.16471 .16660 6.3869 .98796 

6 


54 

.17193 .17463 5.7297 .98611 

6 

55 

.16600 .16689 6.3737 .98791 

5 


55 

.17222 .17483 6.7199 .98506 

5 

56 

.16629 .16719 6.3617 .98787 

4 


56 

.17260 .17613 6.7101 .98501 

4 

67 

.16657 .16749 6.3496 .98782 

3 


57 

.17279 .17643 6.7004 .98496 

3 

58 

.16686 .16779 6.3376 .98778 

2 


58 

.17308 .17673 6.6906 .98491 

2 

69 

.16616 .16809 6.3267 .98773 

1 


59 

.17336 .17603 6.6809 .98486 

1 

60 

.16643 .16838 6.3138 .98769 

HQ 


60 

.17366 .17633 6.6713 .98481 

IKI 

/ 

Cos Ctn Tan Sin 

Ei 


/ 

- Cos Ctn Tan Sin 

IL 


81 “ 












Nohml Trifl«n«m«tfle FoneHtfiii 


Tan Ctn Cos 


Sin Ttn Cta 


.18662 
.18681 
.18710 
.18738 
.18767 

.18796 

61 .18824 

62 .18862 

63 .18881 

64 .18910 

.18938 

66 .18967 

67 .18996 

68 .19024 

69 .19062 
eO .19081 


.98481 
.98476 69 
.98471 68 
.98466 67 
.98461 66 

.98466 55 
.98460 64 
.98446 63 
.98440 62 
.98436 61 

.98430 
.98426 49 
.98420 48 
.98414 47 
.98409 46 
.98404 45 
.98399 44 
.98394 43 
.98389 42 
.98383 41 

.98378 40 
.98373 39 
.98368 38 
.98362 37 
.98367 36 

.98362 85 
.98347 34 
.98341 33 
.98336 32 
.98331 31 

.98326 SO 
.98320 29 
.98316 28 
.98310 27 
.98304 26 

.98299 25 
.98294 24 
.98288 23 
.98283 22 
.98277 21 

.98272 20 
.98267 19 
.98261 18 
.98266 17 
.98260 16 

.98246 15 
.98240 14 
.98234 13 
.98229 r 
.98223 


.19224 

6 .19262 

7 .19281 

8 .19309 

9 .19338 

10 .19366 

11 .19396 

12 .19423 

13 .19452 

14 .19481 

15 .19609 

16 .19538 
\7 .19666 

18 .19696 

19 .19623 

20 .19652 

21 .19680 

22 .19709 

23 .19737 

24 .19766 

25 .19794 

26 .19823 

27 .19861 

28 .19880 

29 .19908 

30 .19937 

31 .19966 

32 .19994 

33 .20022 

34 .20061 

.20079 

36 .20108 

37 .20136 

38 .20166 

39 .20193 

.20222 

41 .20260 

42 .20279 

43 .20307 

44 .20336 

45 20364 

46 .20393 

47 .20421 

48 .20450 

49 .20478 

.20607 

61 .20635 

62 .20663 

63 .20692 

64 .20620 

.20649 
.20677 
.20706 
.20734 
.20763 
.20791 


.98163 
.98167 69 
.98162 68 
.98146 67 
.98140 66 

.98136 55 
.98129 64 
.98124 63 
.98118 62 
.98112 61 

.98107 50 
.98101 49 
.98096 48 
.98090 47 
.98084 46 

.98079 45 
.98073 44 
.98067 43 
.98061 42 
.98056 41 

.98050 40 
.98044 39 
.98039 38 
.98033 37 
.98027 36 

.98021 85 
.98016 34 
.98010 33 
.98004 32 
.97998 31 

.97992 80 
.97987 29 
.97981 28 
.97976 27 
.97969 26 

.97963 25 
.97968 24 
.97952 23 
.97946 22 
.97940 21 

.97934 20 
.97928 19 
.97922 18 
.97916 17 
.97910 16 

.97905 15 
.97899 14 
.97893 13 
.97887 12 
.97881 11 

.97876 10 
.97869 
.97863 
.97867 
.97861 


Ctn Tan 


Cos Ctn Tan 













Mh2 


Nahml Trigonpmslrie FimcHem 


Tan Ctn Cot 


Tin Ctn 


.21218 
.21246 
.21275 

18 .21303 

19 .21331 

20 .21360 

21 .21388 

22 .21417 

23 .21446 

24 .21474 

25 .21602 

26 .21630 

27 .21659 

28 .21687 

29 .21616 

30 .21644 

31 .21672 

32 .21701 

33 .21729 

34 .21768 

85 .21786 

36 .21814 

37 .21843 

38 .21871 

39 .21899 

40 .21928 
.21966 
.21986 
.22013 
.22041 


.22353 

56 1 .22382 

57 .22410 

58 1 .22438 

59 .22467 
.22495 


.97815 
.97809 59 
.97803 58 
.97797 67 
.97791 66 

.97784 55 
.97778 64 
.97772 63 
.97766 62 
.97760 51 
.97764 50 
.97748 49 
.97742 48 
.97736 47 
.97729 46 

.97723 45 
.97717 44 
.97711 43 
.97705 42 
.97698 41 
.97692 40 
.97686 39 
.97680 38 
.97673 37 
.97667 36 

.97661 85 
.97665 34 
.97648 33 
.97642 32 
.97636 31 
.97630 80 ' 
.97623 29 
.97617 28 
.97611 27 
.97604 26 
.97698 25 
.97692 24 
.97685 23 
.97679 22 
.97673 21 

.97566 20 
.97660 19 
.97653 18 
.97647 17 
.97541 16 

.97634 15 
.97628 14 
.97521 13 

.97616 12 
S7608 11 

.97602 10 
.97496 9 

.97489 8 

.97483 7 

.97476 6 

.97470 
.97463 
.97467 
.97460 
.97444 
.97437 


10 .22778 

11 .22807 

12 .22835 

13 .22863 

14 .22892 

15 .22920 

16 .22948 

17 .22977 

18 .23005 

19 .23033 

20 .23062 

21 .23090 
22. .23118 

23 .23146 

24 .23175 

25 .23203 

26 .23231 

27 .23260 

28 .23288 

29 .23316 


.23627 

41 .23656 

42 .23684 

43 .23712 

44 .23740 

45 .23769 

46 .23797 

47 .23825 

48 .23863 

49 .23882 

50 .23910 

51 .23938 

52 .23966 
63 .23995 

54 .24023 

55 .24061 

56 .24079 

57 .24108 

58 .24136 

59 .24164 
1 .24192 


.97404 
.97398 54 | 
.97391 63 
.97384 62 
.97378 51 

.97371 50 
.97365 49 
.97358 48 
.97351 47 
.97346 46 

.97338 45 
.97331 44 
.97325 43 
.97318 42 
.97311 41 
.97304 40 
.97298 39 
.97291 38 
.97284 37 
.97278 36 
.97271 35 
.97264 34 
.97267 33 
.97251 32 
.97244 31 

.97237 80 
.97230 29 
.97223 28 
.97217 27 
.97210 26 
.97203 
.97196 24 
.97189 23 
.97182 22 
.97176 21 
.97169 
.97162 19 
.97155 18 
.97148 17 
.97141 16 

.97134 15 
.97127 14 
.97120 13 
.97113 12 
.97106 11 

.97100 10 
.97093 9 

.97086 8 

.97079 
.97072 


Ctn Tin Silk 


Cm Ctn Tin 












400 


Natural Trigonomulrie Functions 


Mh2 


14 ® 


15 ® 










Tahh 2 461 

Ncrtvral TrigenomaMc Fandlont 

16 ° ir 


B 

Sin Tan Ctn Cob 

r 


.27564 .28675 3.4874 .96126 


n 

.27592 .28706 3.4836 .96118 

59 

2 

.27620 .28738 3.4798 .96110 

58 

3 

.27648 .28769 3.4760 .96102 

57 

4 

.27676 .28801 3.4722 .96094 

56 

5 

.27704 .28832 3.4684 .96086 

55 

6 

.27731 .28864 3.4646 .96078 

54 

7 

.27759 .28895 3.4608 .96070 

53 

8 

.27787 .28927 3.4570 .96062 

52 

9 

.27815 .28958 3.4533 .96054 

51 

10 

.27843 .28990 3.4495 .96046 

50 

11 

.27871 .29021 3.4458 .96037 

49 

12 

.27899 .29053 3.4420 .96029 

48 

13 

.27927 .29084 3.4383 .96021 

47 

14 

.27955 .29116 3.4346 .96013 

46 

15 

.27983 .29147 3.4308 .96005 

45 

16 

.28011 .29179 3.4271 .95997 

44 

17 

.28039 .29210 3.4234 .95989 

43 

18 

.28067 .29242 3.4197 .95981 

42 

19 

.28095 .29274 3.4160 .95972 

41 

20 

.28123 .29305 3.4124 .95964 

40 

21 

.28150 .29337 3.4087 .95956 

39 

22 

.28178 .29368 3.4050 .95948 

38 

23 

.28206 .29400 3.4014 .95940 

37 

24 

.28234 .29432 3.3977 .95931 

36 

25 

.28262 .29463 3.3941 .95923 

35 

26 

.28290 .29495 3.3904 .95915 

34 

27 

.28318 .29526 3.3868 .95907 

33 

28 

.28346 .29558 3.3832 .95898 

32 

29 

.28374 .29590 3.3796 .95890 

31 

80 

,28402 .29621 3.3759 .95882 

30 

31 

.28429 .29653 3.3723 .95874 

29 

32 

.28457 .29685 3.3687 .95865 

28 

33 

.28485 .29716 3.3652 .95857 

27 

34 

.28513 .29748 3.3616 .95849 

26 

35 

.28541 .29780 3.3580 .95841 

25 

36 

.28569 .29811 3.3544 .95832 

24 

37 

.28597 .29843 3.3509 .95824 

23 

38 

.28625 .29875 3.3473 .95816 

22 

39 

.28652 .29906 3.3438 ,95807 

21 

40 

.28680 .29938 3.3402 .95799 

20 

41 

.28708 .29970 3.3367 .95791 

19 

42 

.28736 .30001 3.3332 .95782 

18 

43 

.28764 .30033 3.3297 .95774 

17 

44 

.28792 .30065 3.3261 .95766 

16 

45 

.28820 .30097 3.3226 .95757 

15 

46 

.28847 .30128 3.3191 .95749 

14 

47 

.28875 .30160 3.3156 .95740 

13 

48 

.28903 .30192 3.3122 .95732 

12 

49 i 

.28931 .30224 3.3087 .95724 

11 

m 

.28959 .30255 3.3052 .95715 

10 

51 

.28987 .30287 3.3017 .95707 

9 

62 

.29015 .30319 3.2983 .95698 

8 

53 

.29042 .30351 3.2948 .95690 

7 

54 

.29070 .30382 3.2914 .95681 

6 

55 

.29098 .30414 3.2879 .95673 

5 

56 

.29126 .30446 3.2845 .95664 

4 

67 

.29154 .30478 3.2811 .95656 

3 

58 

.29182 .30509 3.2777 .95647 

2 

69 

.29209 .30541 3.2743 .95639 

1 

m 

.29237 .30573 3.2709 .95630 

Kl 

■ 

1 

I 

Jb 


73 ° 


/ 

Sin 

Tan 

Ctn 

Cob 

r 

0 

.29237 

.30573 

3.2709 

.95630 

60 

1 

.29265 

.30605 

3.2675 

.95622 

59 

2 

.29293 

.30637 

3.2641 

.95613 

58 

3 

.29321 

.30669 

3.2607 

.95605 

57 

4 

.29348 

.30700 

3.2573 

36596 

56 

5 

.29376 

.30732 

3.2539 

.95588 

55 

6 

.29404 

.30764 

3.2506 

.95579 

54 

7 

.29432 

.30796 

3.2472 

.95571 

53 

8 

.29460 

.30828 

3.24.38 

.95562 

52 

9 

.29487 

.30860 

3.2405 

.95554 

51 

10 

.29515 

.30891 

3.2371 

.95545 

50 

11 

.29643 

.30923 

3.2338 

.95536 

49 

12 

.29571 

.30955 

3.2305 

.95528 

48 

13 

.29699 

.30987 

3.2272 

.95519 

47 

14 

.29626 

.31019 

3.2238 

.95511 

46 

15 

.29654 

.31051 

3.2205 

.95502 

45 

16 

.29682 

.31083 

3.2172 

.95493 

44 

17 

.29710 

.31115 

3.2139 

.95485 

43 

18 

.29737 

.31147 

3.2106 

.95476 

42 

19 

.29765 

.31178 

3.2073 

.95467 

41 

20 

.29793 

.31210 

3.2041 

.95459 

40 

21 

.29821 

.31242 

3.2008 

.95450 

39 

22 

.29849 

.31274 

3.1975 

.95441 

38 

23 

.29876 

.31306 

3.1943 

.95433 

37 

24 

.29904 

.31338 

3.1910 

.95424 

36 

25 

.29932 

.31370 

3.1878 

.95415 

35 

26 

.29960 

.31402 

3.1845 

.95407 

34 

27 

.29987 

.31434 

3.1813 

.95398 

33 

28 

.30015 

.31466 

3.1780 

.95389 

32 

29 

.30043 

.31498 

3.1748 

.95380 

31 

30 

.30071 

.31530 

3.1716 

.95372 

30 

31 

.30098 

.31562 

3.1684 

.95363 

29 

32 

.30126 

.31594 

3.1652 

.95354 

28 

33 

.30154 

.31626 

3.1620 

.95345 

27 

54 

.30182 

.31658 

3.1588 

.95337 

26 

35 

.30209 

.31690 

3.1556 

.95328 

25 

36 

.30237 

.31722 

3.1524 

.95319 

24 

37 

.30266 

.31754 

3.1492 

.95310 

23 

38 

.30292 

.31786 

3.1460 

.95301 

22 

39 

.30320 

.31818 

3.1429 

.95293 

21 

40 

.30348 

.31850 

3.1397 

.95284 

20 

41 

.30376 

.31882 

3.1366 

.95275 

19 

42 

.30403 

.31914 

3.1334 

.95266 

18 

43 

.30431 

.31946 

3.1303 

.95257 

17 

44 

.30459 

.31978 

3.1271 

.95248 

16 

45 

.30486 

.32010 

3.1240 

.95240 

15 

46 

..30514 

.32042 

3.1209 

.95231 

14 

47 

.30542 

.32074 

3.1178 

.95222 

13 

48 

.30570 

.32106 

3.1146 

.95213 

12 

49 

.30697 

.32139 

3.1115 

.95204 

11 

50 

.30625 

.32171 

3.1084 

.95195 

10 

61 

.30653 

.32203 

3.1053 

.95186 

9 

52 

.30680 

.32235 

3.1022 

.95177 

8 

53 

.30708 

.32267 

3.0991 

.95168 

7 

54 

.30736 

.32299 

3.0961 

.95159 

6 

55 

.30763 

.32331 

3.0930 

.95150 

5 

56 

.30791 

.32363 

3.0899 

.95142 

4 

57 

.30819 

.32396 

3.0868 

.95133 

3 

58 

.30846 

.32428 

3.0838 

.95124 

2 

59 

.30874 

.32460 

3.0807 

.95115 

1 

60 

.30902 

.32492 

3.0777 

.95106 

m 

/ 

Cos 

Ctn 

Tan 

Sin 

□ 


72 ° 










TMti 


Natural Trigonomulrie FuncHem 


18- 19" 


i 

Sin 




n 

"o' 

.32557 

.34433 

2S0a 

.94552 

PH 

1 

.32584 

.34465 

2.9015 

.94542 


2 

.32612 

.34498 

2.8987 

.94533 

58 

3 

.32639 

.34530 

2.8960 

.94523 

57 

4 

.32667 

.34563 

2.8933 

^14 

56 

5 

.32694 

.34596 

2.8905 

.94504 

58 

6 

.32722 

.34628 

2.8878 

.94495 

54 

7 

.32749 

.34661 

2.8851 

.94485 

53 

8 

.32777 

.34693 

2.8824 

.94476 

52 

9 

.32804 

.34726 

2.8797 

.94466 

51 


.32832 

.34758 

2.8770 

.94457 

80 

11 

.32859 

.34791 

2.8743 

.94447 

49 

12 

.32887 

.34824 

2.8716 

.94438 

48 

13 

.32914 

.34856 

2.8689 

.94428 

47 

14 

.32942 

.34889 

2.8662 

^4418 

46 

m 

.32969 

.34922 

2.8636 

.94409 

48 

16 

.32997 

.34954 

2.8609 

.94399 

44 

17 

.33024 

.34987 

2.8582 

.94390 

43 

18 

.33051 

.35020 

2.8556 

.94380 

42 

19 

.33079 

.35062 

2.8529 

.94370 

41 

20 

.33106 

.35085 

2M02 

M361 

40 

21 

.33134 

.35118 

2.8476 

.94351 

39 

22 

.33161 

.35150 

2.8449 

.94342 

38 

23 

.33189 

.35183 

2.8423 

.94332 

37 

24 

.33216 

.35216 

2.8397 

.94322 

36 

25 

.33244 

.35248 

2.8370 

^4313 

88 

26 

.33271 

.35281 

2.8344 

.94303 

34 

27 

.33298 

.35314 

2.8318 

.94293 

33 

28 

.33326 

.35346 

2.8291 

.94284 

32 

29 

.33353 

.35379 

2.8265 

.94274 

31 

30 

.33381 

.35412 

2.8239 

.94264 

80 

31 

.33408 

.35445 

2.8213 

.94254 

29 

32 

.33436 

.35477 

2.8187 

.94245 

28 

33 

.33463 

.35510 

2.8161 

.94235 

27 

34 

.33490 

.35543 

2.8135 

.94225 

26 

85 

.33518 

.35576 

2.8109 

.94215 

28 

36 

.33545 

.35608 

2.8083 

.94206 

24 

37 

.33673 

.35641 

2.8057 

.94196 

23 

38 

.33600 

.35674 

2.8032 

.94186 

22 

39 

.33627 

.36707 

2.8006 

.94176 

21 

40 

.33655 

.35740 

2.7980 

.94167 

m 

41 

.33682 

.36772 

2.7955 

.94157 

19 

42 

.33710 

.35805 

2.7929 

.94147 

18 

43 

.33737 

.35838 

2.7903 

.94137 

17 

44 

.33764 

.35871 

2.7878 

.94127 

16 

45 

.33792 

.35904 

2.7852 

.94118 

m 

46 

.33819 

.35937 

2.7827 

.94108 

14 

47 

.33846 

.35969 

2.7801 

.94098 

13 

48 

.33874 

.36002 

2.7776 

.94088 

12 

49 

.33901 

.36035 

2.7751 

^4078 

11 


33929 

36068 

2 7725 

.94068 

rm 

51 

.33956 

.36101 

2.7700 

.94058 

9 

62 

.33983 

.36134 

2.7675 

.94049 


53 

.34011 

'.36167 

2.7650 

.94039 

7 

54 

.34038 

.36199 

2.7625 

.94029 

6 

55 

.34065 

.36232 

2.7600 

.94019 

■3 

56 

.34093 

.36265 

2.7575 

.94009 

4 

57 

.34120 

.36298 

2.7550 

.93999 

3 

PI 

.34147 

.36331 

2.7525 

.93989 

MM 


.34175 

.36364 

2.7500 

.93979 

1 


.34202 

.36397 

2.7475 

.93969 

0 

[I 

C08 

Cta 

Tan 

81a 



Z 

SiA Taa Ctn Cot 

f 

o 

.30902 412492 3.0777 .95106 

eo 

1 

.30929 .32524 3.0746 .95097 

59 

2 

.30957 .32556 3.0716 .95088 

58 

3 

.30985 .32588 3.0686 .95079 

67 

4 

.31012 .32621 3.0655 .95070 

56 

8 

.31040 4(2653 3.0625 .95061 

55 

6 

J1068 J2686 3.0S96 3B062 

54 

7 

.31095 .32717 3.0565 .95043 

53 

8 

.31123 4(2749 3.0535 .95033 

52 

9 

^1161 ^782 3.0605 .96024 

51 

Ei9 

.31178 .32814 3.0475 .95015 

50 

Ilf 

.31206 .32846 3.0445 .95006 

49 

12 

.31233 .32878 3.0415 .94997 

48 

13 

.31261 4(2911 3.0385 .94988 

47 

14 

.31289 .32943 3.0356 .94979 

46 

18 

.31316 .32975 3.0326 .94970 

45 

16 

.31344 .33007 3.0296 .94961 

44 

17 

.31372 .33040 3.0267 .94952 

43 

18 

.31399 .33072 3.0237 .94943 

42 

19 

.31427 413104 3.0208 .94933 

41 

20 

.31454 .33136 3.0178 .94924 

40 

21 

.31482 .33169 3.0149 .94915 

39 

22 

.31510 .33201 3.0120 .94906 

38 

23 

.31537 .33233 3.0090 .94897 

37 

24 

.31565 .33266 3.0061 .94888 

36 

28 

.31593 .33298 3.0032 .94878 

85 

26 

.31620 4(3330 3.0003 .94869 

34 

27 

.31648 .33363 2.9974 .94860 

33 

28 

.31675 .33395 2.9945 .94851 

32 

29 

.31703 .33427 2.9916 .94842 

31 


.31730 .33460 2.9887 .94832 

80 

31 

.31758 .33492 2.9858 .94823 

29 

32 

.31786 .33524 2.9829 .94814 

28 

33 

.31813 .33557 2.9800 .94805 

27 

34 

.31841 .33589 2.9772 .94795 

26 

88 

.31868 .33621 2.9743 .94786 

25 


.31896 .33654 2.9714 .94777 

24 


.31923 .33686 2.9686 .94768 

23 


.31961 .33718 2.9667 .94768 

22 

39 

.31979 .33751 2^629 .94749 

21 

40 

.32006 .33783 2.9600 .94740 

m 

41 

.32034 .33816 2.9572 .94730 

19 

42 

.32061 .33848 2.9544 .94721 

18 

43 

.32089 .33881 2.9515 .94712 

17 

44 

.32116 .33913 2.9487 .94702 

16 

48 

.32144 .33945 2.9469 .94693 

m 

46 

.32171 .33978 2.9431 .94684 

14 

47 

.32199 .34010 2.9403 .94674 

13 

48 

.32227 M045 2.9375 .94665 


49 

.32254 .34075 2.9347 ^4656 

n 

80 

.32282 .34108 2.9319 .94646 


51 

.32309 .34140 2.9291 .94637 

9 

52 

.32337 .34173 2.9263 .94627 

8 

53 

.32364 .34205 2.9235 .94618 

7 

54 

.32392 .34238 2.9208 .94609 

6 

88 

.32419 .34270 2.9180 .94599 

■1 

56 

.32447 .34303 2.9152 .94590 

4 

57 

.32474 .34335 2.9125 .94580 

3 

58 

.32602 .34368 2.9097 .94571 

2 

59 

.32529 .34400 2.9070 .94561 

1 

00 

.32557 .34433 2.9042 .94552 

m 

/ 

Coi CtA Taa 8iA 

□ 














Notvral Trigofiomtlrle Functloni 


8in Tan Ctn Cot 


Sin Tan Ctn Cot 


^202 
.34229 
.34267 
.34284 
.34311 

.34339 
.34366 
.34393 
.34421 
.34448 

10 .34476 

11 .34603 

12 .34630 

13 .34567 

14 .34584 

18 .34612 

16 .34639 

17 .34666 

18 .34694 

19 .34721 

20 .34748 

21 .34775 

22 .34803 

23 .34830 

24 .34857 

28 .34884 

26 .34912 

27 .34939 

28 .34966 

29 .34993 

30 .36021 

31 .35048 

32 .36075 

33 .35102 

34 .36130 

38 .36167 

36 .36184 

37 .36211 

38 .35239 

39 .35266 

40 .36293 
.36320 

42 1 .36347 

43 1 .36376 

44 1 .36402 
.36429 
.36466 
.36484 
.36611 
.36638 

.36665 
.36692 
.36619 
.36647 
.36674 

.36701 
.36728 
.36766 
.36782 
.36810 
.36837 


.93969 
.93959 69 
.93949 68 
.93939 67 
.93929 66 

.93919 88 
.93909 64 
.93899 63 
.93889 62 
.93879 61 

.93869 80 
.93869 49 
.93849 48 
.93839 47 
.93829 46 

.93819 48 
.93809 44 
.93799 43 
.93789 42 
.93779 41 

.93769 40 
.93769 39 
.93748 38 
.93738 37 
.93728 36 
.93718 38 
.93708 34 
.93698 33 
.93688 32 
.93677 31 

.93667 80 
.93667 29 
.93647 28 
.93637 27 
.93626 26 
.93616 28 
.93606 24 
.93696 23 
.93686 22 
.93676 21 

.93666 20 
.93666 19 
.93544 18 
.93534 17 
.93624 16 
.93614 18 
.93603 14 
.93493 13 
.93483 12 
.93472 11 

.93462 10 
.93462 9 

.93441 8 

.93431 7 

.93420 6 

.93410 
.93400 
.93389 
.93379 
.93368 
.93368 


.36837 

1 .35864 

2 .36891 

3 .35918 

4 .36946 

.35973 

6 .36000 

7 .36027 

8 .36064 

9 .36081 

.36108 
.36136 
.36162 
.36190 
.36217 

.36244 
.36271 


Co8 Ctn Tan Sin 


17 

.36298 

18 

.36325 

19 

.36362 

20 

.36379 

21 

.36406 

22 

.36434 

23 

.36461 

24 

.36488 

28 

.36515 

26 

.36542 

27 

.36569 

28 

.36596 

29 

.36623 

30 

.36660 

31 

.36677 

32 

.36704 

33 

.36731 

34 

.36758 

38 

.36785 

36 

.36812 

37 

.36839 

38 

.36867 

39 

.36894 

40 

.36921 

41 

.36948 

42 

.36975 

43 

.37002 

44 

.37029 

48 

.37066 

46 

.37083 

47 

.37110 

48 

.37137 

49 

.37164 

80 

.37191 

61 

.37218 

62 

.37246 

63 

.37272 

|64 

.37299 

88 

.37326 

1 66 

.37353 

67 

.37380 

58 

.37407 

69 

.37434 


.37461 


Coi 


.93368 
.93348 
.93337 
.93327 
.93316 
.93306 
.93296 54 
.93286 63 
.93274 62 
.93264 61 

.93263 
.93243 49 
.93232 48 
.93222 47 
.93211 46 

.93201 48 
.93190 44 
.93180 43 
.93169 42 
.93159 41 

.93148 40 
.93137 39 
.93127 38 
.93116 37 
.93106 36 

.93096 38 
.93084 34 
.93074 33 
.93063 32 
.93062 31 

.93042 30 
.93031 29 
.93020 28 
.93010 27 
.92999 26 
.92988 28 
.92978 24 
.92967 23 
.92966 22 
.92946 21 
.92936 
.92924 19 
.92913 18 
.92902 17 
.92892 16 

.92881 18 
.92870 14 
.92869 13 
.92849 
.92838 

.92827 
.92816 
.92806 
.92794 
.92784 

.92773 
.92762 
.92761 
.92740 
.92729 
.92718 


Coi Ctn Tan Sin 













464 


T»bh2 


Notaral Trigonom*trlc Funcflons 


22® 

23® 


Sin Tan 

Ctn 

Cos 




Sin 

Tan 

Ctn 

Cos 

K1 

.37461 .40403 

2.4751 

.92718 

CTl 


■a 

.39073 

.42447 

2.3559 

.92050 

1 

.37488 .40436 

2.4730 

.92707 

59 


1 

.39100 

.42482 

2.3539 

.92039 

2 

.37615 .40470 

2.4709 

.92697 

58 


2 

.39127 

.42616 

2.3520 

.92028 

3 

.37542 .40504 

2.4689 

.92686 

57 


3 

.39153 

.42551 

2.3501 

.92016 

4 

.37569 .40538 

2.4668 

.92675 

56 


4 

.39180 

.42585 

2.3483 

.92005 

5 

.37595 .40572 

2.4648 

.92664 

55 


5 

.39207 

.42619 

2.3464 

.91994 

6 

.37622 .40606 

2.4627 

.92653 

54 


6 

.39234 

.42654 

2.3445 

.91982 

7 

.37649 .40640 

2.4606 

.92642 

53 


7 

.39260 

.42688 

2.3426 

.91971 

8 

.37676 .40674 

2.4586 

.92631 

52 


8 

.39287 

.42722 

2.3407 

.91959 

9 

.37703 .40707 

2.4566 

.92620 

51 


9 

.39314 

.42757 

2.3388 

.91948 

10 

.37730 .40741 

2.4545 

.92609 

50 


10 

.39341 

.42791 

2.3369 

.91936 

11 

.37767 .40775 

2.4525 

.92598 

49 


11 

.39367 

.42826 

2.3351 

.91925 

12 

.37784 .40809 

2.4504 

.92587 

48 


12 

.39394 

.42860 

2.3332 

.91914 

13 

.37811 .40843 

2.4484 

.92576 

47 


13 

.39421 

.42894 

2.3313 

.91902 

14 

.37838 .40877 

2.4464 

.92565 

46 


14 

.39448 

.42929 

2.3294 

.91891 

15 

.37865 .40911 

2.4443 

.92554 

45 


15 

.39474 

.42963 

2.3276 

.91879 

16 

.37892 .40945 

2.4423 

.92543 

44 


16 

.39501 

.42998 

2.3257 

.91868 

17 

.37919 .40979 

2.4403 

.92532 

43 


17 

.39528 

.43032 

2.3238 

.91856 

18 

.37946 .41013 

2.4383 

.92521 

42 


18 

.39555 

.43067 

2.3220 

.91845 

19 

.37973 .41047 

2.4362 

.92510 

41 


19 

.39581 

.43101 

2.3201 

.91833 

20 

.37999 .41081 

2.4342 

.92499 

40 


20 

.39608 

.43136 

2.3183 

.91822 

21 

.38026 .41115 

2.4322 

.92488 

39 


21 

.39635 

.43170 

2.3164 

.91810 

22 

.3805.3 .41149 

2.4302 

.92477 

38 


22 

.39661 

.43205 

2.3146 

.91799 

23 

.38080 .41183 

2.4282 

.92466 

37 


23 

.39688 

.43239 

2.3127 

.91787 

24 

.38107 .41217 

2.4262 

.92455 

36 


24 

.39715 

.43274 

2.3109 

.91775 

25 

.38134 .41251 

2.4242 

.92444 

35 


25 

.39741 

.43308 

2.3090 

.91764 

26 

.38161 .41285 

2.4222 

.92432 

34 


26 

.39768 

.43343 

2.3072 

.91752 

27 

.38188- .41319 

2.4202 

.92421 

33 


27 

.39795 

.43378 

2.3053 

.91741 

28 

.38215 .41353 

2.4182 

.92410 

32 


28 

.39822 

.43412 

2..3035 

.91729 

29 

.38241 .41387 

2.4162 

.92399 

31 


29 

.39848 

.43447 

2.3017 

.91718 

30 

.38268 .41421 

2.4142 

.92388 

30 


30 

.39875 

.43481 

2.2998 

.91706 

31 

.38295 .41455 

2.4122 

.92377 

29 


31 

.39902 

.43516 

2.2980 

.91694 

32 

.38322 .41490 

2.4102 

.92366 

28 


32 

.39928 

.43550 

2.2962 

.91683 

33 

.38349 .41524 

2.4083 

.92355 

27 


33 

.39955 

.43585 

2.2944 

.91671 

34 

.38376 .41558 

2.4063 

.92343 

26 


34 

.39982 

.43620 

2.2925 

.91660 

35 

.38403 .41592 

2.4043 

.92332 

25 


35 

.40008 

.43654 

2.2907 

.91648 

36 

.38430 .41626 

2.4023 

.92321 

24 


36 

.40035 

.43689 

2.2889 

.91636 

37 

.38456 .41660 

2.4004 

.92310 

23 


37 

.40062 

.43724 

2.2871 

.91625 

38 

.38483 .41694 

2.3984 

.92299 

22 


38 

.40088 

.43758 

2.2853 

.91613 

39 

.38510 .41728 

2.3964 

.92287 

21 


39 

.40115 

.43793 

2.2835 

.91601 

40 

.38537 .41763 

2.3945 

.92276 

20 


40 

.40141 

.43828 

2.2817 

.91590 

41 

.38564 .41797 

2.3925 

.92265 

19 


41 

.40168 

.43862 

2.2799 

.91578 

42 

.38591 .41831 

2.3906 

.92254 

18 


42 

.40195 

.43897 

2.2781 

.91566 

43 

.38617 .41865 

2.3886 

.92243 

17 


43 

.40221 

.43932 

2.2763 

.91555 

44 

.38644 .41899 

2.3867 

.92231 

16 


44 

.40248 

.43966 

2.2745 

.91543 

45 

.38671 .41933 

2.3847 

.92220 

15 


45 

.40275 

.44001 

2.2727 

.91531 

46 

.38698 .41968 

2.3828 

.92209 

14 

i 

46 

.40301 

.44036 

2.2709 

.91519 

47 

.38725 .42002 

2.3808 

.92198 

13 


47 

.40328 

.44071 

2.2691 

.91508 

48 

.38762 .42036 

2.3789 

.92186 

12 


48 

.40355 

.44105 

2.2673 

.91496 

49 

.38778 .42070 

2.3770 

.92175 

11 


49 

.40381 

.44140 

2.2655 

.91484 

50 

.38806 .42106 

2.3750 

.92164 

10 


50 

.40408 

.44175 

2.2637 

.91472 

61 

.38832 .42139 

2.3731 

.92152 

9 


51 

.40434 

.44210 

2.2620 

.91461 

52 

.38859 .42173 

2.3712 

.92141 

8 


52 

.40461 

.44244 

2.2602 

.91449 

53 

.38886 .42207 

2.3693 

.92130 

7 


53 

.40488 

.44279 

2.2584 

.91437 

54 

.38912 .42242 

2.3673 

.92119 

6 


54 

.40514 

.44314 

2.2566 

.91425 

55 

.38939 .42276 

2.3654 

.92107 

5 


55 

.40541 

.44349 

2.2549 

.91414 

56 

.38966 .42310 

2.3635 

.92096 

4 


56 

.40567 

.44384 

2.2531 

.91402 

67 

.38993 .42345 

2.3616 

.92085 

3 


57 

.40594 

.44418 

2.2513 

.91390 

58 

.39020 .42379 

2.3597 

.92073 

2 


58 

.40621 

.44453 

2.2496 

.91378 

69 

.39046 .42413 

2.3578 

.92062 

1 


59 

.40647 

.44488 

2.2478 

.91366 

m 

.39073 .42447 
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.40674 .44523 2.2460 .91355 

eo 

1 

.40700 .44558 2.2443 .91343 

59 

2 

.40727 .44593 2.2425 .91331 

58 

3 

.40753 .44627 2.2408 .91319 

57 

4 

.40780 .44662 2.2390 .91307 

56 

5 

.40806 .44697 2.2373 .91295 

55 

6 

.40833 .44732 2.2355 .91283 

54 

7 

.40860 .44767 2.2338 .91272 

53 

8 

.40886 .44802 2.2320 .91260 

52 

9 

.40913 .44837 2.2303 .91248 

51 

10 

.40939 .44872 2.2286 .91236 

50 

11 

.40966 .44907 2.2268 .91224 

49 

12 

.40992 .44942 2.2251 .91212 

48 

13 

.41019 .44977 2.2234 .91200 

47 

14 

.41045 .45012 2.2216 .91188 

46 

15 

.41072 .45047 2.2199 .91176 

45 

16 

.41098 .45082 2.2182 .91164 

44 

17 

.41125 .45117 2.2165 .91152 

43 

18 

.41151 .45152 2.2148 .91140 

42 

19 

.41178 .45187 2.2130 91128 

41 

20 

.41204 .45222 2.2113 .91116 

40 

21 

.41231 .45257 2.2096 .91104 

39 

22 

.41257 .45292 2.2079 .91092 

38 

23 

.41284 .45327 2.2062 .91080 

37 

24 

.41310 .45362 2.2045 .91068 

36 

25 

.41337 .45397 2.2028 .91056 

35 

26 

.41363 .45432 2.2011 .91044 

34 

27 

.41390 .45467 2.1994 .91032 

33 

28 

.41416 .45502 2.1977 .91020 

32 

29 

.41443 .45538 2.1960 .91008 

31 

30 

.41469 .45573 2.1943 .90996 

30 

31 

.41496 .45608 2.1926 .90984 

29 

32 

.41522 .45643 2.1909 .90972 

28 

33 

.41549 .45678 2.1892 .90960 

27 

34 

.41575 .45713 2.1876 .90948 

26 

35 

.41602 .45748 2.1859 .90936 

25 

36 

.41628 .45784 2.1842 .90924 

24 

37 

.41655 .45819 2.1825 .90911 

23 

38 

.41681 .45854 2.1808 .90899 

22 

39 

.41707 .45889 2.1792 .90887 

21 

40 

.41734 .45924 2.1775 .90875 

20 

41 

.41760 .45960 2.1758 .90863 

19 

42 

.41787 .45995 2.1742 .90851 

18 

43 

.41813 .46030 2.1725 .90839 

17 

44 

.41840 .46065 2.1708 .90826 

16 

45 

.41866 .46101 2.1692 .90814 

15 

46 

.41892 .46136 2.1675 .90802 

14 

47 

.41919 .46171 2.1659 .90790 

13 

48 

.41945 .46206 2.1642 .90778 

12 

49 

.41972 .46242 2.1625 .90766 

11 

50 

.41998 .46277 2.1609 .90753 

10 

61 

.42024 .46312 2.1592 .90741 

9 

52 

.42051 .46348 2.1576 .90729 

8 

63 

.42077 .46383 2.1560 .90717 

7 

64 

.42104 .46418 2.1543 .90704 

6 

55 

.42130 .46454 2.1527 .90692 
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.42156 .46489 2.1510 .90680 
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67 

.42183 .46525 2.1494 .90668 


68 
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69 
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1 

.42288 .46666 2.1429 .90618 

59 

2 

.42315 .46702 2.1413 .90606 

58 

3 

.42341 .46737 2.1396 .90594 

57 

4 

.42367 .46772 2.1380 .90582 

56 


.42394 .46808 2.1364 .90569 
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.42420 .46843 2.1348 .90557 

54 


.42446 .46879 2.1332 .90545 

53 


.42473 .46914 2.1315 .90532 

52 


.42499 .46950 2.1299 .90520 

51 

10 

.42525 .46985 2.1283 .90507 

50 

11 

.42552 .47021 2.1267 .90495 

49 

12 

.42578 .47056 2.1251 .90483 

48 

13 

.42604 .47092 2.1235 .90470 

47 

14 

.42631 .47128 2.1219 .90458 

46 

15 

.42657 .47163 2.1203 .90446 

45 

16 

.42683 .47199 2.1187 .90433 

44 

17 

.42709 .47234 2.1171 .90421 

43 

18 

.42736 .47270 2.1155 .90408 

42 

19 

.42762 .47305 2.1139 .90396 

41 

20 

.42788 .47341 2.1123 .90383 

40 

21 

.42815 .47377 2.1107 .90371 

39 

22 

.42841 .47412 2.1092 .90358 

38 

23 

.42867 .47448 2.1076 .90346 

37 

24 

.42894 .47483 2.1060 .90334 

36 

25 

.42920 .47519 2.1044 .90321 

35 

26 

.42946 .47555 2.1028 .90309 

34 

27 

.42972 .47590 2.1013 .90296 

33 

28 

.42999 .47626 2.0997 .90284 

32 

29 

.43025 .47662 2.0981 .90271 

31 

30 

.43051 .47698 2.0965 .90259 

30 

31 

.43077:; .47733 2.0950 .90246 

29 

32 

.43104 .47769 2.0934 .90233 

28 

33 

.43130 .47805 2.0918 .90221 

27 

34 

.43156 .47840 2.0903 .90208 

26 

35 

.43182 .47876 2.0887 .90196 

25 

36 

.43209 .47912 2.0872 .90183 

24 

37 

.43235 .47948 2.0856 .90171 

23 

38 

.43261 .47984 2.0840 .90158 

22 

39 

.43287 .48019 2.0825 .90146 

21 

40 

.43313 .48055 2.0809 .90133 

20 

41 

.43340 .48091 2.0794 .90120 

19 

42 

.43366 .48127 2.0778 .90108 

18 

43 

.43392 .48163 2.0763 .90095 

17 

44 

.43418 .48198 2.0748 .90082 

16 

45 
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15 

46 

.43471 .48270 2.0717 .90057 

14 

47 
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48 
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49 
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11 

50 
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51 
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9 

52 
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8 

53 

.43654 .48521 2.0609 .89968 

7 

54 

.43680 .48557 2.0594 .89956 

6 

55 

.43706 .48593 2.0579 .89943 

5 

56 

.43733 .48629 2.0564 .89930 

4 

57 

.43759 .48665 2.0549 .89918 

3 

58 
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.48773 
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.48845 
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.89854 
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.48881 
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.89841 
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.89828 

56 
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.43968 
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2.0428 
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55 

6 

.43994 

.48989 

2.0413 

.89803 

54 

7 

.44020 

.49026 

2.0398 

.89790 

53 

8 

.44046 

.49062 
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,89777 

52 

9 

.44072 

.49098 

2.0368 

.89764 
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.44098 

.49134 

2.0353 

.89762 
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.44124 

.49170 

2.0338 

.89739 

49 

12 

.44161 

.49206 

2.0323 

.89726 

48 

13 

.44177 

.49242 
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.89713 

47 

14 

.44203 

.49278 
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.89700 

46 

15 

.44229 

.49315 

2.0278 

.89687 

45 

16 

.44255 

.49351 

2.0263 

.89674 

44 

17 

.44281 

.49387 

2.0248 

.89662 

43 

18 

.44307 

.49423 

2.0233 

.89649 

42 

19 

.44333 

.49459 

2.0219 

.89636 

41 

20 

.44359 

.49495 

2.0204 

.89623 

40 

21 

.44385 

.49532 

2.0189 

.89610 

39 

22 

.44411 

.49568 

2.0174 

.89697 

38 

23 

.44437 

.49604 
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.89584 

37 

24 
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.49640 
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36 
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35 
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34 
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33 

28 
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.49786 
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32 

29 
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31 

80 

.44620 

.49858 

2.0067 

.89493 

30 

31 

.44646 

.49894 

2.0042 

.89480 

29 

32 

.44672 

.49931 

2.0028 

.89467 

28 

33 

.44698 

.49967 
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.89454 

27 

34 

.44724 

.50004 
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.89441 

26 

85 

.44750 

.50040 

1.9984 

.89428 

25 

36 

.44776 

.50076 

1.9970 

.89415 

24 

37 

.44802 

.50113 

1.9955 

.89402 

23 

38 

.44828 

.50149 

1.9941 

.89389 

22 

39 

.44854 

.50185 

1.9926 

.89376 

21 

40 

.44880 

.50222 

1.9912 

.89363 

20 

41 

.44906 

.50268 

1.9897 

.89350 

19 

42 

.44932 

.50295 

1.9883 

.89337 

18 

43 

.44958 

.50331 

1.9868 

.89324 

17 

44 

.44984 

.50368 

1.9854 

.89311 

16 

45 

.45010 

.50404 

1.9840 

.89298 

15 

46 

.46036 

.50441 
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.89285 
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47 
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.50477 

1.9811 

.89272 

13 
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.45088 

.50514 

1.9797 

.89259 

12 

49 

.46114 

.50550 

1.9782 

.89245 

11 
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.45140 

.50587 

1.9768 

.89232 

10 

51 

.45166 

.50623 

1.9754 

.89219 

9 

52 

.45192 

.60660 

1.9740 

.89206 

8 

53 

.45218 

.50696 

1.9725 

.89193 

7 

54 

.45243 

.50733 

1.9711 

.89180 

6 

m 

.45269 

.50769 

1.9697 

.89167 
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.45295 

.50806 

1.9683 

.89153 

4 

13 
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.50843 

1.9669 

.89140 

3 

58 

.45347 

.50879 
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.89127 
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.89114 
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.46425 

.50989 
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.89087 

59 

2 

.45451 

.51026 

1.9598 

.89074 

58 

3 

.46477 

.51063 

1^684 

.89061 

67 

4 

.45503 

.51099 

1.9670 

.89048 

56 


.45529 

.51136 

1.9556 

.89035 

55 


.45554 

.51173 

1.9542 

.89021 

54 


.45580 

.51209 

1.9528 

.89008 
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.45606 

.51246 

1.9514 

.88995 

52 


.45632 

.51283 

1.9500 

.88981 

51 

10 

.45658 

.51319 

1.9486 

.88968 

50 

11 

.45684 

.51356 

1.9472 

.88955 

49 

12 

.45710 

.51393 

1.9458 

.88942 

48 

13 

.46736 

.51430 

1.9444 

.88928 

47 

14 

.45762 

.51467 

1.9430 

.88915 

46 

15 

.45787 

.51503 

1.9416 

.88902 

45 

16 

.45813 

.51540 

1.9402 

.88888 

44 

17 

.45839 

.51577 

1.9388 

.88875 

43 

18 

.45865 

.51614 

1.9375 

.88862 

42 

19 

.45891 

.51661 

1.9361 

.88848 

41 

20 

.46917 

.51688 

1.9347 

.88835 

40 

21 

.45942 

.51724 

1.9333 

.88822 

39 

22 

.45968 

.51761 

1.9319 

.88808 

38 

23 

.45994 

.51798 

1.9306 

.88795 

37 

24 

.46020 

.51835 

1.9292 

.88782 

36 

25 

.46046 

.51872 

1.9278 

.88768 

35 

26 

.46072 

.51909 

1.9265 

.88755 

34 

27 

.46097 

.51946 

1.9261 

.88741 

33 

28 

.46123 

.51983 

1.9237 

.88728 

32 

29 

.46149 

.52020 

1.9223 

.88715 

31 

30 

.46175 

.52057 

1.9210 

.88701 

80 

31 

.46201 

.52094 

1.9196 

.88688 

29 

32 

.46226 

.52131 

1.9183 

.88674 

28 

33 

.46252 

.52168 

1.9169 

.88661 

27 

34 

.46278 

.52205 

1.9155 

.88647 

26 

35 

.46304 

.52242 

1.9142 

.88634 

25 

36 

.46330 

.52279 

1.9128 

.88620 

24 

37 

.46355 

.52316 

1.9115 

.88607 

23 

38 

.46381 

.52353 

1.9101 

.88593 

22 

39 

.46407 

.52390 

1.9088 

.88580 

21 

40 

.46433 

.52427 

1.9074 

.88566 

20 

41 

.46458 

.52464 

1.9061 

.88553 

19 

42 

.46484 

.52501 

1.9047 

.88539 

18 

43 

.46510 

.52538 

1.9034 

.88526 

17 

44 

.46536 

.52575 

1.9020 

.88512 

16 
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.46561 

.52613 

1.9007 

.88499 
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46 

.46587 

.52650 

1.8993 

.88485 

14 
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.46613 

.52687 

1.8980 
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13 
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.52724 

1.8967 

.88458 
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.52761 

1.8953 

.88445 
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4 

57 
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.46947 
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1.8807 

.88296 
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.88281 
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2 
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.53246 

1.8781 
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68 
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.47024 

.63283 

1.8768 
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67 
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1.8755 

.88240 

56 

5 
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1.8741 
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55 

6 
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.63396 

1.8728 

.88213 

54 

7 

.47127 

.53432 

1.8715 
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53 

8 
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.53470 

1.8702 
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52 

9 

.47178 
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1.8689 
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51 

EH 
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.53545 
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49 

12 
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14 
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.47332 

.63732 

1.8611 

.88089 
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16 
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.63769 
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.88076 

44 

17 
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.88062 
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18 
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.63844 
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.88048 

42 

19 

.47434 
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.88034 

41 

20 

.47460 

.53920 

1.8546 
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40 

21 
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.63967 

1.8633 
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37 
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.64070 
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36 
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35 
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.47614 

.54145 

1.8469 

.87937 

34 

27 
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33 

28 

.47665 

.54220 
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32 

29 
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1.8430 

.87896 
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1.8418 

.87882 

80 

31 
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.87868 

29 

32 

.47767 
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.87854 

28 

33 
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.87840 

27 

34 

.47818 

.54446 
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85 

.47844 

.54484 
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36 

.47869 
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24 

37 
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.54560 
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.87784 

23 

38 
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.87770 

22 

39 

.47946 
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1.8303 

.87766 
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.47971 
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20 

41 
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.64711 
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19 

42 
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.64748 
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18 

43 

.48048 
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44 
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16 

45 
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.54862 
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49 
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61 
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9 

52 
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63 
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54 
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Ctn 

Ttn 

Sin 

□ 


61 “ 


29 “ 



Sin 

Ttn 

Ctn 

Cot 

T ] 

■3 

.48481 

.55431 

1.8040 

.87462 


1 

.48506 

.55469 

1.8028 

.87448 

69 

2 

.48532 

.56507 

1.8016 

.87434 

58 

3 

.48667 

.56646 

1.8003 

.87420 

57 

4 

.48583 

.55683 

1.7991 

.87406 

56 

5 

.48608 

.55621 

1.7979 

.87391 

55 ; 

6 

.48634 

.55659 

1.7966 

.87377 

54 

7 

.48659 

.55697 

1.7964 

.87363 

53 

8 

.48684 

.55736 

1.7942 

.87349 

52 

9 

.48710 

.56774 

1.7930 

.87336 

51 

10 

.48735 

.55812 

1.7917 

.87321 

50 

11 

.48761 

.65860 

1.7906 

.87306 

49 

12 

.48786 

.56888 

1.7893 

.87292 

48 

13 

.48811 

.56926 

1.7881 

.87278 

47 

14 

.48837 

.55964 

1.7868 

.87264 

46 

15 

.48862 

.56003 

1.7856 

.87260 

45 

16 

.48888 

.66041 

1.7844 

.87235 

44 

17 

.48913 

.66079 

1.7832 

.87221 

43 

18 

.48938 

.66117 

1.7820 

.87207 

42 

19 

.48964 

.66156 

1.7808 

.87193 

41 

20 

.48989 

.56194 

1.7796 

.87178 

40 

21 

.49014 

.66232 

1.7783 

.87164 

39 

22 

.49040 

.56270 

1.7771 

.87160 

38 

23 

.49065 

.66309 

1.7759 

.87136 

37 

24 

.49090 

.66347 

1.7747 

.87121 

36 

25 

.49116 

.56385 

1.7735 

.87107 

35 


.49141 

.56424 

1.7723 

.87093 

34 

27 

.49166 

.56462 

1.7711 

.87079 

33 

28 

.49192 

.66501 

1.7699 

.87064 

32 

29 

.49217 

.56639 

1.7687 

.87060 

31 

80 

.49242 

.66577 

1.7676 

.87036 

80 

31 

.49268 

.56616 

1.7663 

.87021 

29 

32 

.49293 

.56654 

1.7651 

.87007 

28 

33 

.49318 

.56693 

1.7639 

.86993 

27 

34 

.49344 

.66731 

1.7627 

.86978 

26 

35 

.49369 

.66769 

1.7616 

.86964 

25 

36 

.49394 

.66808 

1.7603 

.86949 

24 

37 

.49419 

.66846 

1.7691 

.86935 

23 

38 

.49445 

.56885 

1.7579 

.86921 

22 

39 

.49470 

.66923 

1.7567 

.86906 

21 

40 

.49495 

.56962 

1.7656 

.86892 

20 

41 

.49621 

.57000 

1.7644 

.86878 

19 

42 

.49546 

.67039 

1.7532 

.86863 

18 

43 

.49671 

.67078 

1.7620 

.86849 

17 

44 

.49696 

.67116 

1.7608 

.86834 

16 

45 

.49622 

.67156 

1.7496 

.86820 

15 

46 

.49647 

.67193 

1.7485 

.86806 

14 

47 

.49672 

.67232 

1.7473 

.86791 

13 

48 

.49697 

.67271 

1.7461 

.86777 

12 

49 

.49723 

.57309 

1.7449 

.86762 

11 

50 

.49748 

.57348 

1.7437 

.86748 

10 

51 

.49773 

.57386 

1.7426 

.86733 

9 

52 

.49798 

.67426 

1.7414 

.86719 

8 

53 

.49824 

.67464 

1.7402 

.86704 

7 

54 

.49849 

.57603 

1.7391 

.86690 

6 

55 

.49874 

.67641 

1.7379 

.86675 

5 

56 

.49899 

.67680 

1.7367 

.86661 

4 

67 

.49924 

.67619 

1.7365 

.86646 

3 

El 

.49960 

.67667 

1.7344 

.86632 

2 


.49976 

.57696 

1.7332 

.86617 

1 

60 

.50000 

.67736 

1.7321 

.86603 

0 

/ 

Cot 

Ctn 

Ttn 

Sin 

§ 


60 * 
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Natural Trigonometric Functions 


Tab/e 2 



Sin 

Tan 

Ctn 

Cos 

.50000 

.67735 

1.7321 

.86603 

.60025 

.67774 

1.7309 

.86588 

.50050 

.67813 

1.7297 

.86573 

.60076 

.57851 

1.7286 

.86559 

.50101 

.67890 

1.7274 

.86544 

.50126 

.67929 

1.7262 

.86530 

.50151 

.57968 

1.7251 

.86515 

.50176 

.68007 

1.7239 

.86501 

.50201 

.58046 

1.7228 

.86486 

.50227 

.58085 

1.7216 

.86471 

.50252 

.68124 

1.7205 

.86457 

.60277 

.58162 

1.7193 

.86442 

.50302 

.58201 

1.7182 

.86427 

.60327 

.58240 

1.7170 

.86413 

.50352 

.68279 

1.7159 

.86398 

.60377 

.58318 

1.7147 

.86384 

.50403 

.68357 

1.7136 

.86369 

.50428 

.58396 

1.7124 

.86354 

.50463 

.58435 

1.7113 

.86340 

.50478 

.58474 

1.7102 

.86325 

.50503 

.58513 

1.7090 

.86310 

.50528 

.58552 

1.7079 

.86295 

.50553 

.58591 

1.7067 

.86281 

.60678 

.58631 

1.7056 

.86266 

.50603 

.58670 

1.7045 

.86251 

.50628 

.58709 

1.7033 

.86237 

.50654 

.68748 

1.7022 

.86222 

.50679 

.58787 

1.7011 

.86207 

.60704 

.58826 

1.6999 

.86192 

.60729 

.58865 

1.6988 

.86178 

.50754 

.58905 

1.6977 

.86163 

.50779 

.68944 

1.6965 

.86148 

.50804 

.58983 

1.6954 

.86133 

.50829 

.59022 

1.6943 

.86119 

.50854 

.59061 

1.6932 

.86104 

.60879 

.59101 

1.6920 

.86089 

.60904 

.59140 

1.6909 

.86074 

.60929 

.59179 

1.6898 

.86059 

.60964 

.69218 

1.6887 

.86045 

.50979 

.59258 

1.6875 

.86030 

.51004 

.69297 

1.6864 

.86015 

.51029 

.69336 

1.6853 

.86000 

.51054 

.69376 

1.6842 

.85985 

.51079 

.59415 

1.6831 

.85970 

.51104 

.59454 

1.6820 

.85956 

.51129 

.69494 

1.6808 

.85941 

.51154 

.69533 

1.6797 

.85926 

.51179 

.59673 

1.6786 

.85911 

.51204 

.59612 

1.6775 

.85896 

.61229 

.59651 

1.6764 

.85881 

.51254 

.59691 

1.6753 

.85866 

.51279 

.69730 

1.6742 

.85851 

.51304 

.59770 

1.6731 

.85836 

.61329 

.59809 

1.6720 

.85821 

.51354 

.59849 

1.6709 

.85806 

.51379 

.59888 

1.6698 

.85792 

.51404 

.59928 

1.6687 

.85777 

.51429 

.69967 

1.6676 

.85762 

.51454 

.60007 

1.6665 

.85747 

.61479 

.60046 

1.6654 

.85732 

.51504 

.60086 

1.6643 

.85717 


Sin 

Tan 

Ctn 

Cos 

.51504 

.60086 

1.6643 

.85717 

.51529 

.60126 

1.6632 

.85702 

.51554 

.60165 

1.6621 

.85687 

.51579 

.60205 

1.6610 

.85672 

.51604 

.60245 

1.6599 

.85657 

.51628 

.60284 

1.6588 

.85642 

.51653 

.60324 

1.6577 

.85627 

.51678 

.60364 

1.6566 

.85612 

.51703 

.60403 

1.6555 

.85597 

.51728 

.60443 

1.6545 

.85582 

.51753 

.60483 

1.6534 

.85567 

.51778 

.60522 

1.6523 

.85551 

.51803 

.60562 

1.6512 

.85536 

.51828 

.60602 

1.6501 

.85521 

.51852 

.60642 

1.6490 

.85506 

.51877 

.60681 

1.6479 

.85491 

.51902 

.60721 

1.6469 

.85476 

.51927 

.60761 

1.6458 

.8546] 

.51952 

.60801 

1.6447 

.85446 

.51977 

.60841 

1.6436 

.85431 

.52002 

.60881 

1.6426 

.85416 

.52026 

.60921 

1.6415 

.85401 

.52051 

.60960 

1.6404 

.85385 

.52076 

.61000 

1.6393 

.85370 

.52101 

.61040 

1.6383 

.85355 

.52126 

.61080 

1.6372 

.85340 

.52151 

.61120 

1.6361 

.85325 

.52175 

.61160 

1.6351 

.85310 

.52200 

.61200 

1.6340 

.85294 

.52225 

.61240 

1.6329 

.85279 

.52250 

.61280 

1.6319 

.85264 

.52275 

.61320 

1.6308 

.85249 

.52299 

.61360 

1.6297 

.85234 

.52324 

.61400 

1.6287 

.85218 

.52349 

.61440 

1.6276 

.85203 

.52374 

.61480 

1.6265 

.85188 

.52399 

.61520 

1.6255 

.85173 

.52423 

.61561 

1.6244 

.85157 

.52448 

.61601 

1.6234 

.85142 

.52473 

.61641 

1.6223 

.85127 

.52498 

.61681 

1.6212 

.85112 

.52522 

.61721 

1.6202 

.85096 

.52547 

.61761 

1.6191 

.85081 

.52572 

.61801 

1.6181 

.85066 

.52597 

.61842 

1.6170 

.85051 

.52621 

.61882 

1.6160 

.85035 

.52646 

.61922 

1.6149 

.85020 

.52671 

.61962 

1.61.39 

.85005 

.52696 

.62003 

1.6128 

.84989 

.52720 

.62043 

1.6118 

.84974 

.52745 

.62083 

1.6107 

.84959 

.52770 

.62124 

1.6097 

.84943 

.52794 

.62164 

1.6087 

.84928 

.52819 

.62204 

1.6076 

.84913 

.52844 

.62245 

1.6066 

.84897 

.52869 

.62285 

1.6055 

.84882 

.52893 

.62325 

1.6045 

.84866 

.52918 

.62366 

1.6034 

.84851 

.52943 

.62406 

1.6024 

.84836 

.52967 

.62446 

1.6014 

.84820 

.52992 

.62487 

1.6003 

.84805 


- Cos Ctn Tan Sin 


Cos Ctn Tan Sin 









TM»2 


Natural Trigonomulric Functions 


Sin 

Tan 

Ctn 

Cos 

.62992 

.62487 

1.6003 

.84805 

.63017 

.62627 

1.5993 

.84789 

.53041 

.62568 

1.5983 

.84774 

.53066 

.62608 

1.6972 

.84759 

.63091 

.62649 

1.5962 

.84743 

.63115 

.62689 

1.6952 

.84728 

.53140 

.62730 

1.5941 

.84712 

.63164 

.62770 

1.5931 

.84697 

.53189 

.62811 

1.6921 

.84681 

.53214 

.62852 

1.6911 

.84666 

.63238 

.62892 

1.5900 

.84650 

.53263 

.62933 

1.5890 

.84635 

.53288 

.62973 

1.5880 

.84619 

.53312 

.63014 

1.5869 

.84604 

.53337 

.63055 

1.5859 

.84588 

.53361 

.63095 

1.5849 

.84573 

.53386 

.63136 

1.5839 

.84557 

.53411 

.63177 

1.5829 

.84542 

.53435 

.63217 

1.6818 

.84526 

.53460 

.63258 

1.5808 

.84511 

.53484 

.63299 

1.5798 

.84495 

.53509 

.63340 

1.6788 

.84480 

.53534 

.63380 

1.5778 

.84464 

.53558 

.63421 

1.5768 

.84448 

.53583 

.63462 

1.5757 

.84435 

.53607 

.63503 

1.5747 

.84417 

.63632 

.63544 

1.5737 

.84402 

.53656 

.63584 

1.6727 

.84386 

.53681 

.63625 

1.6717 

.84370 

.53706 

.63666 

1.5707 

.84355 

.63730 

.63707 

1.5697 

.84339 

.63754 

.63748 

1.6687 

.84324 

.53779 

.63789 

1.6677 

.84308 

.63804 

.63830 

1.6667 

.84292 

.53828 

.63871 

1.6657 

.84277 

.53853 

.63912 

1.6647 

.84261 

.53877 

.63953 

1.6637 

.84245 

.53902 

.63994 

1.5627 

.84230 

.53926 

.64035 

1.5617 

.84214 

.53961 

.64076 

1.6607 

.84198 

.53975 

.64117 

1.5597 

.84182 

.54000 

.64158 

1.5587 

.84167 

.54024 

.64199 

1.6577 

.84151 

.54049 

.64240 

1.5567 

.84135 

.64073 

.64281 

1.6557 

.84120 

.64097 

.64322 

1.6647 

.84104 

.54122 

.64363 

1.6537 

.84088 

.54146 

.64404 

1.5527 

.84072 

.64171 

.64446 

1.5517 

.84057 

.54196 

.64487 

1.6507 

.84041 

.64220 

.64628 

1.5497 

.84025 

.54244 

.64569 

1.6487 

.84009 

.54269 

.64610 

1.6477 

.83994 

.64293 

.64652 

1.5468 

.83978 

.64317 

.64693 

1.5458 

.83962 

.64342 

.64734 

1.5448 

.83946 

.64366 

.64775 

1.5438 

.83930 

.54391 

.64817 

1.5428 

.83915 

.64416 

.64858 

1.5418 

.83899 

.54440 

.64899 

1.6408 

.83883 

.64464 

.64941 

1.5399 

.83867 

Cot 

Ctn 

Tan 

Sin 




Sin 

Tan 

Ctn 

Cos 

Z1 

.54464 

.64941 

1.5399 

.83867 

m\ 

.54488 

.64982 

1.5389 

.83851 

59 

.54513 

.65024 

1.5379 

.83835 

58 

.54637 

.65065 

1.5369 

.83819 

57 

.54561 

.65106 

1.5359 

.83804 

56 

.54586 

.65148 

1.5350 

.83788 

55 

.54610 

.65189 

1.5340 

.83772 

54 

.64635 

.65231 

1.5330 

.83756 

53 

.54659 

.65272 

1.5320 

.83740 

52 

.54683 

.65314 

1.5311 

.83724 

51 

.54708 

.65355 

1.5301 

.83708 

50 

.54732 

.65397 

1.5291 

.83692 

49 

.64756 

.65438 

1.5282 

.83676 

48 

.54781 

.65480 

1.5272 

.83660 

47 

.54805 

.65621 

1.5262 

.83645 

46 

.54829 

.65563 

1.5253 

.83629 

45 

.54854 

.65604 

1.5243 

.83613 

44 

.64878 

.65646 

1.5233 

.83597 

43 

.64902 

.65688 

1.5224 

.83581 

42 

.54927 

.65729 

1.5214 

.83565 

41 

.54951 

.65771 

1.5204 

.83549 

40 

.54975 

.65813 

1.5195 

.83533 

39 

.54999 

.65854 

1.5185 

.83517 

38 

.55024 

.65896 

1.5175 

.83501 

37 

.55048 

.65938 

1.5166 

.83485 

36 

.55072 

.65980 

1.5156 

.83469 

35 

.65097 

.66021 

1.5147 

.83453 

34 

.55121 

.66063 

1.5137 

.83437 

33 

.55145 

.66105 

1.5127 

.83421 

32 

.55169 

.66147 

1.5118 

.83405 

31 

.56194 

.66189 

1.5108 

.83389 

30 

.65218 

.66230 

1.5099 

.83373 

29 

.55242 

.66272 

1.5089 

83356 

28 

.55266 

.66314 

1.5080 

.83340 

27 

.56291 

.66356 

1.5070 

.83324 

26 

.55315 

.66398 

1.5061 

.83308 

25 

.55339 

.66440 

1.5051 

.83292 

24 

.55363 

.66482 

1.5042 

.83276 

23 

.55388 

.66524 

1.5032 

.83260 

22 

.55412 

.66566 

1.5023 

.83244 

21 

^5436 

.66608 

1.5013 

.83228 

20 

.55460 

.66650 

1.5004 

.83212 

19 

.55484 

.66692 

1 4994 

.83195 

18 

.55509 

.66734 

1.4985 

.83179 

17 

.56533 

.66776 

1.4975 

.83163 

16 

.55557 

.66818 

1.4966 

.83147 

15 

66581 

.66860 

1.4957 

.83131 

14 

.55605 

.66902 

1.4947 

.83115 

13 

.55630 

.66944 

1.4938 

.83098 

12 

.55654 

.66986 

1.4928 

.83082 

11 

.55678 

.67028 

1.4919 

.83066 

10 


51 .65702 .67071 1.4910 .83050 

62 .65726 .67113 1.4900 .83034 

53 .66760 .67166 1.4891 .83017 

64 .55775 .67197 1.4882 .83001 

55 .56799 .67239 1.4872 .82985 

56 .55823 .67282 1.4863 .82969 

57 .55847 .67324 1.4854 .82953 

58 .55871 .67366 1.4844 .82936 

59 .55895 .67409 1.4835 .82920 

.55919 .67451 1.4826 .82904 


Cos Ctn Tan SiQ 
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Natural Trigonemulrie Functions 


TMt2 


34 " 


35 " 






















T«6fe2 


Natural Tfigotiomolrlc FuncHont 




36 * 


37 * 
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Natural Trigonomulric Functions 


T*bk2 


38 " 


39 " 


rv 

Sin Tan Ctn Cos 


mn 

.61666 .78129 1.2799 .78801 

m 

1 

.61589 .78176 1.2792 .78783 

59 

2 

.61612 .78222 1.2784 .78765 

68 

3 

.61635 .78269 1.2776 .78747 

67 

4 

.61658 .78316 1.2769 .78729 

56 

5 

.61681 .78363 1.2761 .78711 

55 

6 

.61704 .78410 1.2753 .78694 

54 

7 

.61726 .78457 1.2746 .78676 

53 

8 

.61749 .78504 1.2738 .78658 

52 

9 

.61772 .78551 1.2731 .78640 

51 

10 

.61795 .78598 1.2723 .78622 

50 

11 

.61818 .78645 1.2715 .78604 

49 

12 

.61841 .78692 1.2708 .78586 

48 

13 

.61864 .78739 1.2700 .78568 

47 

14 

.61887 .78786 1.2693 .78550 

46 

15 

.61909 .78834 1.2685 .78532 

45 

16 

.61932 .78881 1.2677 .78514 

44 

17 

.61955 .78928 1.2670 .78496 

43 

18 

.61978 .78976 1.2662 .78478 

42 

19 

.62001 .79022 1.2655 .78460 

41 

20 

.62024 .79070 1.2647 .78442 

40 

21 

.62046 .79117 1.2640 .78424 

39 

22 

.62069 .79164 1.2632 .78405 

38 

23 

.62092 .79212 1.2624 .78387 

37 

24 

.62115 .79259 1.2617 .78369 

36 

25 

.62138 .79306 1.2609 .78351 

35 

26 

.62160 .79354 1.2602 .78333 

34 

27 

.62183 .79401 1.2594 .78315 

33 

28 

.62206 .79449 1.2587 .78297 

32 

29 

.62229 .79496 1.2579 .78279 

31 

80 

.62261 .79644 1.2572 .78261 

30 

31 

.62274 .79591 1.2564 .78243 

29 

32 

.62297 .79639 1,2657 .78226 

28 

33 

.62320 .79686 1.2549 .78206 

27 

34 

.62342 .79734 1.2542 .78188 

26 

85 

.62365 .79781 1.2534 .78170 

25 

36 

.62388 .79829 1.2527 .78152 

24 

37 

.62411 .79877 1.2619 .78134 

23 

38 

.624.33 .79924 1.2512 ,78116 

22 

39 

.62456 .79972 1.2504 .78098 

21 

40 

.62479 .80020 1.2497 .78079 

20 

41 

.62602 .80067 1.2489 .78061 

19 

42 

.62524 .80115 1.2482 .78043 

18 

43 

.62547 .80163 1,2475 .78025 

17 

44 

.62570 .80211 1.2467 .78007 

16 

45 

.62592 .80258 1.2460 .77988 

15 

46 

.62615 .80306 1.2462 .77970 

14 

47 

.62638 .80354 1.2445 .77952 

13 

48 

.62660 .80402 1.2437 .77934 

12 

49 

.62683 .80450 1.2430 .77916 

11 

50 

.62706 .80498 1.2423 .77897 

10 

61 

.62728 .80646 1.2416 .77879 

9 

62 

.62761 .80694 1.2408 .77861 

8 

63 

.62774 .80642 1.2401 .77843 

7 

64 

.62796 .80690 1.2393 .77824 

6 

55 

.62819 .80738 1.2386 .77806 


66 

.62842 .80786 1.2378 .77788 


67 

.62864 .80834 1.2371 .77769 

K' 

68 

.62887 .80882 1.2364 .77751 


69 

.62909 .80930 1.2356 .77733 

Bi 


.62932 .80978 1.2349 .77715 




Sin Tan Ctn Cos 


13 

.62932 .80978 1.2349 .77715 

00 

n 

.62965 .81027 1.2342 .77696 

59 

2 

.62977 .81076 1.2334 .77678 

58 

3 

.63000 .81123 1.2327 .77660 

57 

4 

.63022 .81171 1.2320 .77641 

56 


.63045 .81220 1.2312 .77623 

55 


.63068 .81268 1.2305 .77605 

54 


.63090 .81316 1.2298 .77586 

53 


.63113 .81364 1.2290 .77568 

52 


.63135 .81413 1.2283 .77550 

51 

10 

.63158 .81461 1.2276 .77531 

50 

11 

.63180 .81510 1.2268 .77513 

49 

12 

.63203 .81558 1.2261 .77494 

48 

13 

.63225 .81606 1.2254 .77476 

47^‘ 

14 

.63248 .81655 1.2247 .77458 

46 

15 

.63271 .81703 1.2239 .77439 

45 

16 

.63293 .81752 1.2232 .77421 

44 

17 

.63316 .81800 1.2225 .77402 

43 

18 

.63338 .81849 1.2218 .77384 

42 

19 

.63361 .81898 1.2210 .77366 

41 

20 

.63383 .81946 1.2203 .77347 

40 

21 

.63406 .81995 1.2196 .77329 

39 

22 

.63428 .82044 1.2189 .77310 

38 

23 

.63451 .82092 1.2181 .77292 

37 

24 

.63473 .82141 1.2174 .77273 

36 

25 

.63496 .82190 1.2167 .77255 

35 

26 

.63518 .822.38 1.2160 .77236 

34 

27 

.63540 .82287 1.2153 .77218 

33 

28 

.63563 .82336 1.2145 .77199 

32 

29 

.63585 .82385 1.2138 .77181 

31 

30 

.63608 .82434 1.2131 .77162 

30 

31 

.63630 .82483 1.2124 .77144 

29 

32 

.63653 .82531 1.2117 .77125 

28 

33 

.63675 .82580 1.2109 .77107 

27 

34 

.63698 .82629 1.2102 .77088 

26 

35 

.63720 .82678 1.2095 .77070 

25 

36 

.63742 .82727 1.2088 .77051 

24 

37 

.63765 .82776 1.2081 .77033 

23 

38 

.63787 .82825 1.2074 .77014 

22 

39 

.63810 .82874 1.2066 .76996 

21 

40 

.63832 .82923 1.2059 .76977 

20 

41 

.63854 .82972 1.2052 .76959 

19 

42 

.63877 .83022 1.2045 .76940 

18 

43 

.63899 .83071 1.2038 .76921 

17 

44 

.63922 .83120 1.2031 .76903 

16 

45 

.63944 .83169 1.2024 .76884 

15 

46 

.63966 .83218 1.2017 .76866 

14 

47 

.63989 .83268 1.2009 .76847 

13 

48 

.64011 .83317 1.2002 .76828 

12 

49 

.64033 .83366 1.1995 .76810 

11 


.64056 .83415 1.1988 .76791 

10 

51 

.64078 .83465 1.1981 .76772 

9 

52 

.64100 .83514 1.1974 .76754 

8 

53 

.64123 .83564 1.1967 .76735 

7 

54 

.64145 .83613 1.1960 .76717 

6 

55 

.64167 .83662 1.1953 .76698 

■7 

56 

.64190 .83712 1.1946 .76679 


67 

.64212 .83761 1.1939 .76661 


68 

.64234 .83811 1.1932 .76642 

Bi! 

69 

.64256 .83860 1.1925 .76623 

Bi 

\m 

.64279 .83910 1.1918 .76604 

K] 


Cos Ctn Tan Sin 

51 " 


Cos Ctn Tan Sin 

50 " 
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40 ® 41 ® 


/ 

Sin Tan Ctn Cos 

Z] 


/ 

Sin Tan Ctn Cos 

z 


.64279 .83910 1.1918 .76604 



o 

.65606 .86929 1.1504 .75471 

m 

1 

.64301 .83960 1.1910 .76586 

69 


1 

.65628 .86980 1.1497 .75452 

69 

2 

.64323 .84009 1.1903 .76567 

68 


2 

.65650 .87031 1.1490 .75433 

68 

3 

.64346 .84059 1.1896 .76548 

67 


3 

.65672 .87082 1.1483 .75414 

67 

4 

.64368 .84108 1.1889 .76530 

66 


4 

.65694 .87133 1.1477 .75395 

66 

5 

.64390 .84158 1.1882 .76511 

55 


5 

.65716 .87184 1.1470 .75375 

55 

6 

.64412 .84208 1.1875 .76492 

54 


6 

.65738 .87236 1.1463 .75356 

54 

7 

.64435 .84258 1.1868 .76473 

53 


7 

.65759 .87287 1.1456 .75337 

53 

8 

.64457 .84307 1.1861 .76455 

52 


8 

.65781 .87338 1.1450 .75318 

52 

9 

.64479 .84357 1.1854 .76436 

51 


9 

.65803 .87389 1.1443 .75299 

51 

10 

.64501 .84407 1.1847 .76417 

50 


10 

.65825 .87441 1.1436 .75280 

50 

11 

.64524 .84457 1.1840 .76398 

49 


11 

.65847 .87492 1.1430 .75261 

49 

12 

.64546 .84507 1.1833 .76380 

48 


12 

.65869 .87543 1.1423 .75241 

48 

13 

.64568 .84556 1.1826 .76361 

47 


13 

.65891 .87595 1.1416 .75222 

47 

14 

.64590 .84606 1.1819 .76342 

46 


14 

.65913 .87646 1.1410 .75203 

46 

En 

.64612 .84656 1.1812 .76323 

45 


15 

.65935 .87698 1.1403 .75184 

45 

16 

.64635 .84706 1.1806 .76304 

44 


16 

.65956 .87749 1.1396 .75165 

44 

17 

.64657 .84756 1.1799 .76286 

43 


17 

.65978 .87801 1.1389 .75146 

43 

f£l 

.64679 .84806 1.1792 .76267 

42 


18 

.66000 .87852 1.1383 .75126 

42 

ta 

.64701 .84856 1.1785 .76248 

41 


19 

.66022 .87904 1.1376 .75107 

41 

20 

.64723 .84906 1.1778 .76229 

40 


20 

.66044 .87955 1.1369 .75088 

40 

21 

.64746 .84956 1.1771 .76210 

39 


21 

.66066 .88007 1.1363 .75069 

39 

22 

.64768 .85006 1.1764 .76192 

38 


22 

.66088 .88059 1.1356 .75050 

58 

23 

.64790 .85057 1.1757 .76173 

37 


23 

.66109 .88110 1.1349 .75030 

37 

24 

.64812 .85107 1.1750 .76154 

36 


24 

.66131 .88162 1.1343 .75011 

36 

25 

.64834 .85157 1.1743 .76135 

35 


25 

.66153 .88214 1.1336 .74992 

35 

26 

.64856 .85207 1.1736 .76116 

34 


26 

.66175 .88265 1.1329 .74973 

34 

27 

.64878 .85257 1.1729 .76097 

33 


27 

.66197 .88317 1.1323 .74953 

33 

28 

.64901 .85308 1.1722 .76078 

32 


28 

.66218 .88369 1.1316 .74934 

32 

29 

.64923 .85358 1.1715 .76059 

31 


29 

.66240 .88421 1.1310 .74915 

31 

30 

.64945 .85408 1.1708 .76041 

30 


30 

.66262 .88473 1.1303 .74896 

30 

31 

.64967 .85458 1.1702 .76022 

29 


31 

.66284 .88524 1.1296 .74876 

29 

32 

.64989 .85509 1.1695 .76003 

28 


32 

.66306 .88576 1.1290 .74857 

28 

33 

.65011 .85559 1.1688 .75984 

27 


33 

.66327 .88628 1.1283 .74838 

27 

34 

.65033 .85609 1.1681 .75965 

26 


34 

.66349 .88680 1.1276 .74818 

26 

35 

.65055 .85660 1.1674 .75946 

25 


35 

.66371 .88732 1.1270 .747991 

25 

36 

.65077 .85710 1.1667 .75927 

24 


36 

.66393 .88784 1.1263 .74780 

24 

37 

.65100 .85761 1.1660 .75908 

23 


37 

.66414 .88836 1.1257 .74760 

23 

38 

.65122 .85811 1.1653 .75889 

22 


38 

.66436 .88888 1.1250 .74741 

22 

39 

.65144 .85862 1.1647 .75870 

21 


39 

.66458 .88940 1.1243 .74722 

21 

40 

.65166 .85912 1.1640 .75851 

20 


40 

.66480 .88992 1.1237 .74703 

20 

41 

.65188 .85963 1.1633 .75832 

19 


41 

.66501 .89045 1.1230 .74683 

19 

42 

.65210 .86014 1.1626 .75813 

18 


42 

.66523 .89097 1.1224 .74664 

18 

43 

.65232 .86064 1.1619 .75794 

17 


43 

.66545 .89149 1.1217 .74644 

17 

44 

.65254 .86115 1.1612 .75775 

16 


44 

.66566 .89201 1.1211 .74625 

16 

45 

.65276 .86466 1.1606 .75756 

15 


45 

.66588 .89253 1.1204 .74606 

15 

46 

.65298 .86216 1.1599 .75738 

14 


46 

.66610 .89306 1.1197 .74586 

14 

47 

.65320 .86267 1.1592 .75719 

13 


47 

.66632 .89358 1.1191 .74567 

13 

48 

.65342 .86318 1.1585 .75700 

12 


48 

.66653 .89410 1.1184 .74548 

12 

49 

.65364 .86368 1.1578 .75680 

11 


49 

.66675 .89463 1.1178 .74528 

11 

50 

.65386 .86419 1.1571 .75661 

10 


50 

.66697 .89515 1.1171 .74509 

10 

51 

.65408 .86470 1.1565 .75642 

9 


51 

.66718 .89567 1.1165 .74489 

9 

52 

.65430 .86521 1.1558 .75623 

8 


52 

.66740 .89620 1.1158 .74470 

8 

53 

.65452 .86572 1.1551 .75604 

7 


53 

.66762 .89672 1.1152 .74451 

7 

54 

.65474 .86623 1.1544 .75585 

6 


54 

.66783 .89725 1.1145 .74431 

6 

55 

.65496 .86674 1.1538 .75566 

m 

■ 

55 

.66805 .89777 1.1139 .74412 

5 

56 

.65518 .86725 1.1531 .75547 

mi 


56 

.66827 .89830 1.1132 .74392 

4 

57 

.65540 .86776 1.1524 .75528 

K] 


57 

.66848 .89883 1.1126 .74373 

3 

58 

.65562 .86827 1.1517 .75509 



58 

.66870 .89935 1.1119 .74353 

2 

59 

.65584 .86878 1.1510 .75490 

H 


59 

.66891 .89988 1.1113 .74334 

1 

60 

.65606 .86929 1.1504 .75471 

m 

II 

60 

.66913 .90040 1.1106 .74314 

0 

/ 

Cos Ctn Tan Sin 

M 


/ 

Cos Ctn Tan Sin 

/ 


49 ? 


48 ® 
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r«Uti 



Tan Ctn Coa 


Sin Tan Ctn Coa 


.66913 

1 .66935 

2 .66956 

3 .66978 

4 .66999 

5 .67021 

6 .67043 

7 .67064 

8 .67086 

9 .67107 

10 .67129 

11 .67151 

12 .67172 

13 .67194 

14 .67215 

15 .67237 

16 .67258 

17 .67280 

18 .67301 

19 .67323 

20 .67344 

21 .67366 

22 .67387 

23 .67409 

24 .67430 

25 .67452 

26 .67473 

27 .67495 

28 .67516 

29 .67538 

.67559 

31 .67580 

32 .67602 

33 .67623 

34 .67645 

85 .67666 

36 .67688 

37 .67709 

38 .67730 

39 .67752 
.67773 

41 1 .67795 

42 1 .67816 

43 1 .67837 

44 1 .67859 


.74314 
.74295 59 
.74276 58 
.74256 57 
.74237 56 
.74217 55 
.74198 54 
.74178 53 
.74169 52 
.74139 51 

.74120 50 
.74100 49 
.74080 48 
.74061 47 
.74041 46 
.74022 45 
.74002 44 
.73983 43 
.73963 42 
.73944 41 
.73924 40 
.73904 39 
.73885 38 
.73865 37 
.73846 36 
.73826 35 
.73806 34 
.73787 33 
.73767 32 
.73747 31 

.73728 30 
.73708 29 
.73688 28 
.73669 27 
.73649 26 
.73629 25 
.73610 24 
.73690 23 
.73670 22 
.73661 21 

.73531 
.73611 19 
.73491 18 
.73472 17 
.73462 16 

.73432 15 
.73413 14 
.73393 13 
.73373 
.73363 


68093 
.68115 
.68136 

58 1 .68157 

59 1 .68179 
60 1.68200 


10 .68412 

11 .68434 

12 .68465 

13 .68476 

14 .68497 

15 .68618 

16 .68639 

17 .68661 

18 .68682 

19 .68603 

20 .68624 

21 .68646 

22 .68666 

23 .68688 

24 .68709 

25 .68730 

26 .68761 

27 .68772 

28 .68793 

29 .68814 

30 .68836 

31 .68867 

32 .68878 

33 .68899 

34 .68920 

35 .68941 

36 .68962 

37 .68983 

38 .69004 

39 .69025 

40 .69046 

41 .69067 

42 .69088 

43 .69109 

44 .69130 

45 .69151 

46 .69172 

47 .69193 

48 .69214 

49 .69235 
.69266 

61 .69277 

62 .69298 

63 .69319 
54 .69340 

.69361 
.69382 
.69403 
.69424 
.69445 
.69466 


.73036 
.73016 54 
.72996 53 
.72976 52 
.72957 51 

.72937 50 
.72917 49 
.72897 48 
.72877 47 
.72857 46 
.72837 45 
.72817 44 
.72797 43 
.72777 42 
.72757 41 
.72737 40 
.72717 39 
.72697 38 
.72677 37 
.72657 36 
.72637 85 
.72617 34 
.72597 33 
.72677 32 
.72667 31 

.72537 30 
.72617 29 
.72497 28 
.72477 27 
.72467 26 

.72437 25 
.72417 24 
.72397 23 
.72377 22 
.72367 21 

.72337 20 
.72317 19 
.72297 18 
.72277 17 
.72267 16 

.72236 15 
.72216 14 
.72196 13 
.72176 12 
.72166 11 


Coa Ctn Tan Sin 


Coa Ctn . Tan 













Natural Trigonomatrle Fuifetiem 


44 * 


I 

Sin Tan Ctn Cot 

$ 

0 

.69466 .96569 1.0355 .71934 

60 

1 

.69487 .96626 1.0349 .71914 

59 

2 

.69508 .96681 1.0343 .71894 

58 

3 

.69629 .96738 1.0337 .71873 

57 

4 

.69549 .96794 1.0331 .71853 

56 

5 

.69570 .96850 1.0325 .71833 

55 

6 

.69691 .96907 1.0319 .71813 

54 

7 

.69612 .96963 1.0313 .71792 

53 

8 

.69633 .97020 1.0307 .71772 

52 

9 

.69654 .97076 1.0301 .71752 

51 

10 

.69675 .97133 1.0296 .71732 

50 

11 

.69696 .97189 1.0289 .71711 

49 

12 

.69717 .97246 1.0283 .71691 

48 

13 

.69737 .97302 1.0277 .71671 

47 

14 

.69758 .97359 1.0271 .71660 

46 

15 

.69779 .97416 1.0265 .71630 

45 

16 

.69800 .97472 1.0269 .71610 

44 

17 

.69821 .97529 1.0263 .71590 

43 

18 

.69842 .97586 1.0247 .71569 

42 

19 

.69862 ^7643 1.0241 .71549 

41 

20 

.69883 .97700 1.0235 .71529 

40 

21 

.69904 .97766 1.0230 .71608 

39 

22 

.69925 .97813 1.0224 .71488 

38 

23 

.69946 .97870 1.0218 .71468 

37 

24 

.69966 .97927 1.0212 .71447 

36 

25 

.69987 .97984 1.0206 .71427 

35 

26 

.70008 .98041 1.0200 .71407 

34 

27 

.70029 .98098 1.0194 .71386 

33 

28 

.70049 .98165 1.0188 .71366 

32 

29 

.70070 .98213 1.0182 .71345 

31 

30 

.70091 .98270 1.0176 .71325 

30 

31 

.70112 .98327 1.0170 .71305 

29 

32 

.70132 .98384 1.0164 .71284 

28 

33 

.70153 .98441 1.0158 .71264 

27 

34 

.70174 .98499 1.0152 .71243 

26 

35 

.70195 .98556 1.0147 .71223 

25 

36 

.70215 .98613 1.0141 .71203 

24 

37 

.70236 .98671 1.0136 .71182 

23 

38 

.70257 .98728 1.0129 .71162 

22 

39 

.70277 .98786 1.0123 .71141 

21 

40 

.70298 .98843 1.0117 .71121 

20 

41 

.70319 .98901 1.0111 .71100 

19 

42 

.70339 .98968 1.0105 .71080 

18 

43 

.70360 .99016 1.0099 .71069 

17 

44 

.70381 .99073 1.0094 .71039 

16 

45 

.70401 .99131 1.0088 .71019 

15 

46 

.70422 .99189 1.0082 .70998 

14 

47 

.70443 .99247 1.0076 .70978 

13 

48 

.70463 .99304 1.0070 .70967 

12 

49 

.70484 .99362 1.0064 .70937 

11 

50 

.70505 .99420 1.0058 .70916 

10 

51 

.70525 .99478 1.0052 .70896 

9 

62 

.70546 .99536 1.0047 .70875 

8 

53 

.70567 .99594 1.0041 .70855 

7 

54 

.70587 .99652 1.0035 .70834 

6 

55 

.70608 .99710 1.0029 .70813 

5 

56 

.70628 .99768 1.0023 .70793 

4 

67 

.70649 .99826 1.0017 .70772 

3 

58 

.70670 .99884 1.0012 .70762 

2 

59 

.70690 .99942 1.0006 .70731 

1 

60 

.70711 1.0000 1.0000 .70711 

0 

/ 

Cot Ctn Tan Sin 

t 
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TABLE 3 

0®— Log Sine — - 0® 


^ 6.46373 6.76476 6.94086 6.06679 6.16270 6.24188 6.30882 6.36682 6.41797 60 

6.46373 6.60612 6.64291 6.67767 6.60986 6.63982 6.66786 6.69418 6.71900 6.74248 69 

6.76476 6.78696 6.80616 6.82646 6.84394 6.86167 6.87870 6.89609 6.91088 6.92612 68 

6.94086 6.96609 6.96888 6.98224 6.99620 7.00779 7.02003 7.03193 7.04361 7.06479 67 

7.06679 7.07661 7.08698 7.09719 7.10718 7.11694 7.12648 7.13682 7.14497 7.16392 66 

7.16270 7.17130 7.17973 7.18800 7.19612 7.20409 7.21191 7.21960 7.22716 7.23468 55 

7.24188 7.24906 7.26612 7.26307 7.26991 7.27664 7.28327 7.28980 7.29623 7.30267 64 

7.30882 7.31498 7.32106 7.32706 7.33296 7.33879 7.34464 7.36022 7.36682 7.36136 63 

7.36682 7.37221 7.37764 7.38280 7.38800 7.39314 7.39822 7.40324 7.40821 7.41312 62 

7.41797 7.42277 7.42761 7.43221 7.43686 7.44146 7.44600 7.46060 7.46496 7.46936 61 

7.46373 7.46806 7.47233 7.47666 7.48076 7.48491 7.48903 7.49311 7.49716 7.60116 50 

7.60612 7.60906 7.61294 7.61680 7.62063 7.62442 7.62818 7.63191 7.63661 7.63927 49 

7.64291 7.64661 7.66009 7.66363 7.66716 7.66064 7.66410 7.66763 7.67094 7.67431 48 

7.67767 7.68100 7.68430 7.68768 7.69083 7.69406 7.69726 7.60046 7.60360 7.60674 47 

7.60986 7.61294 7.61601 7.61906 7.62209 7.62609 7.62808 7.63104 7.63399 7.63691 46 

7.63982 7.64270 7.64667 7.64842 7.65125 7.65406 7.66685 7.65962 7.66238 7.66512 45 

7.66784 7.67066 7.67324 7.67691 7.67867 7.68121 7.68383 7.68644 7.68903 7.69161 44 

7.69417 7.69672 7.69926 7.70177 7.70427 7.70676 7.70924 7.71170 7.71414 7.71668 43 

18 7.71900 7.72140 7.72380 7.72618 7.72864 7.73090 7.73324 7.73667 7.73788 7.74019 42 

19 7.74248 7.74476 7.74703 7.74928 7.76163 7.76376 7.76698 7.75819 7.76039 7.76268 41 

20 7.76476 7.76692 7.76907 7.77122 7.77335 7.77648 7.77769 7.77969 7.78179 7.78387 40 

21 7.78694 7.78801 7.79006 7.79210 7.79414 7.79616 7.79818 7.80018 7.80218 7.80417 39 

22 7.80616 7.80812 7.81008 7.81203 7.81397 7.81691 7.81783 7.81975 7.82166 7.82366 38 

23 7.82646 7.82733 7.82921 7.83108 7.83294 7.83479 7.83663 7.83847 7.84030 7.84212 37 

24 7.84393 7.84674 7.84764 7.84933 7.86111 7.86289 7.85466 7.86642 7.85817 7.86992 36 

25 7.86166 7.86340 7.86612 7.86684 7.86866 7.87026 7.87196 7.87366 7.87634 7.87702 35 

26 7.87870 7.88036 7.88202 7.88368 7.88633 7.88697 7.88860 7.89023 7.89186 7.89347 34 

27 7.89609 7.89669 7.89829 7.89988 7.90147 7.90306 7.90463 7.90620 7.90777 7.90933 33 

28 7.91088 7.91243 7.91397 7.91661 7.91704 7.91867 7.92009 7.92160 7.92311 7.92462 32 

29 7.92612 7.92761 7.92910 7.93069 7.93207 7.93364 7.93601 7.93648 7.93794 7.93939 31 

80 7.94084 7.94229 7.94373 7.94616 7.94669 7.94802 7.94944 7.96086 7.96227 7.96368 30 

31 7.96608 7.95648 7.96787 7.96926 7,96066 7.96203 7.96341 7.96478 7.96616 7.96761 29 

32 7.96887 7.97022 7.97168 7.97292 7.97426 7.97660 7.97694 7.97827 7.97969 7.98092 28 

33 7.98223 7.98366 7,98486 7.98616 7.98747 7.98876 7.99006 7.99136 7.99264 7.99392 27 

34 7.99620 7.99647 7.99776 7.99901 8.00028 8.00164 8.00279 8.00405 8.00630 8.00664 26 

85 8.00779 8.00903 8.01026 8.01149 8.01272 8.01396 8.01617 8.01639 8.01760 8.01881 25 

36 8.02002 8.02123 8.02243 8.02362 8.02482 8.02601 8.02720 8.02838 8.02967 8.03074 24 

37 8.03192 8.03309 8.03426 8.03643 8.03669 8.03776 8.03891 8.04006 8.04121 8.04236 23 

38 8.04360 8.04464 8.04678 8.04692 8.04806 8.04918 8.06030 8.06143 8.06265 8.05367 22 

39 8.06478 8.05689 8.06700 8.06811 8.06921 8.06031 8.06141 8.06261 8.06360 8.06469 21 

40 8.06678 8.06686 8.06794 8.06902 8.07010 8.07117 8.07224 8.07331 8.07438 8.07644 20 

41 8.07650 8.07766 8.07861 8.07967 8.08072 8.08176 8.08281 8.08385 8.08489 8.08693 19 

42 8.086% 8.08800 8.08903 8.09006 8.09108 8.09210 8.09312 8.09414 8.09616 8.0%17 18 

43 8.09718 8.09819 8.09920 8.10020 8.10120 8.10220 8.10320 8.10420 8.10619 8.10618 17 

44 8.10717 8.10816 8.10914 8.11012 8.11110 8.11207 8.11306 8.11402 8.11499 8.116% 16 


45 8.11693 8.11789 8.11886 

46 8.12647 8.12741 8.12836 

47 8.13681 8.13673 8.13766 

48 8.14496 8.14686 8.14676 

49 8.16391 8.15479 8.16668 

50 8.16268 8.16365 8.16441 

61 8.17128 8.17213 8.17298 

62 8.17971 8.18056 8.18138 

63 8.18798 8.18880 8.18%2 

64 8.1%10 8.1%91 8.19771 


8.20407 

66 8.21189 

67 8.21968 

68 8.22713 

69 8.23466 
60 8.24186 


8.20486 8.20666 
8.21267 8.21344 
8.22034 8.22110 
8.22788 8.22863 
8.23629 8.23603 
8.24268 8.24330 


8.11981 8.12077 8.12172 8.12268 8.12363 8.12458 8.12663 15 

8.12929 8.13023 8.13117 8.13210 8.13303 8.13396 8.13489 14 

8.13867 8.13949 8.14041 8.14132 8.14223 8.14314 8.14406 13 

8.14766 8.14866 8.14945 8.15036 8.16124 8.16213 8.16302 12 

8.16666 8.16744 8.15832 8.15919 8.16007 8.16094 8.16181 11 

8.16628 8.16614 8.16700 8.16786 8.16872 8.16967 8.17043 10 

8.17383 8.17467 8.17662 8.17636 8.17720 8.17804 8.17888 

8.18221 8.18304 8.18387 8.18469 8.18662 8.18634 8.18716 

8.19044 8.19126 8.19206 8.19287 8.19368 8.19449 8.19630 

8.19861 8.19931 8.20010 8.20090 8.20170 8.20249 8.20328 

8.20643 8.20722 8.20800 8.20878 8.20966 8.21034 8.21112| 

8.21422 8.21499 8.21676 8.21662 8.21729 8.21805 8.21882 

8.22186 8.22262 8.22337 8.22413 8.22488 

8.22937 8.23012 8.23086 8.23160 8.23234 

8.23676 8.23749 8.23822 8.23896 8.2{S%8 

8.24402 8.24474 8.24646 8.24618 8.24689 
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0® — Log Tan — 0® 


B 

B 

m 

m 

.8 

.4 

B 

.6 

n 

.8 

.0 

m 

B 

6.46373 

6.76476 

6.94085 

6.06679 

6.16270 

6.24188 

6.30882 

6.36682 

6.41797 

1 

6.46373 

6.60612 

6.64291 

6.67767 

6.60986 

6.63982 

6.66785 

6.69418 

6.71900 

6.74248 

2 

6.76476 

6.78695 

6.80616 

6.82646 

6.84394 

6.86167 

6.87870 

6.89609 

6.91088 

6.92612 

3 

6.94086 

6.96609 

6.96888 

6.98224 

6.99521 

7.00779 


7.03193 

7.04361 

7.06479 

4 


7.07661 

7.08698 

7.09719 

7.10718 

7.11694 

7.12648 

7.13682 

7.14497 

7.15392 

5 


7.17130 

7.17973 

7.18800 

7.19612 

7.20409 

7.21191 

7.21960 

7.22716 

7.23458 

6 

7.24188 

7.24906 

7.26612 

7.26307 

7.26991 

7.27664 

7.28327 

7.28980 

7.29624 

7.30268 

7 

7.30882 

7.31499 

7.32106 

7.32705 

7.33296 

7.33879 

7.34454 

7.36022 

7.36682 

7.36135 

8 


7.37221 

7.37764 

7.38281 

7.38801 

7.39315 

7.39823 

7.40325 

7.40821 

7.41312 

9 

7.41797 

7.42277 

7.42761 

7.43221 

7.43686 

7.44145 

7.44600 

7.45050 

7.46496 

7.45936 

10 


7.46806 

7.47233 

7.47666 

7.48076 

7.48492 

7.48903 

7.49311 

7.49715 

7.50116 

11 


7.60905 

7.61295 

7.61681 

7.62063 

7.62443 

7.62819 

7.63191 

7.63661 

7.63927 

12 

7.64291 

7.64661 

7.66009 

7.65363 

7.66715 

7.56064 

7.66410 

7.66763 

7.67094 

7.67432 

13 


7.68100 

7.68430 

7.68758 

7.69083 

7.59406 

7.69727 

7.60045 

7.60361 

7.60674 

14 


7.61296 

7.61602 

7.61906 

7.62209 

7.62610 

7.62808 

7.63105 

7.63399 

7.63692 

15 

7.63982 

7.64271 

7.64667 

7.64842 

7.66126 

7.66406 

7.66686 

7.66963 

7.66239 

7.66513 

16 

7.66785 

7.67066 

7.67324 

7.67692 

7.67857 

7.68121 

7.68384 

7.68645 

7.68904 

7.69162 

17 

7.69418 

7.69673 

7.69926 

7.70178 

7.70428 

7.70677 

7.70924 

7.71170 

7.71415 

7.71668 

18 

7.71900 

7.72141 

7.72380 

7.72618 

7.72865 

7.73090 

7.73324 

7.73567 

7.73789 

7.74019 

19 

7.74248 

7.74476 

7.74703 

7.74929 

7.76163 

7.76377 

7.76699 

7.75820 

7.76040 

7.76268 

20 

7.76476 

7.76693 

7.76908 

7.77123 


7.77649 

7.77760 

7.77970 

7.78179 

7.78388 

21 

7.78695 

7.78801 

7.79007 

7.79211 

7.79415 

7.79617 

7.79819 

7.80019 

7.80219 

7.80418 

22 

7.80616 

7.80812 

7.81009 

7.81204 

7.81398 

7.81691 

7.81784 

7.81976 

7.82167 

7.82367 

23 

7.S2&46 

7.82734 

7.82922 

7.83109 

7.83295 

7.83480 

7.83664 

7.83848 

7.84031 

7.84213 

24 

7.84394 

7.84576 

7.84766 

7.84934 

7.86112 

7.86290 

7.86467 

7.86643 

7.86819 

7.86993 

25 

7.86167 

7.86341 

7.86513 

7.86685 

7.86857 

7.87027 

7.87197 

7.87367 

7.87635 

7.87703 

26 

7.87871 

7.88037 

7.88204 

7.88369 

7.88534 

7.88698 

7.88862 

7.89025 

7.89187 

7.89349 

27 

7.89610 

7.89670 

7.89830 

7.89990 

7.90149 

7.90307 

7.90464 

7.90622 

7.90778 

7.90934 

28 

7.91089 

7.91244 

7.91398 

7.91662 

7.91706 

7.91858 

7.92010 

7.92162 

7.92313 

7.92463 

29 

7.92613 

7.92763 

7.92912 

7.93060 

7.93208 

7.93356 

7.93603 

7.93649 

7.93795 

7.93941 

30 

7.94086 

7.94230 

7.94374 

7.94618 

7.94661 

7.94804 

7.94946 

7.95088 

7.95229 

7.95370 

31 

7.96610 

7.96650 

7.96789 

7.96928 

7.96067 

7.96205 

7.96343 

7.96480 

7.96617 

7.96753 

32 

7.96889 

7.97024 

7.97169 

7.97294 

7.97428 

7.97662 

7.97696 

7.97829 

7.97961 

7.98094 

33 

7.98225 

7.98367 

7.98488 

7.98618 

7.98749 

7.93878 

7.99008 

7.99137 

7.99266 

7.99394 

34 

7.99622 

7.99649 

7.99777 

7.99903 

8.00030 

8.00166 

8.00282 

8.00407 

8.00632 

8.00667 

35 

8.00781 

8.00906 

8.01028 

8.01162 

8.01274 

8.01397 

8.01619 

8.01641 

8.01762 

8.01884 

36 

8.02004 

8.02126 

8.02245 

8.02365 

8.02484 

8.02604 

8.02722 

8.02841 

8.02959 

8.03077 

37 

8.03194 

8.03312 

8.03429 

8.03545 

8.03661 

8.03777 

8.03893 

8.04008 

8.04124 

8.04238 

38 

8.04353 

8.04467 

8.04581 

8.04694 

8.04808 

8.04921 

8.05033 

8.06146 

8.05258 

8.05369 

39 

8.06481 

8.06692 

a06703 

a06814 

8.06924 

8.06034 

8.06144 

8.06254 

8.06363 

8.06472 

40 

8.06681 

8.06689 

8.06797 

8.06906 

8.07013 

8.07120 

8.07227 

8.07334 

8.07441 

8.07547 

41 

8.07663 

8.07759 

8.07864 

8.07970 

8.08075 

8.08180 


8.08388 

8.08492 

8.08696 

42 

8.08700 

8.08803 

8.08906 

8.09009 

8.09111 

8.09214 

8.09316 

8.09418 

8.09619 

8.09621 

43 

&09722 

1 8.09823 

8.09923 

8.10024 

8.10124 

8.10224 

8.10324 

8.10423 

8.10622 

8.10621 

44 

8.10720 

8.10819 

840917 

aiioi6 

8.11113 

8.11211 

8.11309 

8.11406 

8.11503 

8.11600 

45 

&11696 

8.11793 

ail889 

8.11986 

8.12081 

8.12176 

8.12272 

8.12367 

8.12462 

ai2656 

46 

8.12661 

ai2745 

842839 

8.12933 

8.13027 

8.13121 

8.13214 

8.13307 

8.13400 

8.13493 

47 

8.13586 

ai3677 

8.13770 

8.13861 

8.13963 

8.14045 

8.14136 

8.14227 

8.14318 

8.14409 

48 

8.14600 

ai4690 

8.14680 

8.14770 

8.14860 

8.14960 

8.16039 

8.15128 

8.152181 

8.16306 

49 

8.16396 

ai6484 

ai6672 

8.16660 

8.16748 

8.16836 

8.16924 

8.16011 


8.16186 

50 

ai6273 

ai6359 


8.16633 

8.16619 

8.16705 

8.16791 

8.16877 

8.16962 

8.17048 

61 

ai7133 

ai7218 


8.17388 

ai7472 

8.17667 

8.17641 

8.17725 

ai7809 

8.17893 

62 

ai7976 

8.18060 

8.18143 

ai8226 

8.18309 

8.18392 

8.18475 

8.18567 

8.18639 

8.18722 

63 

ai8804 

8.18886 

848967 

ai9049 

8.19130 

8.19211 

8.19293 

8.193741 

ai9464 

8.19635 

64 

ai9616 

ai9696 

ai9776 

ai9866 

ai9936 

8.20016 


8.20176 

8.20254 

8.20334 

55 

8.20413 

8.20491 


8.20649 

8.20727 

8.20806 

8.20884 

8.20962 


8.21118 

66 

a21196 

8.21273 


a21427 

8.21604 

8.21681 

8.21668 

8.21735 

8.21811 

8.21888 

67 

a21964 

a22040 


a22192 

8.22268 

8.22343 

8.22419 

8.22494 


8.22646 

68 

8.22720 

a22794 


842944 

843018 

8.23092 

8.23167 

a23241 

8.23315 

a23388 

69 

8.23462 

a23636 


843682 

6,23766 

8.23829 

8.23902 

8.23974 

a24047 

a24l20 

60 

8.24192 

8.24264 


a24409 

844481 

8.24563 

8.24624 

a24696 

8.24767 

a24839 

D 


IBB 

iiCTi 

.8 


IBBB 

.6 

IBBW 

IBB 

.& 



60 

69 

68 

67 

66 

55 

64 

63 

62 

61 

50 

49 

48 

47 

46 

45 

44 

43 

42 

41 

40 

39 

38 

37 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20 

19 

18 

17 

16 

15 

14 

13 

12 

11 


10 
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8.33876 
8.34460 
8.36018 
8.36678 

19 8.36131 

20 8.36678 

21 8.37217 
8.37760 
8.38276 
8.38796: 


8.24474 8.2464618.24618 
8.26187 8.26268 
8.26889 8.26968 8.26028 
8.26679 8.26648 8.26716 
8.27269 8.27326 8.27393 

8.27928 8.27994 8.28060 
8.28687 8.28662 8.28717 
8.29236 8.29300 8.29364 
8.29876 8.29939 8.30002 
8.30606 8.30668 8.30631 

8.31127 8.31188 8.31260 
8.31739 8.31800 8.31861 
8.32343 8.32403 8.32463 
8.32939 8.32998 8.33067 
8.33627 8.33686 8.33643 

8.34106 8.34164 8.34221 
8.34678 8.34735 8.34792 
8.36243 8.36299 8.36366 
8.36800 8.36866 8.36911 
8.36361 8.36406 8.36460 

8.36894 8.36948 8.37002 
8.37431 8.37484 8.37638 
8.37961 8.38014 8.38066 
8.38485 8.38637 8.38689 
8.39002 8.39064 8.39106 

8.39614 8.39666 8.39616 
8.40019 8.40070 8.40120 
8.40619 8.40669 8.40618 
8.41013 8.41062 8.41111 
8.41601 8.41660 8.41698 

8.41984 8.42032 8.42080 
8.42462 8.42610 8.42667 
8.42936 8.42982 8.43028 
8.43402 8.43448 8.43496 
8.43864 8.43910 8.43966 

8.44322 8.44367 ^44413 
8.44776 8.44820 8.44866 
8.46223 8.46267 8.46312 
8.46666 8.46710 8.46764 
8.46106 8.46149 8.46192 

8.46640 8.46683 8.46626 
8.46970 8.47013 8.47066 
8.47396 8.47439 8.47481 
8.47818 8.47860 8.47902 
8.48236 8.48278 8.48319 

8.48660 8.48691 8.48732 
8.49060 8.49101 8.49141 
8.49466 8.49606 8.496471 
8.49868 8.49908 8.49948 
8.60267 8.60307 8.60346 

8.60662 8.60701 8.60741 
8.61064 8.61092 8.61131 8.61170 
8.61442 8.61480 8.61619. 8.61667 
8.61826 8.61864 8.61903 8.61941 
8.62207 8.62246 8.62283 8.62321 


8.62586 &62623 
8.62960 8.62997 
8.63331 8.63368 
8.63699 8.63736 
8.64064 8.64101 
8.64426 8.64462 


8.62660 &62698 
8.63034 8.63071 
8.63406 8.63442 
8.63772 8.63809 
84M137 8.64173 
8.64498 8.64654 
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&24192 8.24264 8.24337 8.24409 
8.24910 8.24981 8.26062 8.26123 
&26616 8.26686 8.26766 8.26826 
8.26312 8.26380 8.26449 8.26618 
8.26996 8.27063 8.27131 8.27199 

&27669 8.27736 8.27803 8.27869 
&28332 8.28398 8.28464 8.28629 
&28986 8.29060 8.29116 8.29180 
8.29629 8.29693 8.29767 8.29820 
8.30263 8.30326 8.30389 8.30462 

8.30888 8.30960 8.31012 8.31074 
8.31606 8.31666 8.31627 8.31688 
8.32112 8.32173 8.32233 8.32293 
8.32711 8.32771 8.32830 8.32890 
8.33302 8.33361 8.33420 8.33478 

8.33886 8.33944 8.34001 8.34069 
8.34461 8.34618 8.34676 8.34632 
8.36029 8.36086 8.36142 8.36198 

18 8.36690 8.36646 8.36701 8.36766 

19 8.36143 8.36198 8.36263 8.36308 

20 8.36689 8.36744 8.36798 8.36862 

21 8.37229 8.37283 8.37336 8.37390 

22 8.37762 8.37816 8.37868 8.37921 

23 8.38289 8.38341 8.38393 8.38446 

24 8.38809 8.38861 8.38913 8.38964 

8JE9323 8.39374 8.39426 8.39476 

26 8.39832 8.39882 8.39932 8.39983 

27 8.40334 8.40384 8.40434 8.40483 

28 8.40830 8.40880 8.40929 8.40978 

29 8.41321 8.41370 8.41419 8.41468 

80 8.41807 8.41865 8.41903 8.41961 

31 &42287 8.42336 8.42382 8.42430 

32 8.42762 8.42809 8.42866 8.42903 

33 8.43232 8.43278 8.43326 8.43371 

34 8.43696 8.43742 8.43789 8.43836 

38 8.44166 8.44202 8.44247 8.44293 

36 8.44611 8.44666 8.44701 8.44747 

37 8.46061 8.46106 8.46161 8.46196 

38 8.46607 8.46661 8.46696 8.46640 

39 8.46948 8.46992 8.46036 8.46080 

40 8.46386 8.46428 8.46472 8.46615 

41 8.46817 8.46860 8.46903 8.46946 

42 8.47246 8.47288 8.47330 8.47373 

43 8.47669 8.47712 8.47764 8.47796 

44 8.48089 8.48131 8.48173 8.48214 

45 8.48606 8.48646 8.48688 8.48629 

46 8.48917 8.48968 8.48999 8.49040 

47 8.49326 8.49366 8.49406 8.49447 

48 8.49729 8.49769 8.49810 8.49860 

49 8.60130 8.60170 8.60209 8.60249 

50 8.60627 8.60666 8.60606 8.60646 

61 8.60920 8.60969 8.60998 8.61037 

62 8.61310 8.61349 8.61387 8.61426 

63 8.61696 8.61736 8.61773 8.51811 

64 8.62079 8.62117 8.62166 8.52193 


55 8.62469 

66 8.62836 

67 8.63208 

68 8.63678 

69 8.63946 
60 8.64308 


8.62496 8.62634 
8.62872 8.62910 
8.63246 8.63282 
8.63616 8.63661 
8.63981 8.64018 
8.64346 8.64381 


8.24624 8.24696 8.24767 8.24839 60 

8.26336 8.26406 8.26476 8.26646 69 

8.26036 8.26104 8.26173 8.26243 68 

8.26723 8.26792 8.26860 8.26928 67 

8.27401 8.27468 8.27636 8.27602 66 

8.28068 8.28134 8.28201 8.28266* 

8.28726 8.28791 8.28866 8.28921 64 

8.29373 8.29437 8.29601 8.29665 63 

8.30011 8.30074 8.30137 8.30200 62 

8.30639 8.30702 8.30764 8.30826 61 

8.31269 8.31321 8.31382 8.31443 50 

8.31870 8.31931 8.31991 8.32062 49 

8.32473 8.32633 8.32692 8.32652 48 

8.33067 8.33126 8.33186 8.33244 47 

8.33663 8.33712 8.33770 8.33828 46 

8.34232 8.34289 8.34347 8.34404 45 

8.34803 8.34869 8.34916 8.34972 44 

8.36366 8.36422 8.36478 8.36634 43 

8.36922 8.36978 8.36033 8.36088 42 

8.36472 8.36626 8.36681 8.36636 41 

8.37014 8.37068 8.37122 8.37176 40 

8.37660 8.37603 8.37666 8.37709 39 

8.38079 8.38132 8.38184 8.38236 38 

8.38602 8.38654 8.38706 8.38767 37 

8.39118 8.39170 8.39221 8.39272 36 

8.39629 8.39680 8.39730 8.39781 85 

8.40134 8.40184 8.40234 8.40284 34 

8.40632 8.40682 8.40732 8.40781 33 

8.41126 8.41176 8.41224 8.41272 32 

8.41613 8.41662 8.41710 8.41768 31 

8.42096 8.42143 8.42191 8.42239 80 

8.42672 8.42620 8.42667 8.42716 29 

8.43044 8.43091 8.43138 8.43186 28 

8.43611 8.43667 8.43604 8.43650 27 

8.43973 8.44019 8.44064 8.44110 26 

8.44430 8.44476 8.44620 8.44666 

8.44882 8.44927 8.44972 8.46016 24 

8.46329 8.46374 8.46418 8.46463 23 

8.46772 8.46816 8.46860 8.46904 22 

&46211 8.46264 8.46298 8.46341 21 

8.46646 8.46688 8.46731 8.467741 

8.47076 8.47117 8.47160 8.47203 19 

8.47600 8.47643 8.47686 8.47627 18 

8.47922 8.47964 8.48006 8.48047 17 

8.48339 8.48381 8.48422 8.48464 16 

8.48763 8.48794 8.48836 8.48876 15 

8.49162 8.49203 8.49244 8.49284 14 

8.49668 8.49608 8.49649 8.49689 13 

8.49970 8.60010 8.60060 8.60090 12 

8.60368 8.60408 8.50448 8.60487 11 

8.60763 8.60802 8.60842 8.60881 10 

8.61164 8.61193 8.61232 8.61271 

8.61642 8.61681 8.61619 8.61668 

8.61926 8.51964 8.62003 8.62041 

8.62307 8.62346 8.62383 8.62421 


8.62686 8.62722 
8.63069 8.53096 
8.63430 8.63467 
8.63798 8.63836 
8.64163 8.64200 
8.64626 8.64661 


8.62760 8.62797 
8.63134 8.63171 
8.63604 8.63641 
8.63872 8.63908 
8.64236 &54272 
8.64697 8.64633 


Log On — 88* 









480 


Ubk3 



8.64282 8.64318 8.64364 8.64390 8.64426 8.64462 8.64498 8.64634 8.64670 8.64606 60 

a 64642 8.64678 8.64714 8.64760 8.64786 8.64821 8.64867 8.64893 8.64928 8.64964 69 

8.64999 8.66036 8.66071 8.66106 8.66142 8.66177 8.66212 8.66248 8.66283 8.66319 68 

8.66364 8.66389 8.66424 8.66460 8.66496 8.66630 8.65666 8.66600 8.66636 8.66670 67 

8.66706 8.66740 8.66776 8.65810 8.56845 8.65880 8.66916 8.55960 8.66986 8.66019 66 

8.66064 8.66089 8.66123 8.56168 8.56193 8.66227 8.56262 8.66296 8.66331 8.56366 55 

8.66400 8.66434 8.66469 8.56603 8.66538 8.66672 8.66606 8.66640 8.66676 8.66709 64 

8.66743 8.66777 8.66811 8.66846 8.56880 8.66914 8.56948 8.66982 8.57016 8.57060 63 

8.67084 8.67117 8.67161 8.67186 8.67219 8.67253 8.67287 8.67320 8.67354 8.67388 52 

8.57421 8.67466 8.67489 8.67622 8.67656 8.67689 8.67623 8.57666 8.67690 8.67723 51 

8.67767 8.67790 8.67823 8.67867 8.67890 8.67923 8.57966 8.67990 8.68023 8.68066 50 

8.58089 8.58122 8.68165 8.68189 8.68222 8.68255 8.58288 8.68321 8.68364 8.68386 49 

8.68419 8.68462 8.68485 8.68518 8.68661 8.58583 8.68616 8.68649 8.58682 8.58714 48 

8.58747 8.68780 8.68812 8.58845 8.68877 8.58910 8.58942 8.58976 8.59007 8.59040 47 

8.69072 8.69104 8.69137 8.69169 8.69201 8.69234 8.59266 8.69298 8.69330 8.69363 46 

8.69395 8.69427 8.69469 8.69491 8.69523 8.69656 8.59587 8.59619 8.59651 8.69683 45 

8.69715 8.69747 8.59779 8.69811 8.69843 8.69874 8.59906 8.59938 8.59970 8.60001 44 

8.60033 8.60065 8.60096 8.60128 8.60160 8.60191 8.60223 8.60254 8.60286 8.60317 43 

8.60349 8.60380 8.60412 8.60443 8.60474 8.60506 8.60537 8.60568 8.60600 8.60631 42 

8.60662 8.60693 8.60726 8.60766 8.60787 8.60818 8.60849 8.60880 8.60911 8.60942 41 

20 8.60973 8.61004 8.61035 8.61066 8.61097 8.61128 8.61169 8.61190 8.61221 8.61262 40 

21 8.61282 8.61313 8.61344 8.61376 8.61405 8.61436 8.61467 8.61497 8.61528 8.61559 39 

22 8.61689 8.61620 8.61650 8.61681 8.61711 8.61742 8.61772 8.61803 8.61833 8.61863 38 

23 8.61894 8.61924 8.61954 8.61985 8.62015 8.62045 8.62076 8.62106 8.62136 8.62166 37 

24 8.62196 a 62226 8.62266 8.62286 8.62317 8.62347 8.62377 8.62407 8.62437 8.62467 36 

8.62497 8.62626 8.62566 8.62686 8.62616 8.62646 8.62676 8.62706 8.62735 8.62765 35 

26 8.62795 8.62826 8.62854 8.62884 8.62914 8.62943 8.62973 8.63002 8.63032 8.63062 34 

27 8.63091 8.63121 8.63150 8.63180 8.63209 8.63238 8.63268 8.63297 8.63327 8.63356 33 

28 8.63385 8.63415 8.63444 8.63473 8.63503 8.63532 8.63561 8.63590 8.63619 8.63649 32 

29 8.63678 8.63707 8.63736 8.63765 8.63794 8.63823 8.63852 8.63881 8.63910 8.63939 31 

80 8.63968 8.63997 8.64026 8.64056 8.64084 8.64112 8.64141 8.64170 8.64199 8.64228 80 

31 8.64256 8.64285 8.64314 8.64342 8.64371 8.64400 8.64428 8.64457 8.64486 8.64514 29 

32 8.64543 8.64571 8.64600 8.64628 8.64657 8.64685 8.64714 8.64742 8.64771 8.64799 28 

33 8.64827 8.64856 8.64884 8.64912 8.64941 8.64969 8.64997 8.65026 8.65054 8.65082 27 

34 8.66110 8.66138 8.66166 8.66196 8.66223 8.65251 8.66279 8.66307 8.65336 8.65363 26 


80 8.63968 8.63997 8.64026 

31 8.64256 8.64285 8.64314 

32 8.64643 8.64571 8.64600 

33 8.64827 8.64856 8.64884 

34 8.66110 8.66138 8.66166 

85 8.66391 8.66419 8.66447 

36 8.65670 8.65698 8.65726 

37 8.65947 8.65976 8.66003 

38 8.66223 8.66250 8.66278 

39 8.66497 8.66624 8.66661 

40 8.66769 8.66796 8.66823 

41 8.67039 8.67066 8.67093 

42 8.67308 8.67335 8.67362 

43 8.67676 8.67602 8.67628 

44 8.67841 8.67867 8.67893 

45 8.68104 8.68131 8.68167 

46 8.68367 8.68393 8.68419 

47 8.68627 8.68663 8.68679 

48 8.68886 8.68912 8.68938 

49 8.69144 8.69169 8.69196 

50 8.69400 8.69426 8.69461 

61 8.69664 8.69680 8.69706 

62 8.69907 8.69933 8.69968 

63 8.70169 8.70184 8.70209 

64 8.70409 8.70434 8.70469 

8.70668 8.70682 8.70707 

66 8.70906 8.70930 8.70964 

67 8.71161 8.71176 8.71200 

68 8.71396 8.71420 8.71444 

69 8.71638 8.71663 8.71687 
60 8.71880 8.71904 8.71928 


8.64056 8.64084 
8.64342 8.64371 
8.64628 8.64667 
8.64912 8.64941 
8.66196 8.66223 

8.65476 8.66503 
8.65754 8.65781 
8.66030 8.66058 
8.66305 8.66333 
8.66679 8.66606 

8.66860 8.66877 
8.67120 8.67147 
8.67388 8.67415 
8.67655 8.67681 
8.67920 8.67946 

8.68183 8.68209 
8.68445 8.68471 
8.68706 8.68731 
8.68964 8.68989 
8.69221 8.69246 

8.69476 8.69502 
8.69730 8.69756 
8.69983 8.70008 
8.70234 8.70259 
8.70484 8.70609 

8.70732 8.70767 
8.70979 8.71003 
8.71224 8.71249 
8.71468 8.71493 
8.71711 8.71736 
8.71962 8.71976 


8.64112 8.64141 8.64170 
8.64400 8.64428 8.64457 
8.64685 8.64714 8.64742 
8.64969 8.64997 8.65026 
8.65251 8.66279 8.66307 

8.66631 8.65559 8.65587 
8.65809 8.65837 8.65864 
8.66085 8.66113 8.66141 
8.66360 8.66388 8.66415 
8.66633 8.66660 8.66687 

8.66904 8.66931 8.66968 
8.67174 8.67201 8.67228 
8.67442 8.67468 8.67495 
8.67708 8.67736 8.67761 
8.67973 8.67999 8.68026 

8.68236 8.68262 8.68288 
8.68497 8.68523 8.68649 
8.68757 8.68783 8.68809 
8.69015 8.69041 8.69067 
8.69272 8.69298 8.69323 

8.69627 8.69663 8.69578 
8.69781 8.69806 8.69832 
8.70033 8.70068 8.70084 
8.70284 8.70309 8.70334 
8.70634 8.70668 8.70583 

8.70781 8.70806 8.70831 
8.71028 8.71063 8.71077 
8.71273 8.71298 8.71322 
8.71617 8.71641 8.71666 
8.71769 8.71783 8.71808 
8.72000 8.72024 8.72048 


8.66642 25 
8.65920 24 
8.66196 23 1 
8.66470 22 
8.66742 21 

8.67012 20 
8.67281 19 
8.67648 18 
8.67814 17 
8.68078 16 

8.68340 15 
8.68601 14 
8.68860 13 
8.69118 12 
8.69374 11 

8.69629 10 
8.69882 
8.70134 
8.70384 
8.70633 
















Tabk 3 


481 



8.64417 8.64463 8.64489 
8.64777 8.64813 8.64848 
8.66134 8.66169 8.66206 
8.66488 8.66623 8.666681 8.66693 
8.66839 8.66874 8.56909 8.66943 


8.66083 8.66118 
8.66429 8.66464 
8.66773 8.66807 
8.67114 8.67148 
8.67462 8.67486 

10 8.67788 8.67821 

11 8.68121 8.68164 

12 8.68461 8.68484 

13 8.68779 8.68812 

14 8.69106 8.69138 

15 8.69428 8.69461 

16 8.69749 8.69781 

17 8.60068 8.60099 

18 8.60384 8.60416 

19 8.60698 8.60729 

20 8.61009 8.61040 

21 .8.61319 8.61350 

22 8.61626 8.61657 

23 8.61931 8.61962 

24 8.62234 8.62264 

25 8.62635 8.62665 

26 8.62834 8.62864 

27 8.63131 8.63160 

28 8.63426 8.63466 

29 8.63718 8.63748 


8.64697 8.64633 60 

8.64966 8.64991 69 

8.66311 8.66346 68 

8.65663 8.66699 67 

8.66013 8.66048 56 

8.66187 8.66222 8.66266 8.56291 8.66326 8.66360 8.56396 55 
8.66632 8.56667 8.66601 8.66636 8.56670 8.66704 8.66739 64 
8.66841 8.66876 8.66909 8.66944 8.66978 8.57012 8.67046 8.67080 63 

8.67182 8.67215 8.67249 8.67283 8.67317 8.67351 8.67385 8.67418 62 

8.67619 8.67653 8.57687 8.67620 8.67664 8.57687 8.67721 8.67764 61 

8.67854 8.67888 8.67921 8.67965 8.67988 8.68021 8.58054 8.58088 50 

8.68187 8.58220 8.68253 8.58286 8.58319 8.58352 8.58385 8.58418 49 

8.68617 8.68550 8.58583 8.68616 8.58649 8.58681 8.58714 8.58747 48 

8.68845 8.68877 8.68910 8.58943 8.58976 8.69008 8.59040 8.59073 47 I 

8.69170 8.59202 8.69235 8.59267 8.69299 8.69332 8.69364 8.69396 46 j 

8.69493 8.59526 8.59567 8.59589 8.69621 8.69653 8.69685 8.59717 45! 

8.69813 8.69845 8.59877 8.69909 8.69941 8.69972 8.60004 8.60036 44 

8.60131 8.60163 8.60194 8.60226 8.60258 8.60289 8.60321 8.60352 43 

8.60447 8.60478 8.60510 8.60541 8.60572 8.60604 8.60635 8.60666 42 I 

8.60760 8.60792 8.60823 8.60854 8.60885 8.60916 8.60947 8.60978 41 

8.61071 8.61103 8.61133 8.61164 8.61195 8.61226 8.61257 8.61288 40 

8.61381 8.61411 8.61442 8.61473 8.61504 8.61534 8.61565 8.61696 39 

8.61687 8.61718 8.61748 8.61779 8.61809 8.61840 8.61870 8.61901 38 

8.61992 8.62022 8.62053 8.62083 8.62113 8.62144 8.62174 8.62204 37 

8.62295 8.62325 8.62355 8.62385 8.62415 8.62445 8.62475 8.62505 36 

8.62596 8.62625 8.62665 8.62686 8.62716 8.62746 8.62774 8.62804 85 

8.62894 8.62923 8.62963 8.62983 8.63012 8.63042 8.63072 8.63101 34 

8.63190 8.63219 8.63249 8.63278 8.63308 8.63337 8.63367 8.63396 33 

8.63484 8.63514 8.63543 8.63672 8.63602 8.63631 8.63660 8.63689 32 

8.63777 8.63806 8.63835 8.63864 8.63893 8.63922 8.63961 8.63980 31 


80 8.64009 

31 8.64298 

32 8.64685 

33 8.64870 

34 8.65164 

35 8.65435 

36 8.65715 

37 8.65993 

38 8.66269 

39 8.66543 


8.64038 8.64067 8.64096 
8.64327 8.64366 8.64386 
8.64614 8.64642 8.64671 
8.64899 8.64927 8.64966 
8.66182 8.66210 8.65238 

8.65463 8.65491 8.65519 
8.66743 8.66771 8.66798 
8.66020 8.66048 8.66076 
8.66296 8.66324 8.66351 
8.66671 8.66698 8.66626 


8.64126 8.64164 8.64183 
8.64413 8.64442 8.64471 
8.64700 8.64728 8.64767 
8.64984 8.66012 8.66041 
8.66267 8.66296 8.66323 

8.65^47 8.65575 8.65603 
8.65826 8.65854 8.65882 
8.66103 8.66131 8.66159 
8.66379 8.66406 8.66434 
8.66653 8.66680 8.66707 


8.64212 8.64241 
8.64499 8.64528 
8.64785 8.64814 
8.66069 8.66097 
8.65351 8.65379 

8.66631 8.65659 
8.65910 8.65937 
8.66186 8.66214 
8.66461 8.66489 
8.66734 8.66762 


8.64269 30 
8.64567 29 
8.64842 28 
8.66126 27 
8.66407 26 

8.65687 25 
8.65965 24 
8.66241 23 
8.66616 22 
8.66789 21 


40 8.66816 8.66843 8.66870 8.66897 8.66925 8.66952 8.66979 8.67006 8.67033 8.67060 20 

41 8.67087 8.67114 8.67141 8.67168 8.67195 8.67222 8.67249 8.67276 8.67303 8.67329 19 

j 42 8.67356 8.67383 8.67410 8.67437 8.67464 8.67490 8.67517 8.67544 8.67671 8.67697 18 

43 8.67624 8.67661 8.67677 8.67704 8.67731 8.67767 8.67784 8.67810 8.67837 8.67863 17 

44 8.67890 8.67916 8.67943 8.67969 8.67996 8.68022 8.68049 8.68075 8.68102 8.68128 16 


45 8.68154 8.68181 8.68207 8.68233 8.68260 

46 8.68417 8.68443 8.68470 8.68496 8.68622 

47 8.68678 8.68704 8.68731 8.68767 8.68782 

48 8.68938 8.68964 8.68990 8.69016 8.69043 

49 8.69196 8.69222 8.69248 8.69273 8.69299 

50 8.69453 8.69479 8.69604 8.69630 8.69665 

61 8.69708 8.69733 8.69769 8.69784 8.69810 

62 8.69962 8.69987 8.70012 8.70038 8.70063 

63 8.70214 8.70239 8.70264 8.70289 8.70314 

64 8.70466 8.70490 8.70515 8.70540 8.70665 

55 8.70714 8.70739 8.70764 8.70788 8.70813 

66 8.70962 8.70987 8.71011 8.71036 8.71061 

67 8.71208 8.71233 8.71267 8.71282 8.71307 

68 8.71463 8.71478 8.71502 8.71627 8.71661 

69 8.71697 8,71721 8.71746 8.71770 8.71794 
60 8.71940 8.71964 8.71988 8.72012 8.72036 


8.68286 8.68312 
8.68548 8.68574 
8.68808 8.68834 
8.69067 8.69093 
8.69326 8.69350 

8.69681 8.69606 
8.69835 8.69860 
8.70088 8.70113 
8.70339 8.70365 
8.70689 8.70614 

8.70838 8.70863 
8.71086 8.71110 
8.71331 8.71356 
8.71676 8.71600 
8.71819 8.71843 
8.72060 8.72084 


8.68339 8.68365 8.68391 15 
8.68600 8.68626 8.68662 14 
8.68860 8.68886 8.68912 13 
8.69119 8.69146 8.69171 12 
8.69576 8.69402 8.69427 11 

8.69632 8.69657 8.69683 10 
8.69886 8.69911 8.69936 
8.70138 8.70164 8.70189 
8.70390 8.70415 8.70440 
8.70639 8.70664 8.70689 

8.70888 8.70912 8.70937 
8,71135 8.71169 8.71184 
8.71380 8.71405 8.71429 
8.71624 8.71649 8.71673 
8.71867 8.71891 8.71915 
8.72108 8.72133 8.72167 












48t 


TMt 3 


0^ — * Common Logarithms of Trigonomotric Functions - 


L Tan cd L Ctn 


6.46 373 

6.76 476 

6.94 085 

7.06 679 

7.16 270 
7.24 188 

7.30 882 
7.36 682 

7.41 797 

7.46 373 

7.60 612 
7.54 291 
7.57 767 

7.60 985 

7.63 982 
7.66 784 

7.69 417 
7.71 900 

7.74 248 

7.76 476 

7.78 594 

7.80 615 

7.82 545 

7.84 393 

7.86 166 

7.87 870 

7.89 609 

7.91 088 

7.92 612 

7.94 084 

7.96 608 

7.96 887 

7.98 223 

7.99 620 

8.00 779 

8.02 002 

8.03 192 

8.04 350 

8.05 478 

8.06 578 

8.07 650 

8.08 696 

8.09 718 

8.10 717 

8.11 693 

8.12 647 

8.13 681 

8.14 496 

8.16 391 

8.16 268 

8.17 128 

8.17 971 

8.18 798 

8.19 610 

8.20 407 

8.21 189 

8.21 968 

8.22 713 

8.23 466 

8.24 186 


6.46 373 

6.76 476 

6.94 085 

7.06 679 

7.16 270 

7.24 188 

7.30 882 
7.36 682 

7.41 797 

7.46 373 

7.60 512 
7.54 291 
7.67 767 

7.60 986 

7.63 982 
7.66 785 

7.69 418 
7.71 900 

7.74 248 

7.76 476 

7.78 596 

7.80 616 

7.82 646 

7.84 394 

7.86 167 

7.87 871 

7.89 610 

7.91 089 

7.92 613 

7.94 086 

7.95 610 

7.96 889 

7.98 225 

7.99 522 

8.00 781 

8.02 004 

8.03 194 

8.04 353 

8.05 481 

8.06 681 

8.07 653 

8.08 700 

8.09 722 

8.10 720 

8.11 696 

8.12 651 

8.13 586 

8.14 500 

8.16 396 

8.16 273 

8.17 133 

8.17 976 

8.18 804 

8.19 616 

8.20 413 

8.21 196 
8.21964 

8.22 720 

8.23 462 

8.24 192 


3.63 627 

3.23 524 

3.05 915 

2.93 421 

2.83 730 

2.75 812 

2.69 118 

2.63 318 
2.58 203 

2.63 627 
2.49 488 
2.45 709 

2.42 233 
2.39 014 

2.36018 
2.33 215 

2.30 682 
2.28 100 
2.26 762 

2.23 524 
2.21 406 
2.19 385 
2.17 454 

2.15 606 

2.13 833 
2.12 129 
2.10 490 
2.08 911 
2.07 387 

2.05 914 
2.04 490 
2.03 111 

2.01 775 
2.00 478 

1.99 219 

1.97 996 

1.96 806 

1.96 647 

1.94 619 

1.93 419 
1.92 347 
1.91 300 

1.90 278 
1.89 280 

1.88 304 
1.87 349 
1.86 416 

1.85 500 

1.84 606 

1.83 727 
1.82 867 
1.82 024 

1.81 196 
1.80 384 

1.79 587 
1.78 806 
1.78 036 

1,77 280 

1.76 638 

1.76 808 


0.00 000 
0.00 000 
0.00 000 
0.00 000 
0.00 000 

0.00 000 
0.00 000 
0.00 000 
0.00 000 
0.00 000 

0.00 000 
0.00 000 
0.00 000 
0.00 000 
0.00 000 

0.00 000 
0.00 000 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 999 

9.99 998 

9.99 998 

9.99 998 

9.99 998 

9.99 998 

9.99 998 

9.99 998 

9.99 998 

9.99 997 

9.99 997 

9.99 997 

9.99 997 

9.99 997 

9.99 997 

9.99 997 

9.99 996 

9.99 996 

9.99 996 

9.99 996 

9.99 996 

9.99 996 

9.99 996 

9.99 995 

9.99 995 

9.99 995 

9.99 995 

9.99 994 

9.99 994 

9.99 994 

9.99 994 

9.99 994 

9.99 993 


L Ctn cd L Tan 


89^ — * Common Logarithms of Trigonomotric Functions - 










Tab/c 3 


483 


1® — Common Logarithms of Trigonometric Functions — 1® 


L Tan cd L Ctn 


4 186 ™ 
4 903 
5609 
6304 ™ 
6988 «« 

66S 

8 324 ^ 

8 977 ^ 

9 621 

0 266 ^ 


10 8.30 879 

11 8.31495 

12 8.32 103 

13 8.32 702 

14 8.33 292 

15 8.33 875 

16 8.34 450 

17 8.35 018 

18 8.35 578 

19 8.36 131 

20 8.36 678 

21 8.37 217 

22 8.37 750 

23 8.38 276 

24 8.38 796 

25 8.39 310 

26 8.39 818 


8.41 792 

8.42 272 

8.42 746 

8.43 216 

8.43 680 

8.44 139 

8.44 594 

8.45 044 

8.45 489 

8.45 930 

8.46 366 

8.46 799 

8.47 226 

8.47 650 

8.48 069 

8.48 485 

8.48 896 

8.49 304 

8.49 708 

8.50 108 

8.50 504 

8.50 897 

8.51 287 

8.51 673 

8.52 055 

8.52 434 

8.52 810 

8.53 183 

8.53 552 

8.53 919 

8.54 282 


8.24 192 ... 
8.24 910 

8.26 616 

8.26 312 ^ 

8.26 996 ^ 

8.27 669 

8.28 332 ^ 

8.28 986 

8.29 629 Si 

8.30 263 g4 

8.30 888 
8.31505 

8.32 112 S' 

8.32 711 ™ 

8.33 302 ^ 

8.33 886 

8.34 461 

8.35 029 S? 

8.35 590 Si 
8.36143 ^ 

8.36 689 

8.37 229 S? 
8.37J62 

8.38 289 

8.38 809 

8.39 323 ^ 

8.39 832 S; 

8.40 334 

8.40 830 
8.41321 

8.41807 

8.42 287 IS 

8.42 762 1;® 

8.43 232 IS 

8.43 696 IS 

8.44 156 .55 

8.44 611 

8.45 061 iS 

8.45 507 TTY 

8.45 948 

8.46 385 

8.46 817 is 

8.47 245 is 

8.47 669 iS 

8.48 089 

8.48 505 

8.48 917 iS 

8.49 325 is 

8.49 729 Sf 
8.50130 

8.50 527 -o- 

8.50 920 
8.51310 
8.61696 
8.52 079 IS 
8.52 459 

8.62 835 St 

8.63 208 S® 

8.63 578 S? 

8.63 945 S' 

8.54 308 


1.75 808 
1.75 090 
1.74 384 
1.73 688 
1.73 004 

1.72 331 
1.71 668 
1.71 014 
1.70 371 
1.69 737 

1.69 112 
1.68 495 
1.67 888 
1.67 289 
1.66 698 

1.66 114 
1.65 639 
1.64 971 
1.64 410 
1.63 857 

1.63 311 
1.62 771 
1.62 238 
1.61 711 
1.61 191 

1.60 677 
1.60 168 
1.59 666 
1.59 170 
1.58 679 

1.58 193 
1.57 713 
1.57 238 
1.56 768 
1.56 304 

1.55 844 
1.55 389 

1.54 939 

1.54 493 
1.54 052 

1.53 615 
1.53 183 
1.52 755 
1.52 331 
1.51 911 

1.51 495 
1.51083 
1.50 675 
1.50 271 
1.49 870 

1.49 473 
1.49 080 
1.48 690 
1.48 304 
1.47 921 

1.47 541 
1.47 165 
1.46 792 
1.46 422 
1.46 055 
1.45 692 


9.99 993 
9.99 993 
9.99 993 
9.99 993 
9.99 992 

9.99 992 
9.99 992 
9.99 992 
9.99 992 
9.99 991 

9.99 991 
9.99 991 
9.99 990 
9.99 990 
9.99 990 

9.99 990 
9.99 989 
9.99 989 
9.99 989 
9.99 989 

9.99 988 
9.99 988 
9.99 988 
9.99 987 
9.99 987 

9.99 987 
9.99 986 
9.99 986 
9.99 986 
9.99 985 

9.99 985 
9.99 985 
9.99 984 
9.99 984 
9.99 984 

9.99 983 
9.99 983 
9.99 983 
9.99 982 
9.99 982 

9.99 982 
9.99 981 
9.99 981 
9.99 981 
9.99 980 

9.99 980 
9.99 979 
9.99 979 
9.99 979 
9.99 978 

9.99 978 
9.99 977 
9.99 977 
9.99 977 
9.99 976 

9.99 976 
9.99 975 
9.99 975 
9.99 974 
9.99 974 
9.99 974 


L Ctn cd L Tan 


— Common Logarithms of Trigonometric Functions — 88^ 


i pages 44-49 for the logarithms of sines and tangents of angles less than 3^ and the logarithms of cosines and cotangents of 
iater than 87**. 











484 


TabkS 


V* — Common Logarithms of Trigonometric Functions — 2^ 



pages 44-49 for the logarithms of sines and tangents of angles less than 3** and the logarithms of cosines and cotangents of angles 
iter than 87°. 










Tab/e 3 


485 


3^ ~ Common Logarithms of Trigonometric Functions — 3^ 


L Tan cd L Ctn 


8.71 880 

8.72 120 
8.72 359 
8.72 697 

8.72 834 

8.73 069 
8.73 303 
8.73 635 
8.73 767 

8.73 997 

8.74 226 
8.74 454 
8.74 680 

8.74 906 

8.75 130 

8.75 353 
8.75 575 

8.75 795 

8.76 015 
8.76 234 

8.76 451 
8.76 667 

8.76 883 

8.77 097 
8.77 310 

8.77 522 

8.77 733 

8.77 943 

8.78 152 
8.78 360 

8.78 568 
8.78 774 

8.78 979 

8.79 183 
8.79 386 

8.79 588 
8.79 789 

8.79 990 

8.80 189 
8.80 388 

8.80 585 
8.80 782 

8.80 978 

8.81 173 
8.81 367 

8.81 560 
8.81 752 

8.81 944 

8.82 134 
8.82 324 

8.82 613 

8.82 701 
8.82 888 

8.83 075 
8.83 261 

8.83 446 
8.83 630 
8.83 813 

8.83 996 

8.84 177 
8.84 358 


8.71 940 

8.72 181 
8.72 420 
8.72 659 

8.72 896 ^ 

8.73 132 
8.73 366 III 
8.73 600 11^ 

8.73 832 III 

8.74 063 

8.74 292 229 
8.74 621 ;;; 
8.74 748 iil 

8.74 974 iil 

8.75 199 524 
8.75*423 
8.75 645 iii 

8.75 867 

8.76 087 
8.76 306 219 

8.76 525 oi-r 
8.76 742 

8.76 958 

8.77 173 


8.77 600 

8.77 811 

8.78 022 

8.78 232 

8.78 441 

8.78 649 

8.78 855 

8.79 061 

8.79 266 

8.79 470 

8.79 673 

8.79 875 

8.80 076 

8.80 277 

8.80 476 

8.80 674 

8.80 872 

8.81 068 

8.81 264 

8.81 459 

8.81 653 

8.81 846 

8.82 038 

8.82 230 

8.82 420 

8.82 610 

8.82 799 

8.82 987 

8.83 175 

8.83 361 

8.83 547 

8.83 732 

8.83 916 

8.84 100 

8.84 282 

8.84 464 


1.28 060 

1.27 819 

1.27 580 

1.27 341 

1.27 104 

1.26 868 

1.26 634 

1.26 400 

1.26 168 

1.25 937 

1.25 708 

1.25 479 

1.25 252 

1.25 026 

1.24 801 

1.24 577 

1.24 355 

1.24 133 

1.23 913 

1.23 694 

1.23 475 

1.23 258 

1.23 042 

1.22 827 

1.22 613 

1.22 400 

1.22 189 

1.21 978 

1.21 768 

1.21 559 

1.21 351 

1.21 145 

1.20 9.39 

1.20 7.34 

1.20 530 

1.20 .327 

1.20 125 

1.19 924 

1.19 723 

1.19 524 

1.19 326 

1.19 128 

1.18 932 

1.18 736 

1.18 541 

1.18 347 

1.18 154 

1.17 962 

1.17 770 

1.17 580 

1.17 390 

1.17 201 

1.17 013 

1.16 825 
1.16639 

1.16453 

1.16 268 

1.16 084 

1.15 900 

1.15 718 

1.15 536 


9.99 940 

9.99 940 

9.99 939 

9.99 938 

9.99 938 

9.99 937 

9.99 936 

9.99 936 

9.99 935 

9.99 954 

9.99 934 

9.99 933 

9.99 932 

9.99 932 

9.99 931 

9.99 930 

9.99 929 

9.99 929 

9.99 928 

9.99 927 

9.99 926 

9.99 926 

9.99 925 

9.99 924 

9.99 923 

9.99 923 

9.99 922 

9.99 921 

9.99 920 

9.99 920 

9.99 919 

9.99 918 

9.99 917 

9.99 917 

9.99 916 

9.99 915 

9.99 914 

9.99 913 

9.99 913 

9.99 912 

9.99 911 

9.99 910 

9.99 909 

9.99 909 

9.99 908 

9.99 907 

9.99 906 

9.99 905 

9.99 904 

9.99 904 

9.99 903 

9.99 902 

9.99 901 

9.99 900 

9.99 899 

9.99 898 

9.99 898 

9.99 897 

9.99 896 

9.99 895 

9.99 894 


Prop. Parts 


240 23fl 

1 24.0 23.1 

2 48.0 47.( 

3 72.0 70.1 

4 96.0 94.( 

5 120.0 117.1 
e 144.0 141.( 

7 168.0 164.1 

8 192.0 188.( 
8 216.0 211.1 

230 22fl 

1 23.0 22.1 

2 46.0 45.( 

3 69.0 67.1 

4 92.0 90.( 

5 115.0 112.1 

6 138.0 135.( 

7 161.0 167.1 

8 184.0 180.( 

0 207.0 202.1 

220 2U 

1 22.0 21.1 

2 44.0 43.( 

3 66.0 64.1 

4 88.0 86.( 

5 110.0 107.1 

6 132.0 129.( 

7 154.0 150.1 

8 176.0 172.( 

0 198.0 193.1 

210 2 oe 

1 21.0 20.1 

2 42.0 41.( 

3 63.0 61.1 

4 84.0 82.( 

5 105.0 102.1 

6 126.0 123.( 

7 147.0 143.1 

8 168.0 164.( 
O 189.0 184.1 


6 117.0 

7 136.5 

8 156.0 
8 175.5 


6 112.8 

7 131.6 

8 150.4 

0 169.2 

182 

1 18.2 

2 36.4 

3 54.6 


6 109.2 

7 127.4 

8 145.6 

9 163.8 


L Ctn cd L Tan 


Prop. Parts 


86^ — Common Logarithms of Trigonometric Functions — 86° 













TtbhS 


4**— Common Logarithm* of Trigonomolrie Function* — 4" 


L Tan cd L Ctn 


Prop. Parts 


8.84 358 ifti 
8.84 639 
8.84 718 

8.84 897 }2 
8.86 075 Ijj 

8.86 262 |M 

8.86 429 ill 

8.85 605 

8.86 780 ill 
8.86 956 ill 


8.86128 ,7, 
8.86 301 
8.86 474 };? 

8.86 645 
8.86816 III 

8.86987 

8.87166 

8.87 325 ill 
8.87 494 
8.87 661 

8.87 829 ififi 

8.87 996 

8.88 161 IS 

8.88 326 
8.88 490 

8.88 664 igj 
8.88 817 }S 

8.88 980 

8.89 142 
8.89 304 

8.89 464 151 
8.89 626 
8.89 784 

8.89 943 159 
8.90102 IS 

8.90 260 157 
8.90 417 I?; 
8.90 674 ill 
8.90 730 IS 

8.90 885 IS 

8.91 040 155 
8.91196 IS 
8.91 349 IS 
8.91602 IS 

8.91 655 IS 

8.91807 152 
8.91959 iS 

8.92 110 IS 
8.92 261 IS 
8.92 411 iS 

8.92 561 14Q 
8.92 710 IS 

8.92 869 IS 

8.93 007 IS 
8.93 164 ill 

8.93 301 147 
8.93 448 IS 
8.93 694 I45 
8.93 740 IS 

8.93 886 IS 

8.94 030 


8.84 464 
8.84 646 
8.84 826 

8.86 006 }®g 
8.86186 I^ 

8.86 363 
8.86 640 iZ 
8.86 717 iZ 
8.86 893 
8.86 069 

8.86 243 ... 
8.86 417 ili 
8.86 691 
8.86 763 III 

8.86 935 IJJ 

8.87106 

8.87 277 }'i 
8.87 447 
8.87 616 IS 
8.87 785 IS 

8.87 953 

8.88 120 ill 

8.88 287 IS 
8.88 463 IS 

8.88 618 JS 

8.88 783 -_ 

8.88 948 IS 

8.89 111 Iff 
8.89 274 IS 
8.89 437 IS 
8.89 598 ... 
8.89 760 IS 

8.89 920 IS 

8.90 080 IS 
8.90 240 Is 

8.90 399 ... 
8.90 667 IS 
8.90 715 IS 
8.90 872 If; 


8.90 715 IS 

8.90 872 IS 
8.91029 IS 

8.91 185 
8.91340 IS 
8.91495 IS 
8.91650 Iff 


0.^1 100 

8.91340 IS 
8.91495 IS 
8.91650 IS 
8.91803 IS 

8.91957 ,53 
8.92 110 IS 
8.92 262 IS 
8.92 414 IS 
8.92 665 IS 

8.92 716 150 

8.92 866 IS 

8.93 016 IS 
8.93 165 IS 
8.93 313 IS 

8.93 462 147 
8.93 609 ill 
8.93 766 ill 

8.93 903 ill 

8.94 049 IS 
8.94 196 


1.16 536 

1.16 354 

1.15 174 
1.14 994 
1.14 815 

1.14 637 
1.14 460 
1.14 283 
1.14 107 
1.13 931 

1.13 767 
1.13 583 
1.13 409 
1.13 237 
1.13 066 

1.12 894 
1.12 723 
1.12 553 
1.12 384 
1.12 215 

1.12 047 
1.11 880 
1.11 713 
1.11 647 
1.11 382 

1.11 217 
1.11 052 
1.10 889 
1.10 726 
1.10 563 

1.10 402 
1.10 240 
1.10 080 
1.09 920 
1.09 760 

1.09 601 
1.09 443 
1.09 286 
1.09 128 
1.08 971 

1.08 815 
1.08 660 
1.08 505 
1.08 360 
1.08 197 

1.08 043 
1.07 890 
1.07 738 
1.07 686 
1.07 436 

1.07 284 
1.07 134 
1.06 984 
1.06 835 
1.06687 

1.06638 
1.06 391 
1.06 244 
1.06 097 
1.06 951 
1.06 806 


9.99 894 
9.99 893 
9.99 892 
9.99 891 
9.99 891 

9.99 890 
9.99 889 
9.99 888 
9.99 887 
9.99 886 

9.99 886 
9.99 884 
9.99 883 
9.99 882 
9.99 881 

9.99 880 
9.99 879 
9.99 879 
9.99 878 
9.99 877 

9.99 876 
9.99 875 
9.99 874 
9.99 873 
9.99 872 

9.99 871 
9.99 870 
9.99 869 
9.99 868 
9.99 867 

9.99 866 
9.99 865 
9.99 864 
9.99 863 
9.99 862 

9.99 861 
9.99 860 
9.99 869 
9.99 858 
9.99 867 

9.99 866 
9.99 866 
9.99 854 
9.99 863 
9.99 852 

9.99 861 
9.99 850 
9.99 848 
9.99 847 
9.99 846 

9.99 845 
9.99 844 
9.99 843 
9.99 842 
9.99 841 

9.99 840 
9.99 839 
9.99 838 
9.99 837 
9.99 836 
9.99 834 



178 

176 

1 

17.8 

17.6 

2 

35.6 

35.2 

8 

63.4 

62.8 

4 

71.2 

70.4 

5 

89.0 

88.0 

6 

106.8 

106.6 

7 

124.6 

123.2 

8 

142.4 

140.8 

0 

160.2 

168.4 


174 

172 

1 

17.4 

17.2 

2 

34.8 

34.4 

3 

52.2 

51.6 

4 

69.6 

68.8 

5 

87.0 

86.0 

6 

104.4 

103.2 

7 

121.8 

120.4 

8 

139.2 

137.6 

9 

156.6 

154.8 


170 

168 

1 

17.0 

16.8 

2 

34.0 

33.6 

8 

51.0 

50.4 

4 

68.0 

67.2 

5 

86.0 

84.0 

6 

102.0 

100.8 

7 

119.0 

117.6 

8 

136.0 

134.4 

9 

153.0 

151.2 


166 

164 

1 

16.6 

16.4 

2 

33.2 

32.8 

8 

49.8 

49.2 

4 

66.4 

65.6 

6 

83.0 

82.0 

6 

99.6] 

98.4 

7 

116.2 

114.8 

8 

132.8 

131.2 

9 

149.4, 

147.6 


162 

160 

1 

16.2 

16.0 

2 

32.4 

32.0 

8 

48.6 

48.0 

4 

64.8 

64.0 

5 

81.0 

80.0 

6 

97.2 

96.0 

7 

113.4 

112.0 

8 

129.6 

128.0 

9 

145.8 

144.0 


158 

156 

1 

15.8 

15.6 

2 

31.6 

31.2 

8 

47.4 

46.8 

4 

63.2 

62.4 

6 

79.0 

78.0 

6 

94.8 

93.6 

7 

110.6 

109.2 

8 

126.4 

124.8 

9 

142.2 

140.4 


154 

152 

1 

15.4 

16.2 

2 

30.8 

30.4 

8 

46.2 

45.6 

4 

61.6 

60.8 

5 

77.0 

76.0 

6 

92.4 

91.2 

7 

107.8 

106.4 

8 

123.2 

121.6 

9 

138.6 

136.8 


L Ctn cd L Tan 


Prop. Parts 


85^— Common Logorithms of Trigonometric Functions — 85^ 















Tab/eS 


487 


5^ — Common Logarithms of Trigonometric Functions — 5^ 


L Tan cd L Ctn 


Prop. Parts 


8.94 030 

8.94 174 

8.94 317 

8.94 461 

8.94 603 

8.94 746 

8.94 887 

8.95 029 

8.96 170 

8.95 310 

8.95 450 

8.95 589 

8.95 728 

8.95 867 

8.96 005 

8.96 143 

8.96 280 

8.96 417 

8.96 5.53 

8.96 689 

8.96 825 

8.96 960 

8.97 095 

8.97 229 

8.97 363 

8.97 496 

8.97 629 

8.97 762 

8.97 894 

8.98 026 

8.98 157 

8.98 288 

8.98 419 

8.98 549 

8.98 679 

8.98 808 

8.98 937 

8.99 066 

8.99 194 

8.99 322 

8.99 450 

8.99 577 

8.99 704 

8.99 830 

8.99 956 

9.00 082 

9.00 207 

9.00 332 

9.00 456 

9.00 581 

9.00 704 

9.00 828 

9.00 951 

9.01 074 

9.01 196 

9.01 318 

9.01 440 

9.01 661 

9.01 682 

9.01 803 

9.01 923 


8.94 195 

8.94 340 

8.94 485 

8.94 630 

8.94 773 

8.94 917 

8.95 060 

8.95 202 

8.95 344 

8.95 486 

8.95 627 

8.95 767 

8.96 908 

8.96 047 

8.96 187 

8.96 325 

8.96 464 

8.96 602 

8.96 739 

8.96 877 

8.97 013 

8.97 150 

8.97 285 

8.97 421 

8.97 656 

8.97 691 

8.97 825 

8.97 969 

8.98 092 

8.98 225 

8.98 3,58 

8.98 490 

8.98 622 

8.98 753 

8.98 884 

8.99 015 

8.99 145 

8.99 275 

8.99 405 

8.99 634 

8.99 662 

8.99 791 

8.99 919 

9.00 046 

9.00 174 

9.00 301 

9.00 427 

9.00 653 

9.00 679 

9.00 805 

9.00 930 

9.01 055 

9.01 179 

9.01 303 

9.01 427 

9.01 550 

9.01 673 

9.01 796 

9.01 918 

9.02 040 

9.02 162 


1.05 805 
}1® 1.05 660 
ill 1.05 615 
ill 1.05 370 
1.05 227 

1.05 083 
1.04 940 
1.04 798 
1.04 656 
III 1.04 614 

140 1.04 373 
}jy 1.04 233 
1.04 092 
i ^ 1.03 953 
1*03 813 

1.03 675 
ill 1.03 636 
ill 1.03 398 
ill 1.03 261 

III 1-03 123 
1.02 987 
ill 1.02 850 
1.02 715 
1.02 579 

ill 1-02 444 
1.02 309 
III 1.02 175 
1.02 041 
ill 1.01908 
III 1.01775 
1.01642 
}„ 1.01510 
},f 1.01378 
Hi 1.01247 

III 1.01116 

1.00 985 
iln 1.00 855 
ll ^ 1.00 725 
1.00 595 
^23 1.00 466 
1.00 338 
1.00 209 
1.00 081 
0.99 954 
J27 0.99 826 

,2. 0.99 699 
0.99 573 
iofi 0.99 447 
m 0.99 321 
0.99 195 

,2c 0.99 070 
{04 0.98 945 
lil 0.98 821 
J24 0.98 697 
I23 0.98 673 

12t 0.98 450 
0.98 327 
0.98 204 
0,98 (»2 
{22 0.97 960 
0.97 838 


9.99 834 
9.99 835 
9.99 832 
9.99 831 
9.99 830 

9.99 829 
9.99 828 
9.99 827 
9.99 825 
9.99 824 

9.99 823 
9.99 822 
9.99 821 
9.99 820 
9.99 819 

9.99 817 
9.99 816 
9.99 815 
9.99 814 
9.99 813 

9.99 812 
9.99 810 
9.99 809 
9.99 808 
9.99 807 

9.99 806 
9.99 804 
9.99 803 
9.99 802 
9.99 801 

9.99 800 
9.99 798 
9.99 797 
9.99 796 
9.99 795 

9.99 793 
9.99 792 
9.99 791 
9.99 790 
9.99 788 

9.99 787 
9.99 786 
9.99 785 
9.99 783 
9.99 782 

9.99 781 
9.99 780 
9.99 778 
9.99 777 
9.99 776 

9.99 775 
9.99 773 
9.99 772 
9.99 771 
9.99 769 

9.99 768 
9.99 767 
9.99 765 
9.99 764 
9.99 763 
9.99 761 


L Ctn cd L Tan 


84^ — Common Logarithms of Trigonometric Functions — 84^ 



150 

148 

1 

16.0 

14.8 

2 

30.0 

29.6 

3 

45.0 

444 

4 

60.0 

69.2 

5 

76.0 

74.0 

6 

90.0 

88.8 

7 

106.0 

103.6 

8 

120.0 

118.4 

8 

135.0 

133.2 


146 

144 

1 

14.6 

14.4 

2 

29.2 

28.8 

8 

43.8 

43.2 

4 

68.4 

67.6 

5 

73.0 

72.0 

6 

87.6 

86.4 

7 

102.2 

100.8 

8 

116.8 

116.2 

8 

131.4 

129.6 


142 

140 

1 

14.2 

14.0 

2 

28.4 

28.0 

8 

42.6 

42.0 

4 

56.8 

66.0 

5 

71.0 

70.0 

6 

86.2 

84.0 

7 

99.4 

98.0 

8 

113.6 

112.0 

8 

127.8 

126.0 


188 

136 

1 

13.8 

13.6 

2 

27.6 

27.2 

8 

41.4 

40.8 

4 

65.2 

64.4 

5 

69.0 

68.0 

0 

82.8 

81.6 

7 

96.6 

96.2 

8 

110.4 

108.8 

8 

124.2 

122.4 


134 

132 

1 

13.4 

13.2 

2 

26.8 

26.4 

3 

40.2 

39.6 

4 

63.6 

62.8 

5 

67.0 

66.0 

6 

80.4 

79.2 

7 

93.8 

92.4 

8 

107.2 

105.6 

8 

120.6 

118.8 


130 

128 

1 

13.0 

12.8 

2 

26.0 

26.6 

8 

39.0 

38.4 

4 

62.0 

61.2 

5 

66.0 

64.0 

6 

78.0 

76.8 

7 

91.0 

89.6 

8 

104.0 

102.4 

8 

117.0 

116.2 


126 

124 

1 

12.6 

12.4 

2 

26.2 

24.8 

8 

37.8 

37.2 

4 

60.4 

49.6 

5 

63.0 

62.0 

e 

76.6 

74.4 

7 

88.2 

86.8 

8 

100.8 

99.2 

8 

113.4 

1116 

Prop. Parts 

IS- 

- 84 < 

> 
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7ab/e 3 


6^ — Common Logarithms of Trigonometric Functions — 6^ 














Tables 
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* Common Logarithms of Trigonometric Functions — 7^ 


L Tan cd L Ctn 


Prop. Parts 


9.08 689 
9.08 692 
9.08 796 
9.08 897 

9.08 999 

9.09 101 
9.09 202 
9.09 304 
9.09 405 
9.09 606 

9.09 606 
9.09 707 
9.09 807 

9.09 907 

9.10 006 

9.10 106 
9.10 205 
9.10 304 
9.10 402 
9.10 601 

9.10 599 
9.10 697 
9.10 795 
9.10 893 

9.10 990 

9.11 087 
9.11 184 
9.11 281 
9.11 377 
9.11 474 

9.11 670 
9.11 666 
9.11 761 
9.11 857 

9.11 952 

9.12 047 
9.12 142 
9.12 236 
9.12 331 
9.12 425 

9.12 619 
9.12 612 
9.12 706 
9.12 799 
9.12 892 

9.12 985 

9.13 078 
9.13 171 
9.13 263 
9.13 355 

9.13 447 
9.13 639 
9.13 630 
9.13 722 
9.13 813 

9.13 904 

9.13 994 

9.14 086 
9.14 176 
9.14 266 
9.14 356 


9.08 914 

9.09 019 
9.09 123 
9.09 227 
9.09 330 

9.09 434 
9.09 637 
9.09 640 
9.09 742 
9.09 845 

9.09 947 

9.10 049 
9.10 150 
9.10 252 
9 JO 353 

9.10 454 
9.10 555 
9.10 656 
9.10 756 
9.10 856 

9.10 956 

9.11 056 
9.11 155 
9.11 254 
9.11 363 

9.11 452 
9.11 551 
9.11 649 
9.11 747 
9.11 845 

9.11 943 

9.12 040 
9.12 138 
9.12 235 
9.12 332 

9.12 428 
9.12 525 
9.12 621 
9.12 717 
9.12 813 

9.12 909 

9.13 004 
9.13 099 
9.13 194 
9.13 289 

9.13 384 
9.13 478 
9.13 573 
9.13 667 
9.13 761 

9.13 854 

9.13 948 

9.14 041 
9.14 134 
9.14 227 

9.14 320 
9.14 412 
9.14 504 
9.14 597 
9.14 688 
9.14 780 


0.91086 
0.90 981 
{X: 0.90 877 
i” 0.90 773 
0.90 670 

0.90 566 
0.90 463 
0.90 360 
fX? 0.90 258 
0.90155 

0.90 053 
iXf 0.89 951 
fXi 0.89 860 
;X7 0.89 748 
0.89 647 

0.89 546 
III 0.89 445 
0.89 344 
0.89 244 

ISS 0-89144 

jOQ 0.89 044 
^XS 0.88 944 
S 0.88 845 
XX 0.88 746 

^ A Qfi iZA’T 


XX 0.88 746 
g 0.88 647 

^ 0.88 548 
XX 0.88 449 
X? 0.88 351 
X? 0.88 253 
II 0.88155 
o- 0.88 057 
X; 0.87 960 
X® 0.87 862 
II 0.87 765 
^ 0.87 668 

0.87 672 
X; 0.87 475 
XX 0.87 379 
XX 0.87 283 
0.87187 

0.87 091 
X? 0.86 996 
II 0.86 901 

XX 0.86 806 

II 0.86 711 
0.86 616 
XX 0.86 522 
Xf 0.86 427 
X: 0.86 333 
0.86 239 

0.86146 

XJ 0.86 062 

XX 0.85 959 
XX 0.85 866 
0.86 773 

o, 0.86 680 

X, 0.85 688 
X, 0.85 496 
XX 0.85 403 
II 0.86 312 
0.85 220 


9.99 675 
9.99 674 
9.99 672 
9.99 670 
9.99 669 

9.99 667 
9.99 666 
9.99 664 
9.99 663 
9.99 661 

9.99 659 
9.99 658 
9.99 656 
9.99 655 
9.99 653 

9.99 651 
9.99 650 
9.99 648 
9.99 647 
9.99 645 

9.99 643 
9.99 642 
9.99 640 
9.99 638 
9.99 637 

9.99 635 
9.99 633 
9.99 632 
9.99 630 
9.99 629 

9.99 627 
9.99 625 
9.99 624 
9.99 622 
9.99 620 

9.99 618 
9.99 617 
9.99 615 
9.99 613 
9.99 612 

9.99 610 
9.99 608 
9.99 607 
9.99 605 
9.99 603 

9.99 601 
9.99 600 
9.99 598 
9.99 596 
9.99 595 

9.99 593 
9.99 591 
9.99 589 
9.99 588 
9.99 586 

9.99 584 
9.99 582 
9.99 581 
9.99 579 
9.99 577 
9.99 575 


L Ctn cd L Tan 


Prop. Parts 


82^ — Common Logarithms o( Trigonometric Functions — 82^ 
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Tab/e 3 


8^ — Common Logarithms of Trigonometric Functions — 8^ 



81^ — Common Logarithms of Trigonometric Functions — 81^ 












TMt 3 
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9® — Common Logarithms of Trigonometric Functions — 9® 


L Tsn cd L Ctn 


9.19433 

9.19 613 52 

9.19 692 S 

9.19 672 52 

9.19 761 '2 

9.19 830 _ 

9.19 909 Ig 

9.19 988 

9.20 067 
9.20146 II 

9.20 223 _ 

9.20 302 

9.20 380 

9.20 458 ;5 

9.20 636 II 

9.20 613 _ 

9.20 691 15 

9.20 768 ;; 

9.20 845 

9.20 922 '' 

9.20 999 -- 
9.21076 ll 

9.21 153 

9.21 229 Z5 
9.21306 '' 

9.21 382 _ 
9.21458 
9.21634 
9.21610 ll 

9.21 685 ll 
9.21761 
9.21836 ll 
9.21912 5® 

9.21 987 ll 

9.22 062 

9.22137 

9.22 211 ll 

9.22 286 

9.22 361 ll 

9.22 435 

9.22 509 

9.22 683 ll 

9.22 657 

9.22 731 ;; 

9.22 805 ll 

9.22 878 

9.22 952 

9.23 025 

9.23 098 
9.23171 

9.23 244 „ 

9.23 317 ll 

9.23 390 

9.23 462 li 

9.23 635 '5 

9.23 607 .. 

9.23 679 ll 

9.23 762 55 

9.23 823 ll 

9.23 895 5; 

9.23 967 


9.19 971 

9.20 063 
9.20 134 
9.20 216 
9.20 297 

9.20 378 
9.20 459 
9.20 640 
9.20 621 
9.20 701 

9.20 782 
9.20 862 

9.20 942 

9.21 022 
9.21 102 

9.21 182 
9.21 261 
9.21 341 
9.21 420 
9.21 499 

9.21 678 
9.21 657 
9.21 736 
9.21 814 
9.21 893 

9.21 971 

9.22 049 
9.22 127 
9.22 205 
9.22 283 

9.22 361 
9.22 438 
9.22 616 
9.22 593 
9.22 670 

9.22 747 
9.22 824 
9.22 901 

9.22 977 

9.23 054 

9.23 130 
9.23 206 
9.23 283 
9.23 359 
9.23 435 

9.23 610 
9.23 586 
9.23 661 
9.23 737 
9.23 812 

9.23 887 

9.23 962 

9.24 037 
9.24112 
9.24 186 

9.24 261 
9.24 335 
9.24 410 
9.24 484 
9.24 658 
9.24 632 


ft, 0.80 029 
0.79 947 
ll 0.79 866 
5? 0.79 784 
0.79 703 

ft, 0.79 622 
1; 0.79 541 
1] 0.79 460 

51 0.79 379 
0.79 299 

ft. 0,79 218 
S? 0.79 138 

52 0.79 058 
SJ 0.78 978 
^ 0.78 898 

_ 0.78 818 
S 0.78 739 
52 0.78 659 
I' 0.78 580 
ll 0.78 601 
0.78 422 
ll 0.78 343 
ll 0.78 264 
0.78 186 
ll 0.78 107 
-ft 0.78 029 
ll 0.77 951 
ll 0.77 873 
ll 0.77 795 
ll 0.77 717 
-- 0.77 639 
0.77 562 
ll 0.77 484 
;; 0.77 407 
'' 0.77 330 

0.77 253 
;; 0.77 176 
ll 0.77 099 
0.77 023 
ll 0.76 946 
_ 0.76870 
0.76 794 
ll 0,76 717 
0.76 641 
ll 0.76 565 
_ 0.76490 
0.76 414 
ll 0.76 339 
0.76 263 
ll 0.76188 
_ 0.76113 
0.76 038 
ll 0.75 963 
0.75 888 
ll 0.76 814 
0.75 739 
0.76 665 
Zf 0.76 690 
0.75 616 
0.75 442 
0.75 368 


9.99 462 
9.99 460 
9.99 468 
9.99 466 
9.99 464 

9.99 452 
9.99 450 
9.99 448 
9.99 446 
9.99 444 

9.99 442 
9.99 440 
9.99 438 
9.99 436 
9.99 434 

9.99 432 
9.99 429 
9.99 427 
9.99 425 
9.99 423 

9.99 421 
9.99 419 
9.99 417 
9.99 415 
9.99 413 

9.99 411 
9.99 409 
9.99 407 
9.99 404 
9.99 402 

9.99 400 
9.99 398 
9.99 396 
9.99 394 
9.99 392 

9.99 390 
9.99 388 
9.99 385 
9.99 383 
9.99 381 

9.99 379 
9.99 377 
9.99 375 
9.99 372 
9.99 370 

9.99 368 
9.99 366 
9.99 364 
9.99 362 
9.99 359 

9.99 367 
9.99 355 
9.99 363 
9.99 361 
9.99 348 

9.99 346 
9.99 344 
9.99 342 
9.99 340 
9.99 337 
9.99 335 


/ 

1 Prop. Ports 

60 

69 

68 

67 


82 

81 

1 

8.2 

8.1 

2 

16.4 

16.2 

66 

8 

24.6 

24.3 

55 

4 

32.8 

32.4 

5 

41.0 

40.5 

54 

6 

49.2 

48.6 

53 

7 

67.4 

66.7 

52 

8 

66.6 

64.8 

61 

9 

73.8 

72.9 

50 




49 

48 

47 


80 

79 

1 

8.0 

7.9 

2 

16.0 

15.8 

46 

8 

24.0 

23.7 

45 

4 

32.0 

31.6 

5 

40.0 

39.6 

44 

6 

48.0 

47.4 

43 

7 

66.0 

65.3 

42 

8 

64.0 

63.2 

41 

9 

72.0 

71.1 

40 




39 


78 

J7 

38 

1 

7.8 

7.7 

37 

2 

15.6 

15.4 

36 

8 

23.4 

23.1 

35 

4 

31.2 

30.8 

5 

39.0 

38.5 

34 

6 

46.8 

46.2 

33 

7 

64.6 

63.9 

32 

8 

62.4 

61.6 

31 

9 

70.2 

69.3 

80 




29 


76 

75 

28 

1 

7.6 

7.6 

27 

2 

16.2 

16.0 

26 

3 

22.8 

22.6 

25 

4 

30.4 

30.0 

5 

38.0 

37.6 

24 

6 

46.6 

46.0 

23 

7 

63.2 

62.6 

22 

8 

60.8 

60.0 

21 

9 

68.4 

67.6 

20 

1 



19 


74 

73 

18 

1 

7.4 

7.3 

17 

2 

14.8 

14.6 

16 

3 

22.2 

21.9 

15 

4 

29.6 

29.2 

5 

37.0 

36.6 

14 

6 

44.4 

43.8 

13 

7 

61.8 

61.1 

12 

8 

69.2 

68.4 

11 

9 

66.6 

66.7 

10 




9 


72 

71 

8 

1 

7.2 

7.1 

7 

2 

14.4 

14.2 

6 

8 

21.6 

21.3 


4 

28.8 

28.4 

KJ 

6 

36.0 

36.5 

mm 

6 

43.2 

42.6 


7 

60.4 

49.7 


8 

67.6 

66.8 

1 

9 

64.8 

63.9 


Prop. Parts | 


— Common Logarithms of Trigonometric Functions — 80® 
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TMt 3 


10^ — Common Logarithms of Trigonometric Functions •— 10^ 



790 _ Common Logarithms of Trigonometric Functions — 79 ^ 













Tables 
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' Common Logarithms of Trigonometric Functions 11 ^ 


L Tan cd L Ctn 



9.28 

060 

9.28 

125 

9.28 

190 

9.28 

254 

9.28 

319 

9.28 

384 

9.28 

448 

9.28 

512 

9.28 

577 

9.28 

641 

9.28 

705 

9.28 

769 

9.28 

833 

9.28 

896 

9.28 

960 

9.29 

024 

9.29 

087 

9.29 

150 

9.29 

214 

9.29 

277 

9.29 

340 

9.29 

403 

9.29 

466 

9.29 

529 

9.29 

591 

9.29 

654 

9.29 

716 

9.29 

779 

9.29 

841 

9.29 

903 

9.29 

966 

9.30 

028 

9.30 

090 

9.30 

151 

9.30 

213 

9.30 

275 

9.30 

336 

9.30 

398 

9..30 

459 

9.30 

521 

9.30 

582 

9.30 

643 

9.30 

704 

9.30 

765 

9.30 

826 

9.30 

887 

9.30 

947 

9.31 

008 

9.31 

068 

9.31 

129 

9.31 

189 

9.31 

250 

9.31 

310 

9.31 

370 

9.31 

430 

9.31 

490 

9.31 

549 

9.31 

609 

9.31 

669 

9.31 

728 

9.31 

788 


9.28 865 _ 

9.28 933 S 

9.29 000 

9.29 067 S 

9.29 134 II 

9.29 201 

9.29 268 

9.29 335 % 

9.29 402 

9.29 468 ^ 

9.29 535 ^ 

9.29 601 S 

9.29 668 g 

9.29 734 ^ 

9.29 800 ^ 

9.29 866 ^ 

9.29 932 ^ 

9.29 998 S 

9.30 064 ~ 

9.30 130 ^ 

9.30 195 

9.30 261 

9.30 326 

9.30 391 

9.30 457 

9.30 522 .. 

9.30 587 

9.30 652 

9.30 717 

9.30 782 ^ 

9.30 846 .. 

9.30 911 ^ 

9.30 975 « 

9.31 040 II 
9.31104 

9.31 168 « 

9.31 233 2 a 

9.31 297 2l 

9.31 361 2l 
9.31425 2l 

9.31 489 2 

9.31 552 2 a 

9.31 616 2 t 
9.31679 2 a 

9.31 743 ^ 

9.31 806 .. 

9.31 870 2 * 

9.31 933 2x 
9.31996 2 t 

9.32 059 ^ 

9.32 122 

9.32 185 2 ? 

9.32 248 2 t 

9.32 311 2o 

9.32 373 g 

9.32 436 

9.32 498 2 * 

9.32 561 29 

9.32 623 29 

9.32 685 2 ? 

9.32 747 


0.71 135 
0.71 067 
0.71 000 
0.70 933 
0.70 866 

0.70 799 
0.70 732 
0.70 665 
0.70 598 
0.70 532 

0.70 465 
0.70 399 
0.70 332 
0.70 266 
0.70 200 

0.70 134 
0.70 068 
0.70 002 
0.69 936 
0.69 870 

0.69 805 
0.69 739 
0.69 674 
0.69 609 
0.69 543 

0.69 478 
0.69 413 
0.69 348 
0.69 283 
0.69 218 

0.69 154 
0.69 089 
0.69 025 
0.68 960 
0.68 896 

0.68 832 
0.68 767 
0.68 703 
0.68 639 
0.68 575 

0.68 511 
0.68 448 
0.68 384 
0.68 321 
0.68 257 

0.68 194 
0.68 130 
0.68 067 
0.68 004 
0.67 941 

0.67 878 
0.67 815 
0.67 752 
0.67 689 
0.67 627 

0.67 564 
0.67 502 
0.67 439 
0.67 377 
0.67 315 
0.67 253 


9.99 195 
9.99 192 
9.99 190 
9.99 187 
9.99 185 

9.99 182 
9.99 180 
9.99 177 
9.99 175 
9.99 172 

9.99 170 
9.99 167 
9.99 165 
9.99 162 
9.99 160 

9.99 157 
9.99 155 
9.99 152 
9.99 150 
9.99 147 

9.99 145 
9.99 142 
9.99 140 
9.99 137 
9.99 135 

9.99 132 
9.99 130 
9.99 127 
9.99 124 
9.99 122 

9.99 119 
9.99 117 
9.99 114 
9.99 112 
9.99 109 

9.99 106 
9.99 104 
9.99 101 
9.99 099 
9.99 096 

9.99 093 
9.99 091 
9.99 088 
9.99 086 
9.99 083 

9.99 080 
9.99 078 
9.99 075 
9.99 072 
9.99 070 

9.99 067 
9.99 064 
9.99 062 
9.99 059 
9.99 056 

9.99 054 
9.99 051 
9.99 048 
9.99 046 
9.99 043 
9.99 040 


Prop. Parts 


68 

67 

1 

6.8 

6.7 

2 

13.6 

13.4 

3 

20.4 

20.1 

4 

27.2 

26.8 

5 

34.0 

33.5 

6 

40.8 

40.2 

7 

47.6 

46.9 

8 

64.4 

63.6 

9 

61.2 

60.3 


66 

66 

1 

6.6 

6.5 

2 

13.2 

13.0 

3 

19.8 

19.6 

4 

26.4 

26.0 

5 

33.0 

32.6 

6 

39.6 

39.0 

7 

46.2 

46.6 

8 

62.8 

62.0 

9 

69.4 

68.5 


64 

63 

1 

6.4 

6.3 

2 

12.8 

12.6 

3 

19.2 

18.9 

4 

26.6 

25.2 

5 

32.0 

31.5 

6 

38.4 

37.8 

7 

44.8 

44.1 

8 

61.2 

60.4 

9 

67 6 

66.7 


62 

61 

1 

6.2 

6.1 

2 

12.4 

12.2 

3 

18.6 

18.3 

4 

24 8 

24.4 

5 

31.0 

30.5 

6 

37.2 

36.6 

7 

43.4 

42.7 

8 

49.6 

48.8 

9 

66.8 

64.9 


60 

69 

1 

6.0 

69 

2 

12.0 

11 8 

3 

18.0 

17.7 

4 

24 0 

23.6 

5 

30.0 

29.6 

6 

36.0 

35.4 

7 

42.0 

41.3 

8 

48.0 

472 

9 

64.0 

63.1 


L Cos d 


L Ctn cd L Tan 


LSin d 


Prop. Parts 


78° — Common Logarithms of Trigonometric Functions — 78° 
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Table 3 


12^ — Common Logorithmt of Trigonomotric Functions — 1 2^ 


L Tan cd L Ctn 


L Goa d 


9.31 788 .o 

9.31 847 S 
9.31907 
9.31966 11 

9.32 025 

9.32 747 0.67 253 

9.32 810 S 0.67 190 
9.32 872 ®f 0.67 128 

1 9.32 933 ®i 0.67 067 
9.32 995 II 0.67 006 

9.99 040 „ 
9.99 038 ; 
9.99 035 1 
9.99 032 ® 
9.99 030 I 

9.32 084 

9.32 143 

9.32 202 

9.32 261 

9.32 319 

9.33 057 0.66 943 

9.33 119 “ 0.66 881 
9.33 180 ®* 0.66 820 
9.33 242 ^ 0.66 768 

I 9.33 303 II 0.66 697 

9.99 027 , 
9.99 024 5 
9.99 022 ; 
9.99 019 ® 
9.99 016 1 

9.32 378 

9.32 437 S 
9.32 495 

9.32 653 S® 
9.32 612 II 

9.33 365 0.66 635 

9.33 426 ®} 0.66 674 
9.33 487 ®} 0.66 613 
9.33 648 ®} 0.66 462 
9.33 609 IJ 0.66 391 

9.99 013 , 
9.99 011 f 
9.99 008 ® 
9.99 005 ® 
9.99 002 1 

9.32 670 ^ 
9.32 728 1® 
9.32 786 1® 
9.32 844 1® 
9.32 902 1® 

9.33 670 0.66 330 

9.33 731 5} 0.66 269 
9.33 792 ®} 0.66 208 
9.33 863 ®J 0.66147 
9.33 913 1® 0.66 087 

9.99 000 _ 
9.98 997 ® 
9.98 994 t 
9.98 991 ® 
9.98 989 1 

9.32 960 ^ 

9.33 018 1® 
9.33 075 5; 
9.33 133 1® 
9.33 190 II 

9.33 974 _ 0.66 026 

9.34 034 ^ 0.65 966 
9.34 095 ®i 0.66 905 
9.34 165 S 0.65 845 
9.34 215 1® 0.65 785 

9.98 986 - 
9.98 983 ® 
9.98 980 ® 
9.98 978 ; 
9.98 975 1 

9.33 248 „ 
9.33 305 

9.33 362 S 
9.33 420 

9.33 477 II 

9.34 276 _ 0.65 724 
9.34 336 S 0.65 664 
9.34 396 “ 0.65 604 
9.34 466 “ 0.65 644 
9.34 616 1® 0.66 484 

9.98 972 - 
9.98 969 ® 
9.98 967 t 
9.98 964 ® 
9.98 961 1 

9.33 634 „ 
9.33 591 

9.33 647 

9.33 704 

9.33 761 II 

9.34 676 0.65 424 

9.34 635 ®? 0.65 365 
9.34 695 ®® 0.65 305 
9.34 755 ?® 0.65 245 
9.34 814 II 0.65 186 

9.98 958 - 
9.98 955 1 
9.98 953 1 
9.98 960 ® 
9.98 947 1 

9.33 818 

9.33 874 5® 
9.33 931 S 

9.33 987 f® 

9.34 043 1® 

9.34 874 .Q 0.65 126 
9.34 933 ®? 0.65 067 

9.34 992 ®2 0.65 008 

9.35 051 S 0.64 949 
9.35 111 1® 0.64 889 

9.98 944 , 
9.98 941 1 
9.98 938 ® 
9.98 936 ? 
9.98 933 1 

9.34 100 ^ 
9.34 166 1® 
9.34 212 1® 
9.34 268 ®® 
9.34 324 1® 

9.35 170 .o 0.64 830 
9.35 229 0.64 771 

9.35 288 0.64 712 

9.36 347 0.64 653 

9.35 405 1® 0.64 595 

9.98 930 , 
9.98 927 J 
9.98 924 i 
9.98 921 ® 
9.98 919 1 

9.34 380 ^ 
9.34 436 5® 
9.34 491 ®® 
9.34 547 ®S 
9.34 602 II 

9.35 464 0.64 636 

9.35 523 S 0.64 477 
9.35 581 ®® 0.64 419 
9.35 640 ®; 0.64 360 
9.35 698 1® 0.64 302 

9.98 916 , 
9.93 913 1 
9.98 910 r 
9.98 907 ® 
9.98 904 1 

9.34 658 „ 
9.34 713 I® 
9.34 769 ®® 
9.34 824 ®® 
9.34 879 II 

9.35 757 _ 0.64 243 
9.35 815 S 0.64 185 

9.35 873 ®® 0.64 127 

9.36 931 0.64 069 

9.35 989 1® 0.64 011 

9.98 901 - 
9.98 898 ® 
9.98 896 2 
9.98 893 ® 
9.98 890 1 

9.34 934 „ 

9.34 989 ®5 

9.35 044 1® 

9.35 099 ®® 

9.36 164 ®® 
9.36 209 ®® 

9.36 047 -a 0.63 963 
9.36105 S 0.63 895 
9.36163 ®® 0.63 837 
9.36 221 ®J 0.63 779 
9.36 279 ®® 0.63 721 
9.36 336 ®^ 0.63 664 

9.98 887 - 
9.98 884 % 
9.98 881 ® 
9.98 878 ® 
9.98 876 ® 
9.98 872 ® 


L Cot d 


L Ctn cd L Tan 


LSin d 


Prop. Parts 


63 62 

1 6.3 6.2 

2 12.6 12.4 
8 18.9 18.6 
4 26.2 24.8 
6 31.5 31.0 

6 37.8 37.2 

7 44.1 43.4 

8 60.4 49.6 
8 66.7 66.8 


61 60 

1 6.1 6.0 
2 12.2 12.0 

3 18.3 18.0 

4 24.4 24.0 

5 30.6 30.0 

6 36.6 36.0 

7 42.7 42.0 

8 48 8 48.0 
O 64.9 64.0 


50 58 

1 6.9 6.8 

2 11.8 11.6 

8 17.7 17.4 

4 23.6 23.2 

5 29.6 29.0 

6 36.4 34.8 

7 41.3 40.6 

8 47.2 46.4 
O 53.1 62.2 


57 56 

1 6.7 5.6 

2 11.4 11.2 

3 17.1 16.8 

4 22.8 22.4 

5 28.6 28.0 

6 34.2 33.6 

7 39.9 39.2 

8 45.6 44.8 
O 61.3 60.4 


55 8 

1 6.6 0.3 

2 11.0 0.6 

3 16.6 0.9 

4 22.0 1.2 

5 27.6 1.6 

6 33.0 1.8 

7 38.6 2.1 

8 44.0 2.4 
O 49.6 2.7 


Prop. Parts 


IT — Common Logarithms of Trigonomotric Functions — IT 
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1 3^ — Common Logarithms of Trigonomotric Functions - 


Prop. Parts 


9.36 209 ^ 

9.36 263 

9.36 318 

9.36 373 

9.36 427 ^ 

9.36 481 « 

9.36 636 S 

9.36 690 S 

9.36 644 ^ 

9.36 698 ^ 

9.36 762 _ 

9.36 806 S 

9.36 860 

9.36 914 

9.36 968 

9.36 022 „ 

9.36 075 “ 

9.36 129 

9.36 182 

9.36 236 ^ 

9.36 289 „ 

9.36 342 

9.36 395 

9.36 449 

9.36 602 g 

9.36 555 „ 

9.36 608 

9.36 660 “ 

9.36 713 

9.36 766 « 

9.36 819 „ 

9.36 871 

9.36 924 

9.36 976 

9.37 028 

9.37 081 „ 

9.37 133 “ 

9.37 185 

9.37 237 “ 

9.37 289 

9.37 341 „ 

9.37 393 

9.37 445 

9.37 497 

9.37 549 

9.37 600 „ 

9.37 652 

9.37 703 

9.37 756 

9.37 806 “ 

9.37 858 

9.37 909 

9.37 960 ?} 

9.38 011 

9.38 062 

9.38 113 „ 

9.38 164 1] 

9.38 215 5} 

9.38 266 Si 

9.38 317 2* 

9.38 368 



9.36 336 

9.36 394 

9.36 462 S5 

9.36 609 S 

9.36 666 " 

9.36 624 „ 

9.36 681 S; 

9.36 738 S; 

9.36 795 

9.36 862 

9.36 909 „ 

9.36 966 S; 

9.37 023 5; 

9.37 080 5; 

9.37 137 

9.37 193 „ 

9.37 250 

9.37 306 25 

9.37 363 

9.37 419 I® 

9.37 476 .. 

9.37 632 55 

9.37 588 55 

9.37 644 Sf 

9.37 700 “ 

9.37 756 _ 

9.37 812 55 

9.37 868 SS 

9.37 924 55 

9.37 980 

9.38 035 

9.38 091 SS 

9.38 147 55 
9.38 202 55 

9.38 257 

9.38 313 „ 

9.38 368 55 

9.38 423 5S 

9.38 479 II 

9.38 534 

9.38 589 _ 

9.38 644 55 

9.38 699 55 

9.38 754 55 

9.38 808 II 

9.38 863 .. 

9.38 918 55 

9.38 972 II 
9..39 027 55 

9.39 082 ^ 

9.39 136 .. 

9.39 190 55 

9.39 245 SS 

9.39 299 55 

9.39 353 

9.39 407 .. 

9.39 461 5’ 

9.39 515 S5 

9.39 669 S; 

9.39 623 

9.39 677 


0.63 664 
0.63 606 
0.63 648 
0.63 491 
0.63 434 

0.63 376 
0.63 319 
0.63 262 
0.63 205 
0.63 148 

0.63 091 
0.63 034 
0.62 977 
0.62 920 
0.62 863 

0.62 807 
0.62 750 
0.62 694 
0.62 637 
0.62 681 

0.62 624 
0.62 468 
0.62 412 
0.62 356 
0.62 300 

0.62 244 
0.62 188 
0.62 132 
0.62 076 
0.62 020 

0.61 965 
0.61 909 
0.61 853 
0.61 798 
0.61 743 

0.61 687 
0.61 632 
0.61 577 
0.61 521 
0.61 466 

0.61411 
0.61 356 
0.61 301 
0.61 246 
0.61 192 

0.61 137 
0.61 082 
0.61 028 
0.60 973 
0.60 918 

0.60 864 
0.60 810 
0.60 755 
0.60 701 
0.60 647 

0.60 593 
0.60 639 
0.60 486 
0.60 431 
0.60 377 
0.60 323 


L Ctn cd L Tan 


9.98 872 - 

9.98 869 ; 

9.98 867 ; 

9.98 864 I 

9.98 861 I 

9.98 868 , 

9.98 865 % 

9.98 862 % 

9.98 849 “ 

9.98 846 I 

9.98 843 , 

9.98 840 J 

9.98 837 I 

9.98 834 I 

9.98 831 I 

9.98 828 - 

9.98 825 i 

9.98 822 i 

9.98 819 S 

9.98 816 I 

9.98 813 - 

9.98 810 i 

9.98 807 i 

9.98 804 i 

9.98 801 I 

9.98 798 - 

9.98 796 S 

9.98 792 t 

9.98 789 t 

9.98 786 I 

9.98 783 - 

9.98 780 I 

9.98 777 5 

9.98 774 S 

9.98 771 I 

9.98 768 _ 

9.98 765 r 

9.98 762 5 
9.98.759 S 

9.98 756 I 

9.98 753 , 

9.98 750 5 

9.98 746 

9.98 743 

9.98 740 

9.98 737 

9.98 734 

9.98 731 

9.98 728 

9.98 725 

9.98 722 

9.98 719 

9.98 715 

9.98 712 

9.98 709 

9.98 706 

9.98 703 

9.98 700 

9.98 697 

9.98 694 

9.98 690 


LSin d 



58 

57 

1 

6.8 

6.7 

2 

11.6 

11.4 

8 

17.4 

17.1 

4 

23.2 

22.8 

5 

29.0 

28.6 

6 

34.8 

34.2 

7 

40.6 

39.9 

8 

46.4 

46.6 

9 

62.2 

61.3 


56 

55 

1 

6.6 

6.6 

2 

11.2 

11.0 

3 

16.8 

16.6 

4 

22.4 

22.0 

5 

28.0 

27.6 

6 

33.6 

33.0 

7 

39.2 

38.6 

8 

44.8 

44.0 

9 

60.4 

49.6 


54 

53 

1 

6.4 

6.3 

2 

10.8 

10.6 

3 

16.2 

16.9 

4 

21.6 

21.2 

5 

27.0 

26.6 

6 

32.4 

31.8 

7 

37.8 

37.1 

8 

43.2 

42.4 

9 

48 6 

47.7 


52 

51 

1 

6.2 

6.1 

2 

10.4 

10.2 

8 

16.6 

16.3 

4 

20.8 

20.4 

5 

26.0 

26.6 

6 

31.2 

30.6 

7 

36.4 

36.7 

8 

41.6 

40.8 

9 

46.8 

46.9 


4 

3 

1 

0.4 

0.3 

2 

0.8 

0.6 

8 

1.2 

0.9 

4 

1.6 

1.2 

5 

2.0 

1.6 

6 

2.4 

1.8 

7 

2.8 

2.1 

8 

3.2 

2.4 

9 

3.6 

2.7 


Prop. Parts 


76*^ — Common Logarithms of Trigonometric Functions — 76^ 
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Tables 


14^ *— Common Logarithms of Trigonometric Functions — 14^ 



75^ — Common Logarithms of Trigonometric Functions — 75 "* 
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1 5^ — Common Logarithms of Trigonometric Functions — 1 5^ 


L Tan cd L Ctn 


Prop. Parts 


10 9.41 : 

11 9.41 I 

12 9.41 J 

13 9.41 i 

14 9.41 S 

15 9.42 ( 

16 9.42 ( 

17 9.42 ( 

18 9.42 ] 

19 9.42 J 

20 9.42 : 

21 9.42 : 

22 9.42 ‘ 

23 9.42 ; 

24 9.42 ^ 

25 9.42 ^ 

26 9.42 i 

27 9.42 1 

28 9.42 1 


30 9.42 ( 

31 9.42 : 

32 9.42 : 

33 9.42 i 


35 9.42 9 

36 9.42 S 

37 9.43 C 

38 9.43 C 

39 9.43 C 

40 9.43 1 

41 9.43 1 

42 9.43 2 

43 9.43 2 

44 9.43 Z 

45 9.43 Z 

46 9.43 A 

47 9.43 A 

48 9.43 1 

49 9.43 1 

50 9.43 1 

61 9.43 ( 

62 9.43 e 

63 9.43 5 

64 9.43 5 

55 9.43 { 

66 9.43 { 

67 9.43 < 

68 9.43 < 

69 9.43 < 
9.44 ( 


9.42 806 
9.42 866 
9.42 906 

9.42 967 

9.43 007 

9.43 057 
9.43 108 
9.43 158 
9.43 208 
9.43 258 

9.43 308 
9.43 358 
9.43 408 
9.43 458 
9.43 508 

9.43 558 
9.43 607 
9.43;657 
9.43 707 
9.43 756 

9.43 806 
9.43 865 
9.43 905 

9.43 954 

9.44 004 

9.44 053 
9.44 102 
9.44 151 
9.44 201 
9.44 250 

9.44 299 
9.44 348 
9.44 397 
9.44 446 

9.44 495 

9.44 544 

9.44 592 

9.44 641 

9.44 690 

9.44 738 

9.44 787 

9.44 836 

9.44 884 
9.44 933 

9.44 981 

9.45 029 
9.45 078 
9.45 126 
9.45 174 
9.45 222 

9.45 271 
9.45 319 
9.45 367 
9.45 415 
9.45 463 

9.45 511 
9.45 559 
9.45 606 
9.45 654 
9.45 702 
9.45 760 


„ 0.67 195 
“ 0.57 144 
?? 0.57 094 
0.57 043 
“ 0.56_993 

0.56 943 
“ 0.66 892 
S 0.56 842 
S 0,56 792 
^ 0.56 742 

0.56 692 
0.56 642 
^ 0.56 592 
“X 0.56.542 
0.56 492 

.. 0.56 442 
S 0.56 393 
0.56 343 
;;; 0..56 293 
0.56 244 


0..56 194 
0.56 145 
5” 0.56 095 
I' 0.56 046 
“5 0.55 996 

0.55 947 
0.55 898 
0..55 849 
0.55 799 
0.55 750 

.. 0.55 701 
0.55 652 
0.55 603 
0.55 554 
0.55 505 

0.55 456 
0.55 408 
Za 0.55 359 
Zl 0.55 310 
0,55 262 

.Q 0.55 213 
0.55 164 
0.55 116 
0.55 067 
0.55 019 

.Q 0.54 971 
Zl 0.54 922 
Zl 0.54 874 
1° 0.54 826 
0.54 778 

0.64 729 
0.54 681 
0.54 633 
0.54 585 
^ 0.54 537 

0.54 489 
0.54 441 
0.54 394 
1 ® 0.54 346 
zl 0.54 298 
^® 0.54 250 



9.98 494 
9.98 491 
9.98 488 
9.98 484 
9.98 481 

9.98 477 
9.98 474 
9.98 471 
9.98 467 
9.98 464 

9.98 460 
9.98 457 
9.98 453 
9.98 450 
9.98 447 

9.98 443 
9.98 440 
9.98 436 
9.98 433 
9.98 429 

9.98 426 
9.98 422 
9.98 419 
9.98 415 
9.98 412 

9.98 409 
9.98 405 
9.98 402 
9.98 398 
9.98 395 

9.98 391 
9.98 388 
9.98 384 
9.98 381 
9.98 377 

9.98 373 
9.98 370 
9.98 366 
9.98 363 
9.98 359 

9.98 356 
9.98 352 
9.98 349 
9.98 345 
9.98 342 

9.98 338 
9.98 334 
9.98 331 
9.98 327 
9.98 324 

9.98 320 
9.98 317 
9.98 313 
9.98 309 
9.98 306 

9.98 302 
9.98 299 
9.98 295 
9.98 291 
9.98 288 
9.98 284 



81 

80 

1 

6.1 

6.0 

2 

10.2 

10.0 

3 

16.3 

16.0 

4 

20.4 

20.0 

5 

26.6 

25.0 

6 

30.6 

30.0 

7 

36.7 

36.0 

8 

40.8 

40.0 

9 

46.9 

46.0 


49 

48 

1 

4.9 

4.8 

2 

9.8 

9.6 

3 

14.7 

14.4 

4 

19.6 

19.2 

5 

24.6 

24.0 

6 

29.4 

28.8 

7 

34.3 

33.6 

8 

39.2 

38.4 

9 

44.1 

43.2 


47 

46 

1 

4.7 

4.6 

2 

9.4 

9.2 

3 

14.1 

13.8 

4 

18.8 

18.4 

5 

23.5 

23.0 

6 

28.2 

27.6 

7 

32.9 

32.2 

8 

37.6 

36.8 

9 

42.3 

41.4 


48 

44 

1 

4.5 

4.4 

2 

9.0 

8.8 

3 

13.5 

13.2 

4 

18.0 

17.6 

5 

22.5 

22.0 

6 

27.0 

26.4 

7 

31.5 

30.8 

8 

36.0 

36.2 

9 

40.6 

39.6 


4 

3 

1 

0.4 

0.3 

2 

0.8 

0.6 

3 

1.2 

0.9 

4 

1.6 

1.2 

5 

2.0 

1.5 

6 

2.4 

1.8 

7 

2.8 

2.1 

8 

3.2 

2.4 

9 

3.6 

2.7 


Prop. Parts 


74^ — Common Logarithms of Trigonometric Functions — 74^ 










498 


Table 3 


* Common Logarithms of Trigonomotric Functions - 


L Tan cd L Ctn 


Prop. Parts 


9.44 034 ^ 

9.44 078 ” 
9.44122 

9.44 166 U 

9.44 210 2 

9.44 263 ^ 

9.44 297 

9.44 341 ^ 

9.44 385 ” 

9.44 428 " 

9.44 472 ^ 

9.44 516 ” 

9.44 559 

9.44 602 If 

9.44 646 ” 

9.44 689 ^ 

9.44 733 ff 

9.44 776 If 

9.44 819 ff 

9.44 862 2 

9.44 905 

9.44 948 If 

9.44 992 ff 
9.46 035 ff 

9.45 077 

9.46 120 .. 

9.46 163 ff 

9.45 206 ff 

9.46 249 If 

9.45 292 2 

9.45 334 .. 

9.46 377 ff 

9.45 419 ff 

9.45 462 If 

9.45 604 2 

9.45 547 

9.45 689 ff 

9.46 632 If 

9.45 674 f; 

9.45 716 ~ 

9.46 758 .. 

9.45 801 If 

9.45 843 f; 

9.46 885 1; 

9.46 927 

9.45 969 

9.46 011 ff 

9.46 053 1; 

9.46 095 If 
9.46136 2 

9.46 178 

9.46 220 f? 

9.46 262 ff 

9.46 303 ff 

9.46 345 ll 

9.46 386 

9.46 428 If 

9.46 469 ff 

9.46 611 If 

9.46 662 ff 

9.46 694 ^ 


9.46 760 
9.46 797 
9.45 845 
9.45 892 
9.45 940 

9.45 987 

9.46 035 
9.46 082 
9.46 130 
9.46 177 

9.46 224 
9.46 271 
9.46 319 
9.46 366 
9.46 413 

9.46 460 
9.46 507 
9.46 554 
9.46 601 
9.46 648 

9.46 694 
9.46 741 
9.46 788 
9.46 835 
9.46 881 

9.46 928 

9.46 975 

9.47 021 
9.47 068 
9.47 114 

9.47 160 
9.47 207 
9.47 253 
9.47 299 
9.47 346 

9.47 392 
9.47 438 
9.47 484 
9.47 530 
9.47 576 

9.47 622 
9.47 668 
9.47 714 
9.47 760 
9.47 806 

9.47 852 
9.47 897 
9.47 943 

9.47 989 

9.48 035 

9.48 080 
9.48 126 
9.48 171 
9.48 217 
9.48 262 

9.48 307 
9.48 353 
9.48 398 
9.48 443 
9.48 489 
9.48 534 


0.54 250 
% 0.54 203 
2 0.54 155 
fi 0.54 108 
2 0.54 060 

.ft 0.54 013 
2 0.53 965 
2 0.53 918 
2 0.53 870 
2 0.53 823 

0.53 776 
2 0.53 729 

2 0.53 681 

2 0.53 634 
2 0.53 587 

0.53 540 
2 0.53 493 
2 0.53 446 
2 0.53 399 
2 0.53 352 

.. 0.53 306 
2 0.53 259 
2 0.53 212 
2 0.53 165 
2 0.53119 

0..53 072 
2 0.53 025 
2 0.52 979 
2 0.52 932 
2 0.52 886 

.. 0.52 840 
2 0.52 795 
2 0.52 747 
2 0.52 701 
2 0.52 654 

0.52 608 
2 0.52 562 
2 0.,52 616 
2 0.52 470 
2 0.52 424 

0.52 378 
2 0.52 332 
2 0.52 286 
2 0.52 240 
2 0.52 194 

0.52 148 
2 0.52 103 
2 0.52 057 
2 0.52 011 
2 0.51965 

^ 0.51920 
2 0.51874 
2 0.51829 
2 0.51783 
2 0.51738 

0.51693 
2 0.51647 
2 0.51602 
2 0.51557 
2 0.51511 
0.51466 


L Cos d L Ctn cd L Tan 


9.98 284 , 

9.98 281 f 

9.98 277 f 

9.98 273 f 

9.98 270 f 

9.98 266 

9.98 262 

9.98 259 

9.98 255 

9.98 251 

9.98 248 

9.98 244 

9.98 240 

9.98 237 

9.98 233 

9.98 229 

9.98 226 

9.98 222 

9.98 218 

9.98 215 

9.98 211 

9.98 207 

9.98 204 

9.98 200 

9.98 196 

9.98 192 

9.98 189 

9.98 185 

9.98 181 

9.98 177 

9.98 174 

9.98 170 

9.98 166 

9.98 162 

9.98 159 

9.98 155 

9.98 151 

9.98 147 

9.98 144 

9.98 140 

9.98 136 

9.98 132 

9.98 129 

9.98 125 

9.98 121 

9.98 117 

9.98 113 

9.98 110 

9.98 106 

9.98 102 

9.98 098 

9.98 094 

9.98 090 

9.98 087 

9.98 083 

9.98 079 

9.98 075 

9.98 071 

9.98 067 

9.98 063 

9.98 060 


LSin d 



48 

47 

1 

4.8 

4.7 

2 

9.6 

9.4 

8 

14.4 

14.1 

4 

19.2 

18.8 

5 

24.0 

23.6 

6 

28.8 

28.2 

7 

33.6 

32.9 

8 

38.4 

37.6 

0 

43.2 

42.3 


46 

45 

1 

4.6 

4.6 

2 

9.2 

9.0 

3 

13.8 

13.5 

4 

18.4 

18.0 

5 

23.0 

22.5 

e 

27.6 

27.0 

7 

32.2 

31.5 

8 

36.8 

36.0 

8 

41.4 

40.6 


44 

48 

1 

4.4 

4.3 

2 

8.8 

8.6 

3 

13.2 

12.9 

4 

17.6 

17.2 

5 

22.0 

21.5 

6 

26.4 

25.8 

7 

30.8 

30.1 

8 

35.2 

34.4 

8 

39.6 

38.7 


42 

41 

1 

4.2 

4.1 

2 

8.4 

8.2 

8 

12.6 

12.3 

4 

16.8 

16.4 

5 

21.0 

20.5 

6 

25.2 

24.6 

7 

29.4 

28.7 

8 

33.6 

32.8 

8 

37.8 

36.9 


4 

8 

1 

0.4 

0.3 

2 

0.8 

0.6 

8 

1.2 

0.9 

4 

1.6 

1.2 

6 

2.0 

1.5 

0 

2.4 

1.8 

7 

2.8 

2.1 

8 

3.2 

2.4 

8 

3.6 

2.7 


Prop. Parts 


73^ — Common Logorithms of Trigonomotric Functions — 73^ 
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Table 3 

17® — Common Logarithms of Trigonomotric Functions — 1 7® 


9.48 371 ^ 

9.48 411 
9.48 450 % 
9.48 490 ^ 
9.48 529 II 
9.48 668 II 
9.48 607 ^ 
9.48 647 S 
9.48 686 
9.48 726 
9.48 764 g 

9.48 803 -Q 
9.48 842 II 
9.48 881 
9.48 920 
9.48 959 
9.48 998 


L Tan cd L Ctn 


9.48 534 
9.48 679 
9.48 624 
9.48 669 
9.48 714 

9.48 759 
9.48 804 
9.48 849 
9.48 894 
9.48 939 

9.48 984 

9.49 029 
9.49 073 
9.49 118 
9.49 163 

9.49 207 
9.49 252 
9.49 296 
9.49 341 
9.49 385 

9.49 430 
9.49 474 
9.49 619 
9.49 563 
9.49 607 

9.49 652 
9.49 696 
9.49 740 
9.49 784 
9.49 828 

9.49 872 
9.49 916 

9.49 960 

9.50 004 
9.50 048 

9.50 092 
9.50 136 
9.50 180 
9.50 223 
9.50 267 


.. 0.51466 
0.51421 
0.51376 
1® 0.51331 
’® 0.51286 

.. 0.61241 
j® 0.61 196 
J® 0.51151 

i® 0.61106 

II 0.61061 
0.51016 
1 ® 0.60 971 
” 0.60 927 
1® 0.60 882 
0,50 837 

.. 0.50 793 
15 0.50 748 
0.50 704 
15 0.50 659 
” 0.60 615 

.. 0.50 670 
11 0.50 526 
15 0.50 481 
15 0.50 437 
” 0.50 393 

.. 0.50348 
11 0.50 304 
15 0.50 260 
55 0.60 216 
0.50172 

.. 0.60128 
55 0.50 084 
55 0.50 040 
55 0.49 996 
II 0.49 962 
.. 0.49 908 
55 0.49 864 
55 0.49 820 
55 0.49 777 
0.49 733 

.. 0.49 689 
55 0.49 645 




Prop. Parts 



45 

44 

1 

4.6 

4.4 

a 

9.0 

8.8 

8 

13.6 

13.2 

4 

18.0 

17.6 

5 

22.6 

22.0 

6 

27.0 

26.4 

7 

31.6 

308 

8 

36.0 

36.2 

9 

40.6 

39.6 


43 

4a 

1 

4.3 

4.2 

a 

8.6 

8.4 

8 

12.9 

12.6 

4 

17.2 

16.8 

5 

21.6 

21.0 

6 

26.8 

25.2 

7 

30.1 

29.4 

8 

34.4 

33.6 

9 

38.7 

37.8 


41 

40 

1 

4.1 

4.0 

a 

8.2 

80 

8 

12.3 

12.0 

4 

16.4 

16.0 

5 

20.6 

20.0 

6 

24.6 

24.0 

7 

28.7 

28.0 

8 

32.8 

32.0 

9 

36.9 

36.0 


5 4 

1 0.6 0.4 

a 1.0 0.8 

3 1.6 1.2 

4 2.0 1.6 

5 2.5 2.0 

6 3.0 2.4 

7 3.6 2.8 

8 4.0 3.2 
O 4.6 3.6 


L Ctn cd L Tan 


L Sin d 


Prop. Parts 


72® — Common Logarithms of Trigonometric Functions — 72® 
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Tab/e 3 


1 8 ^ — Common Logarithms of Trigonomotric Functions — 1 8 ^ 


L Tan cd L Ctn 


Prop. Parts 


9.48 998 

9.49 037 II 

9.49 076 II 

9.49 116 S 

9.49 163 I* 
9.49192 _ 

9.49 231 II 

9.49 269 S 

9.49 308 

9.49 347 ^ 

9.49 386 -o 

9.49 424 II 

9.49 462 S 

9.49 600 S 

9.49 639 II 

9.49 677 „ 

9.49 616 

9.49 654 51 

9.49 692 5« 

9.49 730 “ 

9.49 768 „ 

9.49 806 5ft 

9.49 844 5« 

9.49 882 5ft 

9.49 920 II 

9.49 958 „ 

9.49 996 5ft 

9.60 034 5ft 

9.60 072 5ft 
9.60110 II 
9.60148 -- 

9.60 185 5ft 

9.60 223 5ft 

9.50 261 5? 

9.50 298 II 

9.50 336 „ 

9.60 374 5? 

9.50 411 5ft 

9.50 449 5? 

9.50 486 II 

9.50 523 „ 

9.50 661 5? 

9.60 598 

9.50 635 5i 

9.50 673 II 

9.60 710 „ 

9.50 747 II 

9.60 784 5i 

9.60 821 5i 

9.50 868 II 

9.50 896 „ 

9.60 933 Zl 

9.60 970 5r 

9.61 007 5i 
9.61043 H 

9.61 080 „ 
9.51117 5; 

9.61 164 55 

9.51 191 55 

9.61 227 5? 

9.61 264 


9.61 178 
9.61 221 
9.61 264 
9.61 306 
9.61 349 

9.5r392 
9.51 435 
9.51 478 
9.51 620 
9.61 663 

9.61606 
9.61 648 
9.51 691 
9.51 734 
9.51 776 

9.61 819 
9.51 861 

9.61 903 
9.51 946 

9.51 988 

9.52 031 
9.52 073 
9.52 115 
9.52 157 
9.52 200 

9.52 242 
9.52 284 
9.52 326 
9.52 368 
9.52 410 

9.62 462 
9.52 494 
9.52 636 
9.52 578 
9.52 620 

9.62 661 
9.52 703 
9.52 745 
9.52 787 
9.62 829 

9.52 870 
9.52 912 

9.62 953 

9.52 995 

9.53 037 

9.53 078 
9.53 120 
9.53 161 

9.63 202 
9.53 244 

9.63 285 
9.63 327 
9.63 368 
9.63 409 
9.63 450 

9.53 492 
9.63 633 
9.63 674 
9.63 615 
9.63 666 
9.53 697 


0.48 822 
S 0.48 779 
S 0.48 736 
If 0.48 694 
II 0.48 661 

.. 0.48 608 
^ 0.48 666 
0.48 522 


™ 0.48 665 
0.48 522 
0.48 480 
II 0.48 437 


0.48 437 

0.48 394 
0.48 352 
0.48 309 
0.48 266 
II 0.48 224 
0.48 181 
0.48 139 
Zi 0.48 097 
15 0.48 054 
II 0.48 012 
0.47 969 
If 0.47 927 
If 0.47 885 
1; 0.47 843 
II 0.47 800 

.. 0.47 758 
If 0.47 716 
If 0.47 674 
If 0.47 632 
|| 0.47 690 

0,47 548 
If 0.47 606 
If 0.47 464 
If 0.47 422 
|j 0.47 380 

0.47 339 
If 0.47 297 
If 0.47 255 
If 0.47 213 
II 0.47 171 
0.47130 
If 0.47 088 
If 0.47 047 
If 0.47 005 
II 0.46 963 
0.46 922 
Jf 0.46 880 
0.46 839 
If 0.46 798 
II 0.46 766 
0.46 715 
0.46 673 
1} 0.46 632 
1 } 0.46 691 
II 0.46 660 
0.46 508 
2 0.46 467 
2 0.46 426 
2 0.46 385 
2 0.46 344 
0.46303 


L Ctn cd L Tan 


9.97 821 
9.97 817 
9.97 812 
9.97 808 
9.97 804 

9.97 800 
9.97 796 
9.97 792 
9.97 788 
9.97 784 

9.97 779 
9.97 775 
9.97 771 
9.97 767 
9.97 763 

9.97 759 
9.97 754 
9.97 750 
9.97 746 
9.97 742 

9.97 738 
9.97 734 
9.97 729 
9.97 725 
9.97 721 

9.97 717 
9.97 713 
9.97 708 
9.97 704 
9.97 700 

9.97 696 
9.97 691 
9.97 687 
9.97 683 
9.97 679 

9.97 674 
9.97 670 
9.97 666 
9.97 662 
9.97 667 

9.97 653 
9.97 649 
9.97 645 
9.97 640 
9.97 636 

9.97 632 
9.97 628 
9.97 625 
9.97 619 
9.97 615 

9.97 610 
9.97 606 
9.97 602 
9.97 697 
9.97 693 

9.97 689 
9.97 584 
9.97 580 
9.97 676 
9.97 671 
9.97 667 


L Sin d 



43 

42 

1 

4.3 

4.2 

2 

8.6 

8.4 

3 

12.9 

12.6 

4 

17.2 

16.8 

5 

21.6 

21.0 

6 

26.8 

25.2 

7 

30.1 

29.4 

8 

34.4 

33.6 

9 

38.7 

37.8 


41 

39 

1 

4.1 

3.9 

2 

8.2 

7.8 

3 

12.3 

11.7 

4 

16.4 

15.6 

5 

20.6 

19.6 

6 

24.6 

23.4 

7 

28.7 

27.3 

8 

32.8 

31.2 

9 

36.9 

36.1 


38 

37] 

1 

3.8 

3.7 

2 

7.6 

7.4 

3 

11.4 

11.1 

4 

16.2 

14.8 

6 

19.0 

18.6 

6 

22.8 

22.2 

7 

26.6 

25.9 

8 

30.4 

29.6 

9 

34.2 

33.3 1 


1 

36 


1 3.6 


2 7.2 


3 10.8 


4 14.4 


5 18.0 


0 21.6 


7 25.2 


8 28.8 


9 32.4 


5 

4 

1 

0.6 

0.4 

2 

1.0 

0.8 

3 

1.6 

1.2 

4 

2.0 

1.6 

5 

2.6 

2.0 

6 

3.0 

2.4 

7 

3.6 

2.8 1 

8 

4.0 

3.2 

9 

4.6 

3.6 


Prop. Parts 


71 ^ — Common Logarithms of Trigonometric Functions — 71 ^ 
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Tables 


19° — Common Logarithms of Trigonometric Functions - 


9.61264 „ 
9.61301 
9.61 338 
9.61 374 
9.61411 g 

9.61447 „ 
9.61 484 
9.61 620 
9.61 667 
9.61 693 

9.61 629 „ 
9.61 666 
9.61 702 ^ 
9.61 738 ^ 
9.61 774 

9.61811 _ 
9.61 847 

9.61 883 ^ 
9.61919 “2 
9.61965 

9.51991 _ 
9.52 027 
9.52 063 
9.52 099 
9.52 135 “ 

9.62 171 g 
9.52 207 
9.52 242 S 
9.52 278 
9.62 314 

9.52 350 „ 
9.52 386 
9.52 421 
9.52 456 
9.52 492 

9.52 527 -g 
9.52 563 
9.52 598 ^ 
9.52 634 I? 
9.52 669 I® 

9.52 705 _ 
9.52 740 
9.52 775 
9.52 811 
9.52 846 I® 

9.52 881 „ 

9.52 916 
9.62 951 

9.62 986 

9.53 021 36 

9.53 056 
9.53 092 5? 
9.53 126 55 
9.53 161 55 

9.63 196 3° 

9.63 231 
9.63 266 55 
9.53 301 36 
9.63 336 55 
9.53 370 55 
9.63 405 36 


9.63 697 
9.63 738 
9.53 779 
9.53 820 
9.53 861 

9.63 902 
9.53 943 

9.53 984 

9.54 025 
9.54 065 

9.54 106 
9.54 147 
9.54 187 
9.54 228 
9.54 269 

9.54 309 
9.54 350 
9.54 390 
9.54 431 
9.54 471 

9.54 512 
9.54 552 
9.54 593 
9.54 633 
9.54 673 

9.54 714 
9.54 754 
9.54 794 
9.54 835 
9.54 875 

9.54 915 
9.54 955 

9.54 995 

9.55 035 
9.55 075 

9.55 115 
9.55 155 
9.55 195 
9.55 235 
9.65 275 

9.55 315 
9.55 355 
9.55 395 
9.55 434 
9.55 474 

9.55 614 
9.55 554 
9.55 593 
9.55 633 
9.55 673 

9.55 712 
9.55 752 
9.55 791 
9.65 831 

9.55 870 

9.56 910 
9.65 949 

9.55 989 

9.56 028 
9.56 067 
9.56 107 


0.46 303 
1 } 0.46 262 
’} 0.46 221 
0.46180 
’} 0.46139 

0.46 098 
1 } 0.46 057 
j} 0.46 016 
0.45 975 
0.45 935 

0.45 894 
0.45 853 
^ 0.45 813 
’} 0.45 772 
0.45 731 

0.45 691 
0.45 650 
jV 0.45 610 
0.45 569 
0.45 529 

0.45 488 
0.45 448 
0.45 407 
^ 0.45 367 
0.45 327 

0.45 286 
0.45 246 
0.45 206 
0.45 165 
0.45 125 

40 

0.45 085 
0.45 045 
0.45 005 
0.44 965 
0.44 925 
40 

0.44 885 
^ 0.44 845 
0.44 805 
^ 0.44 765 
0.44 725 

0.44 685 
^ 0.44 645 
0.44 605 
% 0.44 566 
^ 0.44 526 
40 

0.44 486 
12 0.44 446 
Y? 0.44 407 
0.44 367 
0.44 327 

0.44 288 
^2 0.44 248 
0.44 209 
t2 0.44 169 
^ 0.44 130 

„ 0.44 090 
Y2 0.44 051 
^2 0.44 011 
II 0.43 972 
52 0.43 933 
^ 0.43 893 


9.97 567 
9.97 563 ; 
9.97 558 ' 
9.97 554 
9.97 550 ; 

9.97 545 
9.97 541 ; 
9.97 536 ’ 
9.97 532 ‘ 
9.97 528 ‘ 

9.97 523 
9.97 519 
9.97 515 
9.97 510 
9.97 506 

9.97 501 
9.97 497 
9.97 492 
9.97 488 
9.97 484 

9.97 479 
9.97 475 
9.97 470 
9.97 466 
9.97 461 

9.97 457 
9.97 453 
9.97 448 
9.97 444 
9.97 439 

9.97 435 
9.97 430 
9.97 426 
9.97 421 
9.97 417 

9.97 412 
9.97 408 
9.97 403 
9.97 399 
9.97 394 

9.97 390 
9.97 385 
9.97 381 
9.97 376 
9.97 372 

9.97 367 
9.97 363 
9.97 358 
9.97 353 
9.97 349 

9.97 344 
9.97 340 
9.97 335 
9.97 331 
9.97 326 

9.97 322 
9.97 317 
9.97 312 
9.97 308 
9.97 303 
9.97 299 


Prop. Parts 


41 40 

1 4.1 4.0 

2 8.2 8.0 

3 12.3 12.0 

4 16.4 16.0 

5 20.5 20.0 

6 24.6 24.0 

7 28.7 28.0 

8 32.8 32.0 
8 36.9 36.0 


80 87 

1 3.9 3.7 

2 7.8 7.4 

8 11.7 11.1 

4 15.6 14.8 

5 19.5 18.5 

6 23.4 22.2 

7 27.3 25.9 

8 31.2 29.6 
O 35.1 33.3 


86 35 

1 3.6 3.5 

2 7.2 7.0 

8 10.8 10.5 

4 14.4 14.0 

5 18.0 17.5 

6 21.6 21.0 

7 25.2 24.5 

8 28.8 28.0 
O 32.4 31.5 


0 4 

no.6 0.4 
2 1.0 0.8 
8 1.5 1.2 

4 2.0 1.6 

5 2.5 2.0 

6 3.0 2.4 

7 3.6 2.8 

8 4.0 3.2 
8 4.6 3.6 


Prop. Parts 


70° — Common Logarithms cf Trigonometric Functions — 70° 










isssssS sassS 


508 


Tabh 3 

80^ — Common Logarithms of Trigonomofric Functions — 20^ 


L Tan cd L Ctn 


Prop. Parti 


9.66 107 
9.66 146 
9.66 186 
9.66 224 
9.66 264 

9.66 303 
9.66 342 
9.66 381 
9.66 420 
9.66 469 

9.66 498 
9.66 637 
9.66 676 
9.66 616 
9.66 664 

9.66 693 
9.66 732 
9.66 771 
9.66 810 
9.66 849 

9.66 887 
9.66 926 

9.66 965 

9.67 004 
9.67 042 

9.67 081 
9.57 120 
9.67 158 
9.57 197 
9.67 236 

9.67 274 
9.67 312 
9.57 351 
9.67 389 
9.67 428 

9.67 466 
9.67 604 
9.67 643 
9.67 581 
9.67 619 

9.67 658 
9.57 696 
9.67 734 

9.57 772 
9.67 810 

9.67 849 
9.67 887 
9.67 925 

9.67 963 

9.68 001 

9.68 039 
9.68 077 
9.68 116 
9.68 163 
9.68 191 

9.68 229 
9.68 267 
9.68 304 

9.58 342 
9.68 380 
9.68 418 


-o 0.43 893 
II 0.43 864 
S 0.43 815 
% 0.43 776 
^ 0.43 736 

0.43 697 
0.43 658 
0.43 619 
0.43 680 
" 0.43 641 

0.43 602 
" 0.43 463 
II 0.43 424 
0.43 386 
II 0.43 346 

-o 0.43 307 
0.43 268 
“2 0.43 229 
®2 0.43 190 
38 0-43 151 
_ 0.43 113 
0.43 074 
II 0.43 035 
" 0.42 996 
II 0.42 968 
0.42 919 
;2 0.42 880 
0.42 842 
S 0.42 803 

11 0.42 765 
0.42 726 

52 0.42 688 
52 0.42 649 
52 0.42 611 

12 0.42 672 
„ 0.42 634 
52 0.42 496 
52 0.42 457 
52 0.42 419 
II 0.42 381 
„ 0.42 342 
52 0.42 304 
52 0.42 266 
52 0.42 228 
i; 0.42190 

„ 0.42151 
52 0.42 113 
52 0.42 075 
52 0.42 037 
52 0.41999 

38 0-41961 
52 0.41923 
52 0.41886 
52 0.41847 
0.41809 

« 0.41771 
5? 0.41733 
5J 0.41696 
52 0.41658 
52 0.41620 
^ 0.41682 


9.63 406 « 
9.63 440 52 

9.53 476 52 
9.63 609 52 
9.63 644 

9.63 678 „ 
9.63 613 52 
9.63 647 52 
9.63 682 52 
9.63 716 

9.63 761 
9.63 786 51 
9.63 819 52 
9.63 864 52 
9.63 888 U 

9.63 922 „ 
9.63 967 52 

9.63 991 51 

9.64 025 51 
9.64 069 

9.64 093 
9.64 127 51 

9.54 161 51 
9.64 195 51 
9.64 229 U 

9.64 263 
9.64 297 51 

9.64 331 51 
9.64 366 51 
9.54 399 

9.54 433 „ 
9.64 466 52 
9.64 600 51 
9.64 634 52 
9.64 667 15 
9.64 601 ^ 
9.64 635 52 
9.64 668 52 
9.64 702 52 
9.64 735 55 
9.64 769 „ 
9.64 802 52 
9.64 836 52 
9.54 869 52 
9.64 903 15 
9.64 936 „ 

9.64 969 52 
9.66 003 52 
9.66 036 52 

9.65 069 15 
9.56 102 ^ 
9.55136 52 

9.65 169 52 

9.65 202 52 

9.66 236 52 
9.65 268 „ 
9.65 301 52 

9.65 334 52 

9.66 367 52 
9.66 400 52 
9.66 433 ^ 


LCoa d 


69^ — Common Logarithms of Trlgonomotric Functions 69^ 


9.97 299 
9.97 294 
9.97 289 
9.97 285 
9.97 280 

9.97 276 
9.97 271 
9.97 266 
9.97 262 
9.97 257 

9.97 262 
9.97 248 
9.97 243 
9.97 238 
9.97 234 

9.97 229 
9.97 224 
9.97 220 
9.97 215 
9.97 210 

9.97 206 
9.97 201 
9.97 196 
9.97 192 
9.97 187 

9.97 182 
9.97 178 
9.97 173 
9.97 168 
9.97 163 

9.97 169 
9.97 164 
9.97 149 
9.97 145 
9.97 140 

9.97 135 
9.97 130 
9.97 126 
9.97 121 
9.97 116 

9.97 111 
9.97 107 
9.97 102 
9.97 097 
9.97 092 

9.97 087 
9.97 083 
9.97 078 
9.97 073 
9.97 068 

9.97 063 
9.97 059 
9.97 064 
9.97 049 
9.97 044 

9.97 039 
9.97 035 
9.97 030 
9.97 025 
9.97 020 
9.97 015 


40 80 

1 4.0 3.9 

2 8.0 7.8 

8 12.0 11.7 
4 16.0 16.6 
8 20.0 19.6 

6 24.0 23.4 

7 28.0 27.3 

8 32.0 31.2 
O 36.0 36.1 


88 87 

1 3.8 3.7 

2 7.6 7.4 

8 11.4 11.1 

4 16.2 14.8 

5 19.0 18.6 

6 22.8 22.2 

7 26.6 26.9 

8 30.4 29.6 
O 34.2 33.3 


85 34 

1 3.6 3.4 

2 7.0 6.8 

3 10.6 10.2 

4 14.0 13.6 

5 17.6 17.0 

6 21.0 20.4 

7 24.6 23.8 

8 28.0 27.2 
8 31.6 30.6 


5 4 

1 0.6 0.4 

2 1.0 0.8 
8 1.6 1.2 

4 2.0 1.6 

5 2.6 2.0 

6 3.0 2.4 

7 3.6 2.8 

8 4.0 3.2 
O 4.6 3.6 


L Ctn cd L Tan 

LSin d 


Prop. Parts 













503 


Table 3 

21 “ Common Logarithms of Trigonometric Functions — 21 ® 


9.55 433 „ 

9.55 466 S 

9.55 499 ^ 

9.55 532 ^ 

9.55 564 

9.56 597 „ 

9.66 630 g 

9.55 663 r; 
9.65 695 

9.65 728 

9.66 761 „ 

9.66 793 

9.55 826 ““ 

9.56 858 “ 

9.66 891 1“ 

9.55 923 „ 

9.55 956 

9.55 988 

9.56 021 

9.56 053 15 

9.66 085 „ 

9.56 118 

9.56 150 

9.56 182 

9.56 215 “ 

9.66 247 ” 

9.56 279 J; 

9.56 311 “ 

9.56 343 g 

9.56 375 

9.66 408 „ 

9.66 440 

9.56 472 

9.66 604 

9.56 636 

9.56 568 

9.66 599 ri 

9.56 631 

9.56 663 

9.66 695 

9.66 727 “ 

9.56 759 

9.56 790 

9.66 822 I; 

9.66 854 52 

9.56 886 ,1 

9.66 917 

9.56 949 If 

9.56 980 I* 

9.67 012 52 

9.67 044 „ 

9.67 075 IJ 

9.67 107 If 

9.67 138 1; 

9.67 169 5J 

9.67 201 „ 

9.57 232 I* 

9.67 264 If 

9.67 296 |} 

9.57 326 |‘ 

9.67 368 


L Cob d 


9.58 418 
9.58 455 

9.68 493 
9.58 631 
9.58 569 

9.58 606 
9.58 644 
9.58 681 
9.58 719 
9.58 757 

9.58 794 
9.58 832 
9.58 869 
9.58 907 
9.58 944 

9.58 981 

9.59 019 
9.59 056 
9.59 094 
9.59 131 

9.59 168 

9.69 205 
9.59 243 
9.59 280 
9.59 317 

9.59 354 
9.59 391 
9.59 429 
9.59 466 
9.59 603 

9.59 640 
9.59 577 
9.69 614 
9.59 651 
9.59 688 

9.69 725 
9.69 762 
9.59 799 
9.59 835 
9.69 872 

9.59 909 
9.59 946 

9.59 983 

9.60 019 
9.60 056 

9.60 093 
9.60 130 
9.60 166 
9.60 203 
9.60 240 

9.60 276 
9.60 313 
9.60 349 
9.60 386 
9.60 422 

9.60 459 
9.60 495 
9.60 532 
9.60 568 
9.60 605 
9.60 641 


„ 0.41582 
I; 0.41545 
H 0.41507 
I® 0.41469 
I® 0.41431 

„ 0.41394 
U 0.41356 
I; 0.41319 
I® 0.41281 
I® 0.41243 

_ 0.41206 
|5 0.41 168 
li 0.41 131 
I® 0.41093 
I' 0.41056 

„ 0.41019 
I; 0.40 981 
I; 0.40 944 
|5 0.40 906 
I' 0.40 869 
„ 0.40 832 
I; 0.40 795 
I? 0.40 757 
I; 0.40 720 
I' 0.40 683 

„ 0.40 646 
I' 0.40 609 
I® 0.40 571 
I; 0.40 534 
I' 0.40 497 
„ 0.40 460 
I; 0.40 423 
I; 0.40 386 
I; 0.40 349 
I' 0.40 312 

__ 0.40 275 
5 ; 0.40 238 
I' 0.40 201 
I® 0.40 165 
I' 0.40 128 

__ 0.40 091 
I; 0.40 054 
I; 0.40 017 
I® 0.39 981 
I' 0.39 944 

„ 0.39 907 
I' 0.39 870 
H 0.39 834 
I; 0.39 797 
I' 0.39 760 

0.39 724 
I' 0.39 687 
I® 0.39 651 
I' 0.39 614 
I® 0.39 578 

_ 0.39 541 
|2 0.39 505 
IJ 0.39 468 
I® 0.39 432 
I' 0.39 395 
^® 0.39 359 


L Ctn cd L Tan 


9.97 015 

9.97 010 

9.97 005 

9.97 001 

9.96 996 

9.96 991 

9.96 986 

9.96 981 

9.96 976 

9.96 971 

9.96 966 

9.96 962 

9.96 957 

9.96 952 

9.96 947 

9.96 942 

9.96 937 

9.96 932 

9.96 927 

9.96 922 

9.96 917 

9.96 912 

9.96 907 

9.96 903 . 

9.96 898 ® 

9.96 893 - 

9.96 888 ? 

9.96 883 I 

9.96 878 ® 

9.96 873 I 

9.96 868 - 

9.96 863 I 

9.96 858 ® 

9.96 853 ® 

9.96 848 ® 

9.96 843 . 

9.96 838 I 

9.96 833 ! 

9.96 828 ® 

9.96 823 ® 

9.96 818 . 

9.96 813 5 

9.96 808 I 

9.96 803 I 

9.96 798 ® 

9.96 793 - 

9.96 788 5 

9.96 783 I 

9.96 778 ® 

9.96 772 ® 

9.96 767 - 

9.96 762 ® 

9.96 757 ® 

9.96 752 ® 

9.96 747 ® 

9.96 742 - 

9.96 737 I 

9.96 732 ® 

9.96 727 ® 

9.96 722 I 

9.96 717 ® 


LSin d 



Prop. Parts 

60 

59 

58 

57 

56 


38 

87 

55 

1 

3.8 

3.7 

2 

7.6 

7.4 

54 

3 

11.4 

11.1 

53 

4 

16.2 

14.8 

52 

51 

5 

19.0 

18.6 

6 

22.8 

22.2 

7 

26.6 

26.9 

50 

49 

8 

30.4 

29.6 

9 

34.2 

33.3 

48 

47 

46 

45 


36 

33 

44 

1 

3.6 

3.3 

43 

42 

2 

7.2 

6.6 

3 

10.8 

9.9 

4 

14.4 

13.2 

41 

5 

18.0 

16.6 

40 

6 

21.6 

19.8 

7 

26.2 

23.1 

39 

8 

28.8 

26.4 

38 

9 

32.4 

29.7 

37 

36 

35 

34 


32 

81 

33 

1 

3.2 

3.1 

32 

2' 

6.4 

6.2 

31 

3 

9.6 

9.3 

30 

4 

12.8 

12.4 

5 

16.0 

16.6 

29 

6 

19.2 

18.6 

28 

7 

22.4 

21.7 

27 

8 

26.6 

24.8 

26 

9 

28.8 

27.9 

25 

24 

23 

22 


6 

ft 

21 

1 

0.6 

0.6 

20 

2 

1.2 

1.0 

3 

1.8 

1.6 

19 

4 

2.4 

2.0 

18 

ft 

3.0 

2.6 

17 

6 

3.6 

3.0 

16 

7 

4.2 

3.6 

8 

4.8 

4.0 

15 

9 

6.4 

4.6 

14 

13 

12 

11 



4 

10 


1 0.4 


Prop. Parts 


— Common Logarithms of Trigonometric Functions — 68^ 
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Table 3 


S2^ — - Common Logarithms of Trigonometric Functions — 82^ 


L Tan cd L Ct& 


Prop. Parts 


9.57 358 „ 

9.57 389 %] 

9.57 420 

9.57 461 

9.67 482 II 

9.67 614 „ 

9.67 545 

9.57 576 

9.67 607 “} 

9.57 638 

9.57 669 „ 

9.57 700 1] 

9.67 731 

9.67 762 

9.67 793 

9.67 824 ,, 

9.57 865 S 

9.67 886 

9.67 916 "} 

9.57 947 

9.57 978 ^ 

9.58 008 f? 

9.58 039 

9.58 070 

9.68 101 

9.68131 „ 

9.68 162 S 

9.68 192 “ 

9.68 223 ^ 

9.58 253 ^ 

9.68 284 

9.68 314 

9.68 345 

9.58 376 

9.68 406 

9.68 436 - 

9.58 467 I 

9.58 497 I 

9.68 627 ® 

9.68 667 

9.68 688 

9.58 618 

9.68 648 

9.58 678 

9.68 709 

9.58 739 

9.68 769 

9.58 799 

9.58 829 

9.58 859 

9.68 889 -n 

9.58 919 

9.68 949 S 

9.68 979 S 

9.69 009 I® 

9.69 039 ^ 

9.69 069 

9.69 098 S 

9.69 128 ^ 

9.69 168 

9.69 188 ^ 


9.60 641 
9.60 677 
9.60 714 
9.60 750 
9.60 786 

9.60 823 
9.60 859 
9.60 896 
9.60 931 

9.60 967 

9.61 004 
9.61 040 
9.61 076 
9.61 112 
9.61 148 

9.61 184 
9.61 220 
9.61 256 
9.61 292 
9.61 328 

9.61 364 
9.61 400 
9.61 436 
9.61 472 
9.61 608 

9.61 644 
9.61 579 
9.61 616 
9.61 651 
9.61 687 

9.61 722 
9.61 758 
9.61 794 
9.61 830 
9.61 866 

9.61 901 
9.61 936 

9.61 972 

9.62 008 
9.62 043 

9.62 079 
9.62 114 
9.62 150 
9.62 185 
9.62 221 

9.62 256 
9.62 292 
9.62 327 
9.62 362 
9.62 398 

9.62 433 
9.62 468 
9.62 604 
9.62 539 
9.62 674 

9.62 609 
9.62 645 
9.62 680 
9.62 716 
9.62 750 
9.62 786 


^ 0.39 359 
^ 0.39 323 
0.39 286 
S 0.39 260 
I® 0.39 214 

^ 0.39177 
^ 0.39 141 
^ 0.39 105 
^ 0.39 069 
I® 0.39 033 

^ 0.38 996 
0.38 960 
^ 0.38 924 
5® 0.38 888 
^ 0.38 862 

^ 0.38 816 
S 0.38 780 
^ 0.38 744 
S 0.38 708 
I® 0.38 672 

^ 0.38 636 
0.38 600 
S 0.38 664 
0.38 628 
I® 0.38 492 

0.38 456 
^ 0.38 421 
^ 0.38 385 
“® 0.38 349 
®® 0.38 313 

^ 0.38 278 
I® 0.38 242 
^ 0.38 206 
^ 0.38 170 
II 0.38135 
„ 0.38 099 
II 0.38 064 
?® 0.38 028 
r? 0.37 992 
II 0.37 967 

« 0.37 921 
^ 0.37 886 
I? 0.37 850 
II 0.37 815 
II 0.37 779 
M 0.37 744 
II 0.37 708 
II 0.37 673 
II 0.37 638 
H 0.37 602 

« 0.37 567 
II 0.37 632 
H 0.37 496 
II 0.37 461 
II 0.37 426 
^ 0.37 391 
H 0.37 366 
I® 0.37 320 
H 0.37 286 
I® 0.37 260 
^ 0.37 216 


9.96 717 
.9.96 711 
9.96 706 
9.96 701 
9.96 696 

9.96 691 
9.96 686 
9.96 681 
9.96 676 
9.96 670 

9.96 665 
9.96 660 
9.96 665 
9.96 660 
9.96 645 

9.96 640 
9.96 634 
9.96 629 
9.96 624 
9.96 619 

9.96 614 
9.96 608 
9.96 603 
9.96 598 
9.96 593 

9.96 588 
9.96 582 
9.96 677 
9.96 672 
9.96 667 

9.96 662 
9.96 666 
9.96 561 
9.96 646 
9.96 641 

9.96 535 
9.96 530 
9.96 625 
9.96 520 
9.96 614 

9.96 509 
9.96 504 
9.96 498 
9.96 493 
9.96488 

9.96 483 
9.96 477 
9.96 472 
9.96 467 
9.96 461 

9.96 456 
9.96 451 
9.96 445 
9.96 440 
9.96 435 

9.96429 
9.96 424 
9.96 419 
9.96 413 
9.96 408 
9.96 403 



87 86 

1 

3.7 3.6 

2 

7.4 7.2 

8 

11.1 10.8 

4 

14.8 14.4 

5 

18.6 18.0 

6 

22.2 21.6 

7 

26.9 26.2 

8 

29.6 28.8 

9 

33.3 32.4 


35 32 

1 

3.6 3.2 

2 

7.0 6.4 

8 

10.6 9.6 

4 

14.0 12.8 

5 

17.6 16.0 

6 

21.0 19.2 

7 

24.6 22.4 

8 

28.0 26.6 

9 

31.6 28.8 


81 80 

1 

3.1 3.0 

2 

6.2 6.0 

8 

9.3 9.0 

4 

12.4 12.0 

0 

16.6 16.0 

6 

18.6 18.0 

7 

21.7 21.0 

8 

24.8 24.0 

9 

27.9 27.0 


29 


1 2.9 

2 6.8 

8 8.7 

4 11.6 

5 14.6 

6 17.4 

7 20.3 

8 23.2 

9 26.1 


6 5 

1 

0.6 0.6 

2 

1.2 1.0 

8 

1.8 1.6 

4 

2.4 2.0 

6 

3.0 2.6 

6 

3.6 3.0 

7 

4.2 3.6 

8 

4.8 4.0 

9 

6.4 4.6 


L Ctn cd. LTan 


Prop. Parts 


6V — Common Logarithms of Trigonometric Functions — 6V 
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Table 3 


23^ — Common Logarithms of Trigonometric Functions — 23^ 


L Tan cd L Ctn 


9.69 188 -n 
9.69 218 ^ 
9.69 247 S 
9.69 277 ^ 
9.69 307 g 

9.69 336 
9.69 366 
9.69 396 S 
9.69 426 S 
9.69 466 55 

10 9.69 484 

11 9.69 614 

12 9.69 643 

13 9.69 673 

14 9.69 602 3Q 

15 9.69 632 ^ 

16 9.69 661 ^ 

17 9.69 690 " 

18 9.69 720 5q 

19 9.69 749 ^9 

20 9.69 778 

21 9.59 808 

22 9.59 837 ^ 

23 9.59 866 ^ 

24 9.59 895 39 

25 9.59 924 

26 9.59 954 

27 9.59 983 fx 

28 9.60 012 2 q 

29 9.60 041 29 

9.60 070 
9.60 099 " 
9.60 128 " 
9.60 157 55 
9.60 186 II 
9.60 216 _ 
9.60 244 55 
9.60 273 
9.60 302 55 
9.60 331 55 

9.60 359 20 
9.60 388 fx 
9.60 417 
9.60 446 5? 
9.60 474 " 

9.60 603 20 
9.60 532 55 
9.60 661 55 
9.60 589 5® 
9.60 618 II 

9.60 646 20 
9.60 675 55 
9.60 704 55 
9.60 732 5? 
9.60 761 55 


9.62 786 
9.62 820 
9.62 866 
9.62 890 
9.62 926 

9.62 961 

9.62 996 

9.63 031 
9.63 066 
9.63 101 

9.63 135 
9.63 170 
9.63 205 
9.63 240 
9.63 275 

9.63 310 
9.63 345 
9.63 379 
9.63 414 
9.63 449 

9.63 484 
9.63 519 
9.63 553 
9.63 588 
9.63 623 

9.63 657 
9.63 692 
9.63 726 
9.63 761 
9.63 796 

9.63 830 
9.63 865 
9.63 899 
9.63 934 

9.63 968 

9.64 003 
9.64 037 
9.64 072 
9.64 106 
9.64 140 

9.64 175 
9.64 209 
9.64 243 
9.64 278 
9.64 312 

9.64 346 
9.64 381 
9.64 416 
9.64 449 
9.64 483 

9.64 517 
9.64 552 
9.64 586 
9.64 620 
9.64 664 

9.64 688 
9.64 722 
9.64 766 
9.64 790 
9.64 824 
9.64 868 


« 0.37 215 
0.37 180 
f® 0.37145 
0.37 110 
“I 0.37 074 

-- 0.37 039 
5? 0.37 004 
5° 0.36 969 
0.36 934 
II 0.36 899 

-c 0.36 865 
0.36 830 
0.36 795 
0.36 760 
3® 0.36 726 

„ 0.36 690 
0.36 655 
tj 0.36 621 
0.36 586 
33 0.36 551 
0.36 516 
II 0.36 481 
0.36 447 
0.36 412 
II 0.36 377 

0.36 343 
0.36 308 
0.36 274 
0.36 239 
0.36 204 

„ 0.36170 
0.36135 
ft 0.36 101 
ff 0.36 066 

ft 0.36 032 
00 

0.35 997 
ft 0,35 963 
ff 0.35 928 
ft 0.35 894 
ft 0.35 860 
00 

0.35 825 
ft 0.35 791 
ft 0.35 757 
ff 0.35 722 
0.35 688 

0.35 654 
ft 0.35 619 
ft 0.35 585 
ft 0.35 651 
0.35 617 

0.35 483 
ft 0.35 448 
ft 0,35 414 
ft 0.35 380 
ft 0.35 346 


_. 0.35 312 
ft 0.35 278 
ft 0.35 244 
ft 0.35 210 
ft 0.35 176 


9.96 403 . I 
9.96 397 f 
9.96 392 f 
9.96 387 f 
9.96 381 I 
9.96 376 . 
9.96 370 I 
9.96 365 f 
9.96 360 ® 
9.96 364 ” 

9.96 349 ^ 
9.96 343 ® 
9.96 338 % 
9.96 333 f 
9.96 327 I 

9.96 322 ^ 
9.96 316 ? 
9.96 311 5 
9.96 305 f 
9.96 300 I 

9.96 294 - 
9.96 289 f 
9.96 284 2 
9.96 278 2 
9.96 273 ® 

9.96 267 . 
9.96 262 2 
9.96 256 2 
9.96 251 2 
9.96 245 I 
9.96 240 ^ 
9.96 234 2 
9.96 229 2 
9.96 223 2 
9.96 218 I 

9.96 212 - 
9.96 207 2 
9.96 201 2 
9.96 196 2 
9.96 190 g 

9.96185 ^ 
9.96 179 2 
9.96 174 2 
9.96 168 2 
9.96 162 ® 

9.96 157 . 
9.96 151 2 
9.96 146 2 
9.96 140 2 
9.96 135 ® 

9.96 129 ^ 
9.96 123 2 
9.96 118 2 
9.96 112 2 
9.96 107 g 

9.96101 . 
9.96 095 2 
9.96 090 2 
9.96 084 2 
9.96 079 2 
9.96 073 ® 


Prop. Parts 


86 85 

1 3.6 3.5 

2 7.2 7.0 

3 10.8 10.6 

4 14.4 14.0 

5 18.0 17.5 

6 21.6 21.0 

7 25.2 24.5 

8 28.8 28.0 
e 32.4 31.5 


34 30 

1 3.4 3.0 

2 6.8 6.0 

8 10.2 9.0 

4 13.6 12.0 

5 17.0 16.0 

6 20.4 18.0 

7 23.8 21.0 

8 27.2 24.0 
O 30.6 27.0 


20 28 

1 2.9 2.8 

2 5.8 5.6 

3 8.7 8.4 

4 11.6 11.2 

5 14.5 14.0 

6 17.4 16.8 

7 20.3 19.6 

8 23.2 22.4 
O 26.1 25.2 


O 5 
1 0.6 0.6 
2 1.2 1.0 

3 1.8 1.5 

4 2.4 2.0 

5 3.0 2.5 

6 3.6 3.0 

7 4.2 3.5 

8 4.8 4.0 
0 6.4 4.6 


Prop. Parts 


66® — Common Logarithms of Trigonometric Functions — - 66^ 
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TMt.3 

24"— Common Logarlthmt of Trigonomolric Fundiont— 24" 


L Tan cd L Ctn 


9.60 931 50 
9.60960 S 

9.60 988 ^ 
9.61016 S 
9.61046 ^ 

9.61073 50 

9.61 101 S 
9.61129 " 
9.61158 S 
9.61186 " 

9.61214 50 

9.61 242 
9.61270 S 
9.61298 

9.61 326 

9.61354 50 

9.61 382 S 
9.61411 S 

9.61 438 S 

9.61 466 

9.61494 50 
9.61622 " 

9.61 550 ^ 

9.61 678 5® 

9.61 606 ^ 

9.61634 50 

9.61 662 ^ 

9.61 689 S 
9.61717 S 
9.61745 ^ 

9.61773 5- 

9.61 800 S 

9.61 828 S 
9.61856 

9.61 883 £ 

9.61911 

9.61 939 5® 
9.61966 II 

9.61 994 

9.62 021 ^ 

9.62 049 55 

9.62 076 27 

9.62 104 28 

9.62 131 27 

9.62 159 28 

9.62 186 50 

9.62 214 28 

9.62 241 27 

9.62 268 27 

9.62 296 g 

9.62 323 55 

9.62 350 27 

9.62 377 " 

9.62 405 ^ 

9.62 432 27 

9.62 459 55 

9.62 486 % 

9.62 613 S 

9.62 541 S 

9.62 668 g 

9.62 696 27 


LCoa d 


9.64 858 
9.64 892 
9.64 926 
9.64 960 

9.64 994 

9.65 028 
9.65 062 
9.65 096 
9.65 130 
9.65 164 

9.65 197 
9.65 231 
9.65 265 
9.65 299 
9.65 333 

9.65 366 
9.65 400 
9.65 434 
9.65 467 
9.65 501 

9.65 536 
9.65 568 
9.65,602 
9.65 636 
9.65 669 

9.65 703 
9.65 736 
9.65 770 

9.65 803 

9.66 837 

9.65 870 

9.65 904 

9.66 937 
9.66 971 
9.66 004 

9.66 038 
9.66 071 
9.66 104 
9.66 138 
9.66 171 

9.66 204 
9.66 238 
9.66 271 
9.66 304 
9.66 337 

9.66 371 
9.66 404 
9.66 437 
9.66 470 
9.66 503 

9.66 537 
9.66 570 
9.66 603 
9.66 636 
9.66 669 

9.66 702 
9.66 736 
9.66 768 
9.66 801 
9.66 834 
9.66 867 


^ 0.35 142 
” 0.36 108 
” 0.35 074 
S 0.36 040 
^ 0.35 006 

^ 0.34 972 
0.34 938 
51 0.34 904 
51 0.34 870 
2 0.34 836 

0.34 803 
51 0.34 769 
51 0.34 735 
51 0.34 701 
II 0.34 667 
^ 0.34 634 
51 0.34 600 
5 ? 0.34 666 
55 0.34 633 
55 0.34 499 
,, 0.34 465 
55 0.34 432 
51 0.34 398 
5 ? 0.34 364 
55 0.34 331 
„ 0.34 297 
55 0.34 264 
55 0,34 230 
55 0.34 197 
55 0.34163 
0.34 130 
55 0.34 096 
55 0.34 063 
55 0.34 029 
55 0.33 996 
„ 0.33 962 
55 0.33 929 
55 0.33 896 
55 0.33 862 
55 0.33 829 
0.33 796 
55 0.33 762 
55 0.33 729 
55 0.33 696 
55 0.33 663 
„ 0.33 629 
55 0.33 696 
55 0.33 663 
55 0.33 630 
55 0.33 497 
„ 0.33 463 
55 0.33 430 
55 0.33 397 
55 0.33 364 
55 0.33 331 

„ 0.33 298 
55 0.33 266 
55 0.33 232 
55 0.33199 
55 0.33166 
0.33133 


L Ctn cd L Tan 


LCoa d 


9.96 073 ^ 

9.96 067 5 

9.96 062 5 

9.96 066 ® 

9.96 060 I 

9.96 045 ^ 

9.96 039 5 

9.96 034 5 

9.96 028 ® 

9.96 022 I 

9.96 017 ^ 

9.96 011 5 

9.96 005 I 

9.96 000 5 

9.96 994 5 

9.95 988 ^ 

9.96 982 5 

9.96 977 5 

9.95 971 ® 

9.95 965 5 

9.95 960 ^ 

9.95 964 5 

9.95 948 1 

9.95 942 5 

9.96 937 5 

9.96 931 . 

9.96 925 ? 

9.96 920 1 

9.96 914 5 

9.96 908 5 

9.95 902 - 

9.96 897 5 

9.95 891 ® 

9.95 885 ® 

9.96 879 5 

9.95 873 - 

9.95 868 ® 

9.96 862 2 

9.95 866 5 

9.96 860 ® 

9.95 844 . 

9.95 839 5 

9.96 833 5 

9.96 827 5 

9.95 821 ® 

9.95 815 - 

9.96 810 5 

9.96 804 5 

9.95 798 1 

9.96 792 2 

9.96 786 . 

9.96 780 I 

9.96 775 2 

9.96 769 2 

9.96 763 I 

9.95 757 ^ 

9.96 761 2 

9.95 746 2 

9.96 739 2 

9.95 733 2 

9.96 728 ® 


LSin d 


Prop. Parts 


84 88 

1 3.4 3.3 

2 6.8 6.6 

8 10.2 9.9 

4 13.6 13.2 
6 17.0 16.5 

6 20.4 19.8 

7 23.8 23.1 

8 27.2 26.4 

9 30.6 29.7 


29 28 

1 2.9 2.8 

2 6.8 6.6 

8 8.7 8.4 

4 11.6 11.2 
6 14.6 14.0 

6 17.4 16.8 

7 20.3 19.6 

8 23.2 22.4 

9 26.1 26.2 


6 5 

1 0.6 0.6 
2 1.2 1.0 

3 1.8 1.6 

4 2.4 2.0 

5 3.0 2.6 

6 3.6 3.0 

7 4.2 3.6 

8 4.8 4.0 

9 6.4 4.6 


Prop. Parts 


65"— Common Logarithm* of Trigonomolric Function* ■ 
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L Tan cd L Ctn 

L Cos d 


Prop. Parts 


Ubk 3 

25^ — Common Logoritkmi of Trigonometric Functions — 25^ 


9.62 595 

9.62 622 " 

9.62 649 ;; 

9.62 676 

9.62 703 g 

9.62 730 ^ 

9.62 767 " 

9.62 784 ;; 

9.62 811 g 

9.62 838 27 

9.62 865 97 

9.62 892 9^ 

9.62 918 9? 

9.62 946 9I 

9.62 972 27 

9.62 999 97 

9.63 026 9^ 

9.63 052 S 

9.63 079 9; 

9.63 106 27 

9.63 133 9^ 

9.63 159 9; 

9.63 186 oj 

9.63 213 9^ 

9.63 239 27 

9.63 266 9ft 

9.63 292 9? 

9.63 319 9ft 

9.63 345 oS 

9.63 372 ^ 

9.63 398 _ 

9.63 425 ^ 

9.63 451 26 

9.63 478 27 

9.63 504 26 

9.63 531 9ft 

9.63 557 26 

9.63 583 26 

9.63 610 27 

9.63 636 26 

9.63 662 

9.63 689 27 

9.63 715 ^ 

9.63 741 26 

9.63 767 26 

9.63 794 .,ft 

9.63 820 ^ 

9.63 846 S 

9.63 872 26 

9.63 898 26 

9.63 924 9^ 

9.63 950 ^ 

9.63 976 26 

9.64 002 26 

9.64 028 ^ 


9.66 867 
9.66 900 
9.66 933 
9.66 966 

9.66 999 

9.67 032 
9.67 065 
9.67 098 
9.67 131 
9.67 163 

9.67 196 
9.67 229 
9.67 262 
9.67 295 
9.67 327 

9.67 360 
9.67 393 
9.67 426 
9.67 458 
9.67 491 

9.67 524 
9.67 556 
9.67 589 
9.67 622 
9.67 654 

9.67 687 
9.67 719 
9.67 752 
9.67 785 
9.67 817 

9.67 850 
9.67 882 
9.67 915 
9.67 947 

9.67 980 

9.68 012 
9.68 044 
9.68 077 
9.68 109 
9.68 142 

9.68 174 
9.68 206 
9.68 239 
9.68 271 
9.68 303 

9.68 336 
9.68 368 
9.68 400 
9.68 432 
9.68 465 

9.68 497 
9.68 529 
9.68 561 
9.68 593 
9.68 626 

9.68 658 
9.68 690 
9.68 722 
9.68 754 
9.68 786 
9.68 818 


„ 0.33133 
g 0.33100 
^ 0.33 067 
^ 0.33 034 
^ 0.33 001 

„ 0.32 968 
0.32 935 
“ 0.32 902 
S 0.32 869 
0.32 837 

„ 0.32 804 
S 0.32 771 
“ 0.32 738 
S 0.32 705 
0.32 673 

„ 0.32 640 
^ 0.32 607 
0.32 574 
ii 0.32 542 
"3 0.32 509 

„ 0.32 476 
ii 0.32 444 
ii 0.32 411 
0.32 378 
3^ 0.32 346 
„ 0.32 313 
ii 0.32 281 
ii 0.32 248 
S 0.32 215 
3^ 0.32183 
„ 0.32150 
ii 0.32118 
ii 0.32 085 
ii 0.32 053 
g 0.32 020 

„ 0.31988 
ii 0.31956 
ii 0.31923 
ii 0.31891 
0.31858 

„ 0.31826 
ii 0.31794 
il 0.31761 
ii 0.31729 
ii 0.31697 

0.31664 
32 0.31632 
32 0.31 600 

32 0.31568 

33 0.31535 

„ 0.31503 
32 0.31 471 
ii 0.31439 
32 0.31407 
^ 0.31374 

„ 0.31342 
32 0.31310 
32 0.31 278 
32 0.31246 
32 0.31214 
32 0.31182 


9.95 728 ft I 

9.95 722 ® 

9.95 716 % 

9.95 710 % 

9.95 704 ” 

9.95 698 ft 

9.95 692 % 

9.95 686 ft 

9.95 680 I 

9.95 674 I 

9.95 668 ft 

9.95 663 % 

9.95 657 5 

9.95 651 ft 

9.95 645 I 

9.95 639 ft 

9.95 633 ft 

9.95 627 2 

9.95 621 ° 

9.95 615 I 

9.95 609 ft 

9.95 603 ft 

9.95 597 ” 

9.95 591 ” 

9.95 585 g 

9.95 579 ft 

9.95 573 ft 

9.95 567 2 

9.95 561 2 

9.95 555 g 

9.95 549 - 

9.95 543 ® 

9.95 537 f 

9.95 531 ° 

9.95 525 ® 

9.95 519 ft 

9.95 513 ” 

9.95 507 S 

9.95 500 ' 

9.95 494 ® 

9.95 488 ft 

9.95 482 ® 

9.95 476 2 

9.95 470 ” 

9.95 464 ® 

9.95 458 ft 

9.95 452 ” 

9.95 446 ® 

9.95 440 ® 

9.95 434 ® 

9.95 427 ft 

9.95 421 ” 

9.95 415 f 

9.95 409 ® 

9.95 403 I 

9.95 397 ft 

9.95 391 5 

9.95 384 ^ 

9.95 378 ” 

9.95 372 ® 

9.95 366 ® 


83 82 

1 3.3 3.2 

2 6.6 6.4 

8 9.9 9.6 

4 13.2 12.8 
6 16.5 16.0 

6 19.8 19.2 

7 23.1 22.4 

8 26.4 25.6 

9 29.7 28.8 


27 26 

1 2.7 2.6 

2 6.4 6.2 

8 8.1 7.8 

4 10.8 10.4 

6 13.5 13.0 
6 16.2 16.6 

7 18.9 18.2 

8 21.6 20.8 
0 24.3 23.4 


7 6 

1 0.7 0.6 

2 1.4 1.2 
8 2.1 1.8 

4 2.8 2.4 

5 3.5 3.0 

6 4.2 3.6 

7 4.9 4.2 

8 6.6 4.8 
8 6.3 6.4 


L Ctn' cd L Tan 


Prop, Parts 


64^ — Common Logarithms of Trigonometric Functions — 64° 
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Tab/e 3 


26^ — - Common Logorithmt of Trigonometric Functions — 26^ 


L L Tan cd L Ctn 


42 9 

43 I 9 


>.64184 
>.64 210 ‘2 
>.64 236 S 
>.64 262 " 
>.64 288 ^ 

>.64 313 ^ 
>.64 339 S 
>.64 366 S 
>.64 391 S 
•.64 417 “ 

>.64 442 ^ 
>.64 468 S 
>.64 494 “ 
>.64 619 " 
>.64 646 ^ 

>.64 671 
>.64 696 
►.64 622 S 
►.64 647 “ 
►.64 673 2 

►.64 698 
►.64 724 " 
►.64 749 
►.64 776 
►.64 800 ^ 

►.64 826 
►.64 851 S 
'.64 877 ^ 
►.64 902 
►.64 927 ^ 

►.64 963 
►.64 978 S 
►.65 003 
►.65 029 ^ 
►.65 064 2 

1.65 079 -e 
,65 104 
.66 130 fj 
.66 165 " 
►.65 180 " 

►.65 205 
►.65 230 -S 
1.65 255 S 
.65 281 ^ 
►.65 306 " 

.65 331 
.65 356 
.65 381 
.66 406 " 
.66 431 ^ 

►.65 456 
.66 481 " 
►.66 606 " 
►.65 631 “ 
►.65 666 " 

►.65 680 
►.66 606 
►,66 630 " 
►.66 656 " 

►.66 680 S 

>.66 706 ^ 


9.68 818 
9.68 860 
9.68 882 
9.68 914 
9.68 946 

9.68 978 

9.69 010 
9.69 042 
9.69 074 
9.69 106 

9.69 138 
9.69 170 
9.69 202 
9.69 234 
9.69 266 

9.69 298 
9.69 329 
9.69 361 
9.69 393 
9.69 425 

9.69'467 
9.69 488 
9.69 520 
9.69 552 
9.69 584 

9.69 615 
9.69 647 
9.69 679 
9.69 710 
9.69 742 

9.69 774 
9.69 805 

9.69 837 

9.69 868 

9.69 900 

9.69 932 
9.69 963 

9.69 995 

9.70 026 
9.70 058 

9.70 089 
9.70 121 

9.70 152 

9.70 184 

9.70 215 

9.70 247 
9.70 278 
9.70 309 
9.70 341 
9.70 372 

9.70 404 
9.70 435 
9.70 466 
9.70 498 
9.70 529 

9.70 560 
9.70 592 
9.70 623 
9.70 654 
9.70 685 
9.70 717 


„ 0.31182 
0.31 150 
II 0.31 118 
“ 0.31086 
II 0.31054 
„ 0.31022 
0.30 990 
“ 0.30 958 
“ 0.30 926 
II 0.30 894 
„ 0.30 862 
“ 0.30 830 
0.30 798 
ti 0.30 766 
“ 0.30 734 

„ 0.30 702 
ll 0.30 671 
“ 0.30 639 
0.30 607 
“5 0.30 575 

0.30 543 
0.30 612 
ii 0.30 480 
ti 0*30 448 
0.30 416 

„ 0.30 385 
li 0.30 353 
0.30 321 
0.30 290 
0.30 258 

„ 0.30 226 
0.30195 
0.30163 
0.30132 
“5 0.30100 
„ 0.30 068 
II 0.30 037 
ii 0.30 005 
0.29 974 
g 0.29 942 

„ 0.29 911 
0.29 879 
0.29 848 
0.29 816 
^ 0.29 785 

0.29 753 
f} 0,29 722 
II 0.29 691 
0,29 659 
§5 0.29 628 

0.29 596 
0.29 565 
0.29 634 
0.29 502 
IJ 0.29 471 

„ 0.29 440 
0.29 408 
0.29 377 
"} 0.29 346 
0.29 315 
0.29 283 


9.95 366 

9.96 360 
9.95 354 
9.95 348 
9.95 341 

9.95 335 
9.95 329 
9.95 323 
9.95 317 
9.95 310 

9.95 304 
9.95 298 
9.95 292 
9.95 286 
9.95 279 

9.95 273 
9.95 267 
9.95 261 

9.95 254 

9.95 248 

9.95 242 
9.95 236 
9.95 229 
9.95 223 
9.95 217 

9.95 211 
9.95 204 
9.95 198 
9.95 192 
9.95 185 

9.95 179 
9.95 173 
9.95 167 
9.95 160 
9.95 154 

9.95 148 
9.95 141 
9.95 135 

9.95 129 

9.96 122 

9.96 116 
9.95 no 

9.95 103 

9.96 097 
9.96 090 

9.95 084 

9.96 078 
9.95 071 
9.95 065 

9.95 059 

9.96 052 
9.96 046 
9.95 039 
9.95 033 
9.95 027 

9.95 020 

9.95 014 

9.96 007 
9.96 001 
9.94 995 
9.94 988 


Prop. Parts 


82 31 

1 3.2 3.1 

2 6.4 6.2 

8 9.6 9.3 

4 12.8 12.4 

5 16.0 16.6 

6 19.2 18.6 

7 22.4 21.7 

8 26.6 24.8 

9 28.8 27.9 


26 26 

1 2.6 2.5 

2 6.2 6.0 

3 7.8 7.6 

4 10.4 10.0 

6 13.0 12.6 
6 16.6 16.0 

7 18.2 17.5 

8 20.8 20.0 
O 23.4 22.5 


7 6 

1 0.7 0.6 

2 1.4 1.2 

8 2.1 1.8 

4 2.8 2.4 

5 3.6 3.0 

6 4.2 3.6 

7 4.9 4.2 

8 6.6 4.8 

9 6.3 6 4 


L ctn cd L Tan 


LSin d 


Prop. Parts 


63^ — Common Logarithms of Trigonometric Functions — 63^ 
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27® — Common Logarithms of Trigonometric Functions — 27® 


d 

LTan cd L Ctn 

LCoa d 

Z1 

Prop. Parts 


9.65 705 _ 

9.65 729 

9.65 754 

9.65 779 ?! 

9.65 804 

9.65 828 

9.65 853 ?! 

9.65 878 

9.65 902 

9.65 927 ^ 

9.65 952 

9.65 976 ?! 

9.66 001 

9.66 025 ?’ 

9.66 050 “ 

9.66 075 

9.66 099 it 

9.66 124 " 

9.66 148 
9.66173 

9.66 197 

9.66 221 ^ 

9.66 246 " 

9.66 270 ?! 

9.66 295 24 

9.66 319 

9.66 343 ;! 

9.66 368 ?! 

9.66 392 ?! 

9.66 416 ^ 

9.66 441 

9.66 465 

9.66 489 

9.66 513 ?! 

9.66 537 

9.66 562 

9.66 586 ?! 

9.66 610 ?^ 

9.66 634 ?! 

9.66 658 

9.66 682 

9.66 706 il 

9.66 731 ^ 

9.66 755 ^ 

9.66 779 ^ 

9.66 803 

9.66 827 ?! 

9.66 851 ?! 

9.66 875 ?! 

9.66 899 2 

9.65922 

9.66 946 ^ 

9.66 970 ?! 

9.66 994 ?i 

9.67 018 ^ 

9.67 042 

9.67 066 S 

9.67 090 ?! 

9.67 113 ?J 

9.67 137 

9.67 161 


9.70 717 
9.70 748 
9.70 779 
9.70 810 
9.70 841 

9.70 873 
9.70 904 
9.70 935 
9.70 966 

9.70 997 

9.71 028 
9.71 059 
9.71 090 
9.71 121 
9.71 153 

9.71 184 
9.71 215 
9.71 246 
9.71 277 
9.71 308 

9.71 339 
9.71 370 
9.71 401 
9.71 431 
9.71 462 

9.71 493 
9.71 524 
9.71 555 
9.71 586 
9.71 617 

9.71 648 
9.71 679 
9.71 709 
9.71 740 
9.71 771 

9.71 802 
9.71 833 
9.71 863 
9.71 894 
9.71 925 

9.71 955 

9.71 986 

9.72 017 
9.72 048 
9.72 078 

9.72 109 
9.72 140 
9.72 170 
9.72 201 
9.72 231 

9.72 262 
9.72 293 
9.72 323 
9.72 354 
9.72 384 

9.72 415 
9.72 445 
9.72 476 
9.72 506 
9.72 537 
9.72 567 


,, 0.29 283 
0.29 252 
0.29 221 
0.29 190 
0.29 159 

„ 0.29 127 
0.29 096 
0.29 065 
0.29 034 
0.29 003 

0.28 972 
0.28 941 
0.28 910 
“i 0.28 879 
If 0.28 847 
,, 0.28 816 
0.28 785 
!} 0.28 754 
,} 0.28 723 
0.28 692 

„ 0.28 661 
i; 0.28 630 
?! 0.28 599 
^ 0.28 569 
“J 0.28 538 

„ 0.28 507 
,1 0.28 476 
0.28 445 
?} 0.28 414 
0.28 383 

0.28 352 
?* 0.28 321 
?Y 0.28 291 
?} 0.28 260 
0.28 229 

„ 0.28 198 
?? 0.28 167 
!? 0.28 137 
0,28 106 
0.28 075 

0.28 045 
!f 0.28 014 
?} 0.27 983 
?! 0.27 952 
0.27 922 

„ 0.27 891 
?! 0.27 860 
^ 0.27 830 
^ 0.27 799 
0.27 769 

„ 0.27 738 
?! 0.27 707 
^ 0.27 677 
" 0.27 646 
iJ 0.27 616 

0.27 585 
?y 0.27 555 
?! 0.27 524 
^ 0.27 494 
^ 0.27 463 
** 0.27 433 


9.94 988 
9.94 982 
9.94 975 
9.94 969 
9.94 962 

9.94 956 
9.94 949 
9.94 943 
9.94 936 
9.94 930 

9.94 923 
9.94 917 
9.94 911 
9.94 904 
9.94 898 

9.94 891 
9.94 885 
9.94 878 
9.94 871 
9.94 865 

9.94 858 
9.94 852 
9.94 845 
9.94 839 
9.94 832 

9.94 826 
9.94 819 
9.94 813 
9.94 806 
9.94 799 

9.94 793 
9.94 786 
9.94 780 
9.94 773 
9.94 767 

9.94 760 
9.94 753 
9.94 747 
9.94 740 
9.94 734 

9.94 727 
9.94 720 
9.94 714 
9.94 707 
9.94 700 

9.94 694 
9.94 687 
9.94 680 
9.94 674 
9.94 667 

9.94 660 
9.94 654 
9.94 647 
9.94 640 
9.94 634 

9.94 627 
9.94 620 
9.94 614 
9.94 607 
9.94 600 
9.94 593 



32 

81 

1 

3.2 

3.1 

2 

6.4 

6.2 

3 

9.6 

9.3 

4 

12.8 

12.4 

5 

16.0 

15.5 

6 

19.2 

18.6 

7 

22.4 

21.7 

8 

25.6 

24.8 

e 

28.8 

27.9 


30 

25 

1 

3.0 

2.5 

2 

6.0 

5.0 

3 

9.0 

7.5 

4 

12.0 

10.0 

5 

15.0 

12.5 

6 

18.0 

15.0 

7 

21.0 

17.5 

8 

24.0 

20.0 

e 

27.0 

22.5 


24 

23 

1 

2.4 

2.3 

2 

4.8 

4.6 

3 

7.2 

6.9 

4 

9.6 

9.2 

5 

12.0 

11.5 

6 

14.4 

13.8 

7 

16.8 

16.1 

8 

19.2 

18.4 

9 

21.6 

20.7 


7 

6 

1 

0.7 

0.6 

2 

1.4 

1.2 

3 

2.1 

1.8 

4 

2.8 

2.4 

5 

3.5 

3.0 

6 

4.2 

3.6 

7 

4.9 

4.2 

8 

5.6 

4.8 

9 

6.3 

6.4 


d 

L Ctn cd L Tan 

LSin d 

M 


Prop. Parts 


^2® — - Common Logarithms of Trigonometric Functions — 62® 
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Tables 


28 ^ — Common Logarithms of Trigonomotric Functions •— 28 ^ 


L Tan cd L Ctn 


9.67161 
9.67185 ^ 
9.67 208 " 
9.67 232 

9.67 266 U 

9.72 667 ,, 0.27 43S 

9.72 698 0.27 402 

9.72 628 0.27 372 

9.72 669 0.27 341 

9.72 689 0.27 311 

9.94 593 ^ 
9.94 587 Y 
9.94 580 ; 
9.94 573 ' 
9.94 567 ® 

9.67 280 „ 
9.67 303 S 
9.67 327 ^ 
9.67 350 " 
9.67 374 ^ 

9.72 720 _ 0.27 280 
9.72 760 0.27 260 

9.72 780 “Y 0.27 220 
9.72 811 Yi 0.27189 
9.72 841 0.27159 

9.94 560 - 
9.94 553 I 
9.94 546 ' 
9.94 540 Y 
9.94 533 ' 

9.67 398 

9.67 421 " 
9.67 446 

9.67 468 " 
9.67 492 ^ 

9.72 872 _ 0.27128 
9.72 902 Yn 0.27 098 
9.72 932 YV 0.27 068 
9.72 963 Yi 0.27 037 
9.72 993 0.27 007 

9.94 526 - 
9.94 519 1 
9.94 513 S 
9.94 506 1 
9.94 499 ' 

9.67 616 

9.67 639 ^ 
9.67 662 " 
9.67 686 ^ 
9.67 609 " 

9.73 023 „ 0.26 977 
9.73 054 Yi 0.26946 
9.73 084 YX 0.26 916 
9.73 114 S 0.26 886 
9.73 144 0.26 856 

9.94 492 - 
9.94 485 ' 
9.94 479 Y 
9.94 472 ; 
9.94 465 ' 

9.67 633 „ 
9.67 656 

9.67 680 

9.67 703 " 
9.67 726 " 

9.73 175 _ 0.26 825 
9.73 205 S 0.26 795 
9.73 235 S 0.26 765 
9.73 265 Ya 0.26 735 
9.73 296 ^ 0.26 705 

9.94 458 - 
9.94 451 ' 
9.94 445 Y 
9.94 438 ; 
9.94 431 ' 

9.67 750 

9.67 773 “ 
9.67 796 " 
9.67 820 

9.67 843 g 

9.73 326 _ 0.26 674 
9.73 356 Ya 0.26 644 
9.73 386 S 0.26 614 
9.73 416 S 0.26 584 
9.73 446 0.26 554 

9.94 424 - 
9.94 417 ; 
9.94 410 ' 
9.94 404 5 
9.94 397 ' 

9.67 866 

9.67 890 

9.67 913 " 
9.67 936 

9.67 959 " 

9.73 476 „ 0.26 524 
9.73 507 Ya 0.26 493 
9.73 537 S 0.26 463 
9.73 567 Ya 0.26 433 
9.73 597 0.26403 

9.94 390 - 
9.94 383 ; 
9.94 376 1 
9.94 369 ; 
9.94 362 ' 

9.67 982 

9.68 006 

9.68 029 " 
9.68 052 " 
9.68 075 g 

9.73 627 _ 0.26 373 
9.73 657 Ya 0.26 343 
9.73 687 Ya 0.26 313 
9.73 717 Ya 0.26 283 
9.73 747 0.26 253 

9.94 355 ^ 
9.94 349 5 
9.94 342 ; 
9.94 335 ; 
9.94 328 ' 

9.68 098 „ 
9.68 121 “ 
9.68 144 " 
9.68 167 " 
9.68 190 " 

9.73 777 0.26 223 

9.73 807 Ya 0.26193 
9.73 837 ^ 0.26163 
9.73 867 S 0.26133 
9.73 897 0.26103 

9.94 321 _ 
9.94 314 ; 
9.94 307 ; 
9.94 300 ; 
9.94 293 ' 

9.68 213 

9.68 237 

9.68 260 " 
9.68 283 " 
9.68 305 g 

9.73 927 0.26073 

9.73 957 y2 0.26 043 

9.73 987 S 0.26 013 

9.74 017 ^ 0.25 983 
9.74 047 22 0.25 953 

9.94 286 - 
9.94 279 ' 
9.94 273 5 
9.94 266 ; 
9.94 259 ' 

9.68 328 

9.68 351 " 
9.68 374 " 
9.68 397 " 
9.68 420 g 

9.74 077 _ 0.25 923 
9.74 107 Ya 0.25 893 
9.74 137 y 2 0.25 863 
9.74 166 S 0.25 834 
9.74 196 2o 0.25 804 

9.94 252 - 
9.94 245 ; 
9.94 238 ; 
9.94 231 ; 
9.94 224 J 

9.68 443 ,, 
9.68 466 ^ 
9.68 489 " 
9.68 612 " 
9.68 634 " 
9.68 667 ^ 

9.74 226 0.25 774 

9.74 256 S 0.25 744 
9.74 286 y2 0.25 714 
9.74 316 y2 0.25 684 
9.74 345 S 0.25 655 
9.74 375 0.25 625 

9.94 217 - 
9.94 210 ; 
9.94 203 ; 
9.94 196 ; 
9.94 189 ; 
9.94 182 ^ 


Prop. Parts 


81 30 

1 3.1 3.0 

2 6.2 6.0 

8 9.3 9.0 

4 12.4 12.0 
0 16.6 16.0 
6 18.6 18.0 

7 21.7 21.0 

8 24.8 24.0 
O 27.9 27.0 


20 24 

1 2.9 2.4 

2 5.8 4.8 

8 8.7 7.2 

4 11.6 9.6 

5 14.6 12.0 
O 17.4 14.4 

7 20.3 16.8 

8 23.2 19.2 
O 26.1 21.6 


23 22 

1 2.3 2.2 

2 4.6 4.4 

3 6.9 6.6 

4 9.2 8.8 

0 11.5 11.0 
O 13.8 13.2 

7 16.1 16.4 

8 18.4 17.6 
O 20.7 19.8 


7 6 

1 0 7 0.6 

2 1.4 1.2 

3 2.1 1.8 
4 * 2.8 2.4 

5 3.6 3.0 

6 4.2 3.6 

7 4.9 4.2 

8 6.6 4.8 
O 6.3 5.4 


iJ 

L Ctn cd t Tan 

LSin 

mm 

Prop. Parts 


61 ^ — Common Logarithms of Trigonomotric Functions — 61 ^ 
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Tab/e 3 


290 Common Logarithms of Trigonomotric Functions - 


Prop. Parts 


0 9.68 667 

1 9.68 680 

2 9.68 603 

3 9.68 625 

4 9.68 648 

5 9.68 671 

6 9.68 694 

7 9.68 716 

8 9.68 739 

9 9.68 762 

10 9.68 784 

11 9.68 807 

12 9.68 829 

13 9.68 852 

14 9.68 875 

15 9.68 897 

16 9.68 920 

17 9.68 942 

18 9.68 965 

19 9.68 987 

9.69 010 
9.69 032 
9.69 055 
9.69 077 
9.69 100 

9.69 122 
9.69 144 
9.69 167 
9.69 189 
9.69 212 

9.69 234 
9.69 256 
9.69 279 
9.69 301 
9.69 323 

9.69 345 
9.69 368 
9.69 390 
9.69 412 
9.69 434 

9.69 456 
9.69 479 
9.69 501 
9.69 523 
9.69 545 

9.69 567 
9.69 589 


9.69 633 
9.69 655 

9.69 677 

51 9.69 699 

52 9.69 721 

53 9.69 743 

54 9.69 765 

9.69 787 
9.69 809 
9.69 831 
9.69 853 
9.69 875 
9.69 897 


9.74 375 
9.74 405 
9.74 435 
9.74 465 
9.74 494 

9.74 524 
9.74 554 
9.74 583 
9.74 613 
9.74 643 

9.74 673 
9.74 702 
9.74 732 
9.74 762 
9.74 791 

9.74 821 
9.74 851 
9.74 880 
9.74 910 
9.74 939 

9.74 969 

9.74 998 

9.75 028 
9.75 058 
9.75 087 

9.75 117 
9.75 146 
9.75 176 
9.75 205 
9.75 235 

9.75 264 
9.75 294 
9.75 323 
9.75 353 
9.75 382 

9.75 411 
9.75 441 
9.75 470 
9.75 500 
9.75 529 

9.75 558 
9.75 588 
9.75 617 
9.75 647 
9.75 676 

9.75 705 
9.75 735 
9.75 764 
9.75 793 
9.75 822 

9.75 852 
9.75 881 
9.75 910 
9.75 939 
9.75 969 

9.75 998 

9.76 027 
9.76 056 
9.76 086 
9.76115 
9.76 144 


_ 0.25 625 
^ 0.25 595 
S 0.25 565 
52 0.25 535 
^ 0.25 506 

_ 0.25 476 
52 0.25 446 
S 0.25 417 
52 0.25 387 
52 0.25 357 
_ 0.25 327 
52 0.25 298 
52 0.25 268 
52 0.25 238 
52 0.25 209 
_ 0.25 179 
52 0.25 149 
52 0.25 120 
52 0.25 090 
0.25 061 

_ 0.25 031 
52 0.25 002 

52 0.24 972 
52 0.24 942 

_ 0.24 883 
52 0.24 854 
52 0.24 824 
52 0.24 795 
^ 0.24 765 

0.24 736 
52 0.24 706 
52 0.24 677 
52 0.24 647 
" 0.24 618 

0.24 589 
52 0.24 559 
52 0.24 530 

52 0.24 500 
^ 0.24 471 

_ 0.24 442 
52 0.24 412 
52 0.24 383 
52 0.24 353 
g 0.24 324 

^ 0.24 295 
52 0.24 265 
52 0.24 236 
52 0.24 207 
52 0.24 178 

29 0.24 148 
52 0.24119 
52 0.24 090 
52 0.24 061 
^ 0.24 031 

^ 0.24 002 
52 0.23 973 
52 0.23 944 
52 0.23 914 
52 0.23 885 

^ n ox fiec 


L Ctn cd L Tan 


9.94 182 
9.94 175 
9.94 168 
9.94 161 
9.94 154 

9.94 147 
9.94 140 
9.94 133 
9.94 126 
9.94 119 

9.94 112 
9.94 105 
9.94 098 
9.94 090 
9.94 083 

9.94 076 
9.94 069 
9.94 062 
9.94 055 
9.94 048 

9.94 041 
9.94 034 
9.94 027 
9.94 020 
9.94 012 

9.94 005 
9.93 998 
9.93 991 
9.93 984 
9.93 977 

9.93 970 
9.93 963 
9.93 955 
9.93 948 
9.93 941 

9.93 934 
9.93 927 
9.93 920 
9.93 912 
9.93 905 

9.93 898 
9.93 891 
9.93 884 
9.93 876 
9.93 869 

9.93 862 
9.93 855 
9.93 847 
9.93 840 
9.93 833 

9.93 826 
9.93 819 
9.93 811 
9.93 804 
9.93 797 

9.93 789 
9.93 782 
9.93 775 
9.93 768 
9.93 760 
9.93 753 


LSin d 


80 20 

1 3.0 2.9 

2 6.0 6.8 

8 9.0 8.7 

4 12.0 11.6 

5 16.0 14.6 

6 18.0 17.4 

7 21.0 20.3 

8 24.0 23.2 
O 27.0 26.1 


28 22 

1 2.3 2.2 

2 4.6 4.4 

3 6.9 6.6 

4 9.2 8.8 

O 11.6 11.0 

6 13.8 13.2 

7 16.1 16.4 

8 18.4 17.6 
O 20.7 19.8 


8 7 

1 0.8 0.7 

2 1.6 1.4 
8 2 4 2.1 

4 3.2 2.8 

5 4.0 3.6 

6 4.8 4.2 

7 6.6 4.9 

8 6.4 6.6 
O 7.2 6.3 


Prop. Parts 


60 ^ — Common Logarithms of Trigonometric Functions — 60 ^ 
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Table 3 


30^ — Common Logarithms of Trigonometric Functions - 


L Tan cd L Ctn 


Prop. Parts 


9.69 897 ,, 

9.69 919 II 

9.69 941 II 

9.69 963 

9.69 984 I* 

9.70 006 „ 

9.70 028 ;; 

9.70 050 ;; 

9.70 072 " 

9.70 093 

9.70 115 22 

9.70 137 ;; 

9.70 159 
9.70180 

9.70 202 2 

9.70 224 ,, 

9.70 245 

9.70 267 

9.70 288 ;; 

9.70 310 II 

9.70 332 

9.70 353 

9.70 375 

9.70 396 

9.70 418 

9.70 439 

9.70 461 " 

9.70 482 

9.70 504 

9.70 525 

9.70 547 21 

9.70 568 II 

9.70 590 

9.70 611 

9.70 653 “ 

9.70 654 

9.70 675 II 

9.70 697 “ 

9.70 718 ;} 

9.70 739 ^ 

9.70 761 

9.70 782 

9.70 803 

9.70 824 

9.70 846 " 

9.70 867 „ 

9.70 888 

9.70 909 ii 

9.70 931 

9.70 952 

9.70 973 

9.70 994 
9.71015 
9.71036 ;; 
9.71058 " 

9.71 079 

9.71 100 ;} 

9.71 121 

9.71 142 ;} 

9.71 163 

9.71 184 


9.76 144 ^ 

9.76 173 " 

9.76 202 " 

9.76 231 " 

9.76 261 ^ 

9.76 290 ^ 

9.76 319 " 

9.76 348 ^ 

9.76 377 " 

9.76 406 " 

9.76 435 

9.76 464 " 

9.76 493 S 

9.76 522 " 

9.76 551 g 

9.76 580 _ 

9.76 609 29 

9.76 639 

9.76 668 29 

9.76 697 29 

9.76 725 _ 

9.76 754 ?? 

9.76 783 S 

9.76 812 29 

9.76 841 29 

9.76 870 _ 

9.76 899 " 

9.76 928 

9.76 957 29 

9.76 986 29 

9.77 015 

9.77 044 29 

9.77 073 

9.77 101 28 

9.77 130 29 

9.77 159 _ 

9.77 188 S 

9.77 217 ^ 

9.77 246 29 

9.77 274 28 

9.77 303 _ 

9.77 332 ^ 

9.77 361 S 

9.77 390 

9.77 418 g 

9.77 447 _ 

9.77 476 " 

9.77 505 29 

9.77 533 28 

9.77 562 29 

9.77 591 _ 

9.77 619 " 

9.77 648 ^ 

9.77 677 ^ 

9.77 706 ^ 

9.77 734 _ 

9.77 763 S 

9.77 791 28 

9.77 820 

9.77 849 29 

9.77 877 28 


0.23 856 
0.23 827 
0.23 798 
0.23 769 
0.23 739 

0.23 710 
0.23 681 
0.23 652 
0.23 623 
0.23 594 

0.23 565 
0.23 536 
0.23 507 
0.23 478 
0.23 449 

0.23 420 
0.23 391 
0.23 361 
0.23 332 
0.23 303 

0.23 275 
0.23 246 
0.23 217 
0.23 188 
0.23 159 

0.23 130 
0.23 101 
0.23 072 
0.23 043 
0.23 014 

0.22 985 
0.22 956 
0.22 927 
0.22 899 
0.22 870 

0.22 841 
0.22 812 
0.22 783 
0.22 754 
0.22 726 

0.22 697 
0.22 668 
0.22 639 
0.22 610 
0.22 582 

0.22 553 
0.22 524 
0.22 495 
0.22 467 
0.22 438 

0.22 409 
0.22 381 
0.22 352 
0.22 323 
0.22 294 

0.22 266 
0.22 237 
0.22 209 
0.22 180 
0.22 151 
0.22 123 


9.93 753 - 

9.93 746 ' 

9.93 738 2 

9.93 751 ; 

9.93 724 ' 

9.93 717 - 

9.93 709 2 

9.93 702 ; 

9.93 695 ; 

9.93 687 ° 

9.93 680 - 

9.93 673 ' 

9.93 665 2 

9.93 658 ; 

9.93 650 * 

9.93 643 - 

9.93 656 ' 

9.93 628 2 

9.93 621 ; 

9.93 614 ' 

9.93 606 - 

9.93 599 ; 

9.93 591 2 

9.93 584 ; 

9.93 577 I 

9.93 569 - 

9.93 562 I 

9.93 554 2 

9.93 547 ' 

9.93 539 ® 

9.93 532 - 

9.93 525 ' 

9.93 517 2 

9.93 510 I 

9.93 502 ® 

9.93 495 a 

9.93 487 2 

9.93 480 ' 

9.93 472 2 

9.93 465 I 

9.93 457 ^ 

9.93 450 I 

9.93 442 2 

9.93 435 ' 

9.93 427 ® 

9.93 420 a 

9.93 412 2 

9.93 405 I 

9.93 397 2 

9.93 390 ' 

9.93 382 _ 

9.93 375 I 

9.93 367 2 

9.93 360 ' 

9.93 352 I 

9.93 344 - 

9.93 337 I 

9.93 329 2 

9.93 322 ' 

9.93 314 2 
9^3 307 ^ 


30 

20 

1 3,0 

2.9 

2 6.0 

5.3 

3 9.0 

8.7 

4 12.0 

11.6 

6 15.0 

14.6 

G 18.0 

17.4 

7 21.0 

20.3 

8 24.0 

23.2 

O 27.0 

26.1 

28 

1 2.8 

2 6.6 

3 8.4 

4 11.2 

5 14.0 

0 16.8 

7 19.6 

8 22.4 

0 25.2 

22 

21 

1 2.2 

2.1 

2 4.4 

4.2 

3 6.6 

6.3 

4 8.8 

8.4 

5 11.0 

10.5 

6 13.2 

12.6 

7 15.4 

14.7 

8 17.6 

16.8 

0 19.8 

18.9 

8 

7 

1 0.8 

0.7 

2 1.6 

1.4 

3 2.4 

2.1 

4 3.2 

2.8 

5 4.0 

3.5 

6 4.8 

4.2 

7 6.6 

4.9 

8 6.4 

5.6 

0 7.2 

6.3 


LCos d 

L Ctn cd L Tan 

LSin d 

1 * 


Prop. Parts 


59^ — Common Logarithms of Trigonometric Functions — 59^ 
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31^*— Common Logarithms of Trigonomofrie Functions— - 31^ 


d 

L Tan cd L Ctn 

L Cos 

IB 

Prop. Parts 


9.71 184 
9.71 206 
9.71 226 ;} 
9.71 247 
9.71268 

9.71289 
9.71310 
9.71331 
9.71352 
9.71373 ^ 

9.71 393 
9.71414 
9.71435 
9.71 456 ;} 
9.71 477 

9.71 498 
9.71519 SI 
9.71 539 ^ 
9.71 560 
9.71681 

9.71602 _ 
9.71 622 
9.71 643 
9.71 664 i] 
9.71 685 ^ 

9.71 705 
9.71 726 
9.71 747 
9.71 767 
9.71 788 ll 

9.71 809 ^ 

9.71 829 fV 

9.71 850 
9.71 870 ;Y 
9.71891 ^ 

9.71911 
9.71932 
9.71 952 
9.71973 

9.71 994 ^ 

9.72 014 ^ 

9.72 034 ^ 

9.72 055 
9.72 075 
9.72 096 ^ 

__ 9.72 116 

46 9.72 137 ^ 

47 9.72 157 ^ 

48 9.72 177 ^ 

49 9.72 198 

50 9.72 218 

61 9.72 238 

62 9.72 269 

63 9.72 279 

54 9.72 299 

55 9.72 320 

56 9.72 340 

57 9.72 360 

68 9.72 381 

59 9.72 401 

60 9.72 421 


9.77 877 
9.77 906 
9.77 936 
9.77 963 

9.77 992 

9.78 020 
9.78 049 
9.78 077 
9.78 106 
9.78 135 

9.78 163 
9.78 192 
9.78 220 
9.78 249 
9.78 277 

9.78 306 

9.78 334 

9.78 363 
9.78 391 
9.78 419 

9.78 448 
9.78 476 
9.78 505 
9.78 533 
9.78 662 

9.78 590 
9.78 618 
9.78 647 
9.78 675 
9.78 704 

9.78 732 

9.78 760 

9.78 789 

9.78 817 
9.78 845 

9.78 874 
9.78 902 
9.78 930 
9.78 959 

9.78 987 

9.79 015 
9.79 043 
9.79 072 
9.79 100 
9.79 128 

9.79 156 

9.79 185 

9.79 213 

9.79 241 
9.79 269 

9.79 297 
9.79 326 
9.79 354 
9.79 382 
9.79 410 

9.79 438 
9.79 466 
9.79 495 
9.79 623 
9.79 661 
9.79 679 


^ 0.22 123 
2 0.22 094 
S 0.22 065 
" 0.22 037 
" 0.22 008 

^ 0.21980 
OR 0.21961 
^ 0 21 923 
^ 0.21894 
" 0.21865 

_ 0.21837 
" 0.21808 
S 0.21780 
" 0.21761 
g 0.21723 

_ 0.21694 

S 0.21666 

" 0.21637 
0.21609 
" 0.21581 

_ 0.21652 
S 0.21624 
" 0.21495 
S 0.21467 
" 0.21438 

_ 0.21410 
S 0.21382 
S 0.21353 
0.21325 
0.21296 

_ 0.21268 
S 0.21240 
" 0.21211 
0.21 183 
g 0.21 155 

_ 0.21126 
il 0.21098 
0.21070 
" 0.21041 
" 0.21013 

_ 0.20 985 
S 0.20 957 
S 0.20 928 
0.20 900 
" 0.20 872 

_ 0.20 844 
^ 0.20 815 
S 0.20 787 
" 0,20 759 
0.20 731 

_ 0.20 703 
" 0.20 674 
11 0.20 646 
S 0.20 618 
0.20 590 

0.20 562 
" 0.20 534 
" 0.20 505 
S 0.20 477 
?? 0.20 449 
0.20 421 


9.93 307 
9.93 299 
9.93 291 
9.93 284 
9.93 276 

9.93 269 
9.93 261 
9.93 253 
9.93 246 
9.93 238 

9.93 230 
9.93 223 
9.93 215 
9.93 207 
9.93 200 

9.93 192 
9.93 184 
9.93 177 
9.93 169 
9.93 161 

9.93 154 
9.93 146 
9.93 138 
9.93 131 
9.93 123 

9.93 115 
9.93 108 
9.93 100 
9.93 092 
9.93 084 

9.93 077 
9.93 069 
9.93 061 
9.93 053 
9.93 046 

9.93 038 
9.93 030 
9.93 022 
9.93 014 
9.93 007 

9.92 999 
9.92 991 
9.92 985 
9.92 976 
9.92 968 

9.92 960 
9.92 952 
9.92 944 
9.92 936 
9.92 929 

9.92 921 
9.92 913 
9.92 905 
9.92 897 
9.92 889 

9.92 881 
9.92 874 
9.92 866 
9.92 858 
9.92 850 
9.92 842 


29 28 

1 29 28 

2 6.8 6.6 

8 8.7 8.4 

4 11.6 11.2 

5 14.6 14.0 

6 17.4 16.8 

7 20.3 19.6 

8 23.2 22.4 

9 26.1 26.2 


21 20 
1 2.1 2.0 
2 4.2 4.0 

8 6.3 60 

4 8.4 8.0 

6 10 6 10.0 
6 12 6 12.0 

7 14.7 14.0 

8 16.8 16.0 

9 18.9 18.0 


8 7 

1 0 8 0.7 

2 1.6 1.4 
8 2.4 2.1 

4 3.2 2.8 

5 4.0 3.6 

6 4.8 4.2 

7 6 6 4.9 

8 6.4 6.6 

9 7JL 6.3 


d 

L Ctn cd L Tan 

1 

LSin 

1 



Prop. Parts 


530 _ Common Logarithms of Trigonometric Functions — 58° 
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Tab/c 3 

3S^ — Common Logarithms of Trigonomotric Functions — 32^ 


L Tan cd L Ctn L Cos d 


Prop. Parts 


9.72 421 ^ 
9.72 441 S 
9.72 461 ^ 
9.72 482 S 
9.72 602 ^ 

9.72 622 ^ 
9.72 642 S 
9.72 662 
9.72 682 S 
9.72 602 2 
9.72 622 „ 
9.72 643 S 
9.72 663 ^ 
9.72 683 S 
9.72 703 2 

9.72 723 ^ 
9.72 743 S 
9.72 763 S 
9.72 783 S 
9.72 803 ^ 

9.72 823 ^ 
9.72 843 S 
9.72 863 " 
9.72 883 
9.72 902 ^ 

9.72 922 _ 
9.72 942 ^ 
9.72 962 S 

9.72 982 S 

9.73 002 ^ 

9.73 022 
9.73 041 S 
9.73 061 S 
9.73 081 S 
9.73 101 ^ 

9.73 121 
9.73 140 " 
9.73 160 S 
9.73 180 S 
9.73 200 g 

9.73 219 ^ 
9.73 239 S 
9.73 269 
9.73 278 
9.73 298 2 

9.73 318 
9.73 337 
9.73 367 ^ 
9.73 377 
9.73 396 2 

9.73 416 JO 
9.73 435 S 
9.73 456 
9.73 474 
9.73 494 g 

9.73 613 ^ 
9.73 633 g 
9.73 662 S 
9.73 672 g 
9.73 691 S 
9.73 611 “ 


9.79 679 
9.79 607 
9.79 636 
9.79 663 
9.79 691 

9.79 719 
9.79 747 
9.79 776 
9.79 804 
9.79 832 

9.79 860 
9.79 888 
9.79 916 
9.79 944 

9.79 972 

9.80 000 
9.80 028 
9.80 056 
9.80 084 
9.80 112 

9.80 140 
9.80 168 
9.80 195 
9.80 223 
9.80 261 

9.80 279 
9.80 307 
9.80 335 
9.80 363 
9.80 391 

9.80 419 
9.80 447 
9.80 474 
9.80 602 
9.80 630 

9.80 668 
9.80 686 
9.80 614 
9.80 642 
9.80 669 

9.80 697 
9.80 725 
9.80 763 
9.80 781 
9.80 808 

9.80 836 
9.80 864 
9.80 892 
9.80 919 
9.80 947 

9.80 975 

9.81 003 
9.81 030 
9.81 068 
9.81086 

9.81 113 
9.81 141 
9.81 169 
9.81 196 
9.81 224 
9.81 262 


0.20 421 
0.20 393 
^ 0.20 365 
S 0.20 337 
g 0.20 309 

0.20 281 
S 0.20 263 
^ 0.20 224 
0.20 196 
g 0.20168 

0.20 140 

II 0.20 112 

0.20 084 
;; 0.20 056 
g 0.20 028 

_ 0.20 000 
S 0.19 972 
2® 0.19 944 
S 0.19 916 
g 0.19 888 

_ 0.19 860 
0.19 832 
;; 0.19 805 
S 0.19 777 
II 0.19 749 

_ 0.19 721 
“ 0.19 693 
II 0.19 665 
2® 0.19 637 
g 0.19 609 

0.19 681 
0.19 663 
0.19 526 
22 0.19 498 


2- 0.19 442 
S 0.19 414 
0.19 386 
0.19 358 
^ 0.19 331 

0.19 303 
0.19 275 
5® 0.19 247 
f® 0.19 219 
2' 0.19192 

2- 0.19164 
2® 0.19 136 
5® 0.19108 
2' 0.19 081 
g 0.19 053 

2- 0.19 025 
?® 0.18 997 
0.18 970 
5® 0.18 942 
J® 0.18 914 

2ft 0.18 887 
S 0.18 869 
2 0.18 831 
0.18 804 
;® 0.18 776 
“ 0.18 748 


L Ctn cd L Tan 


9.92 842 

9.92 834 

9.92 826 

9.92 818 

9.92 810 

9.92 803 1 

9.92 796 ® 

9.92 787 2 

9.92 779 2 

9.92 771 ® 

9.92 763 ft 

9.92 755 2 

9.92 747 2 

9.92 739 2 

9.92 731 I 

9.92 723 ft 

9.92 715 2 

9.92 707 2 

9.92 699 2 

9.92 691 ® 

9.92 683 ft 

9.92 675 2 

9.92 667 2 

9.92 659 2 

9.92 651 ® 

9.92 643 o 

9.92 635 2 

9.92 627 2 

9.92 619 2 

9.92 611 ® 

9.92 603 ft 

9.92 695 2 

9.92 687 2 

9.92 679 2 

9.92 671 ® 

9.92 663 ft 

9.92 655 2 

9.92 646 I 

9.92 638 2 

9.92 630 ® 

9.92 622 ft 

9.92 514 2 

9.92 606 2 

9.92 498 2 

9.92 490 ® 

9.92 482 

9.92 473 

9.92 466 

9.92 467 

9.92 449 

9.92 441 

9.92 433 

9.92 426 

9.92 416 

9.92 408 

9.92 400 

9.92 392 

9.92 384 

9.92 376 

9.92 367 

9.92 369 


LSin d 


1 

29 28 

2.9 2.8 

2 

6.8 6.6 

8 

8.7 8.4 

4 

11.6 11.2 

6 

14.6 14.0 

6 

17.4 16.8 

7 

20.3 19.6 

8 

23.2 22.4 

9 

26.1 26.2 

1 

27 21 , 

2.7 2.1 

2 

6.4 4.2 

8 

8.1 6.3 

4 

10.8 8.4 

5 

13.6 10.6 

6 

16.2 12.6 

7 

18.9 14.7 

8 

21.6 16.8 

9 

24.3 18.9 

1 , 

20 19 

2.0 1.9 

2 

4.0 3.8 

8 

6.0 6.7 

4 

8.0 7.6 

5 

10.0 9.5 

6 

12.0 11.4 

7 

14.0 13.3 

8 

16.0 15.2 

9 

18.0 17.1 

1 

9 8 

0.9 0.8 

2 

1.8 1.6 

8 

2.7 2.4 

4 

3.6 3.2 

5 

4.6 4.0 

6 

6.4 4.8 

7 

6.3 6.6 

8 

7.2 6.4 

9 

8.1 7.2 


7 

1 0.7 

2 1.4 

8 2.1 

4 2.8 

5 3.6 

6 4.2 

7 4.9 

8 5.6 

9 6.3 


Prop. Part! 


57^ — Common Logorithms of Trigonometric Functions — 57^ 
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33® — Common Logarithms of Trigonomotric Functions — 33® 


IJ 

L Tan cd L Ctn 

L Cos d 

□ 

Prop. Parts 


m 


9.73 611 

9.73 630 S 

9.73 650 

9.73 669 S 

9.73 689 g 

9.73 708 

9.73 727 S 

9.73 747 

9.73 766 

9.73 786 ^ 

9.73 806 

9.73 824 

9.73 843 S 

9.73 863 

9.73 882 ‘5 

9.73 901 ^ 

9.73 921 

9.73 940 

9.73 959 

9.73 978 

9.73 997 _ 

9.74 017 fS 

9.74 036 }? 

9.74 056 

9.74 074 

9.74 093 _ 

9.74 113 

9.74 132 

9.74 151 

9.74 170 

9.74 189 

9.74 208 

9.74 227 

9.74 246 

9.74 265 

9.74 284 

9.74 303 il 

9.74 322 

9.74 341 

9.74 360 g 

9.74 379 

9.74 398 

9.74 417 

9.74 436 

9.74 455 

9.74 474 

9.74 493 

9.74 512 

9.74 631 

9.74 649 

9.74 668 -o 

9.74 687 

9.74 606 

9.74 625 

9.74 644 

9.74 662 15 

9.74 681 

9.74 700 

9.74 719 

9.74 737 }® 

9.74 766 


9.81 252 
9.81 279 
9.81 307 
9.81 336 
9.81 362 

9.81 390 
9.81 418 
9.81 445 
9.81 473 
9.81 500 

9.81 528 
9.81 556 
9.81 583 
9.81 611 
9.81 638 

9.81 666 
9.81 693 
9.81 721 
9.81 748 
9.81 776 

9.81 803 
9.81 831 
9.81 858 
9.81 886 
9.81 913 

9.81 941 
9.81 968 

9.81 996 

9.82 023 
9.82 051 

9.82 078 
9.82 106 
9.82 133 
9.82 161 
9.82 188 

9.82 215 
9.82 243 
9.82 270 
9.82 298 
9.82 326 

9.82 352 

9.82 380 

9.82 407 

9.82 435 
9.82 462 

9.82 489 
9.82 617 
9.82 544 
9.82 671 
9.82 599 

9.82 626 
9.82 653 
9.82 681 
9.82 708 
9.82 735 

9.82 762 
9.82 790 
9.82 817 
9.82 844 
9.82 871 
9.82 899 


-- 0.18 748 
;; 0.18 721 
0.18 693 
0.18 665 
II 0.18 638 
«« 0.18 610 
" 0.18 682 
11 0.18 655 
0.18 627 
" 0.18 600 

_ 0.18 472 
0.18 444 
0.18 417 
0.18 389 
0.18 362 

_ 0.18 334 
II 0.18 307 
0.18 279 
;; 0.18 252 
^ 0.18 224 

_ 0.18 197 
0.18 169 
II 0.18 142 
0.18 114 
II 0.18 087 
0.18 059 
0.18 032 
0.18 004 
0.17 977 
" 0.17 949 

_ 0.17 922 
2® 0.17 894 
2' 0.17 867 
2® 0.17 839 
2' 0.17 812 

0.17 785 
2® 0.17 757 
0.17 730 
2® 0.17 702 
2J 0.17 675 

_ 0.17 648 
2® 0.17 620 
II 0.17 593 
2® 0.17 665 
II 0.17 538 

0.17 511 
2® 0.17 483 
27 0.17 456 
27 0.17 429 
2® 0.17 401 

_ 0.17 374 
27 0.17 347 
2® 0.17 319 
27 0.17 292 
27 0.17 265 

0.17 238 
2® 0.17 210 
27 0.17 183 
27 0.17 166 
27 0.17 129 
2® 0.17101 


9.92 359 ft 

9.92 361 ® 

9.92 343 2 

9.92 335 ® 

9.92 326 I 

9.92 318 ft 

9.92 310 ® 

9.92 302 2 

9.92 2*93 I 

9.92 285 I 

9.92 277 ft 

9.92 269 ® 

9.92 260 I 

9.92 252 ® 

9.92 244 I 

9.92 235 ft 

9.92 227 ® 

9.92 219 2 

9.92 211 2 

9.92 202 I 

9.92 194 ft 

9.92 186 2 

9.92 177 I 

9.92 169 2 

9.92 161 ® 

9.92 152 ft 

9.92 144 2 

9.92 136 2 

9.92 127 2 

9.92 119 g 

9.92 111 o 

9.92 102 2 

9.92 094 2 

9.92 086 2 

9.92 077 2 

9.92 069 o 

9.92 060 2 

9.92 052 2 

9.92 044 2 

9.92 035 Q 

9.92 027 o 

9.92 018 2 

9.92 010 2 

9.92 002 2 
9.91993 2 

9.91985 o 

9.91 976 2 
9.91968 2 
9.91959 2 
9.91951 I 

9.91942 ft 
9.91934 2 
9.91925 2 
9.91917 2 
9.91908 I 

9.91 900 o 
9.91891 2 
9.91883 2 
9.91874 ^ 

9.91 866 

9.91 857 



28 f27 

1 

2.8 2.7 

2 

6.6 6.4 

8 

8.4 8.1 

4 

11.2 10.8 

5 

14.0 13.6 

0 

16.8 16.2 

7 

19.6 18.9 

8 

22.4 21.6 

9 

26.2 24.3 


20 19 

1 

2.0 1.9 

2 

4.0 3.8 

8 

6.0 6.7 

4 

8.0 7.6 

5 

10.0 9.6 

A 

12.0 11.4 

7 

14.0 13.3 

8 

16.0 16.2 

0 

18.0 17.1 


18 


1 1.8 

2 3.6 

8 6.4 

4 7.2 

5 9.0 

6 10.8 

7 12.6 

8 14.4 

9 16.2 


9 8 

1 

0.9 0.8 

2 

1.8 1.6 

8 

2.7 2.4 

4 

3.6 3.2 

5 

4.6 4.0 

6 

6.4 4.8 

7 

6.3 6.6 

8 

7.2 6.4 

8 

8.1 7.2 


L Ctn cd L Tan 


Prop. Parts 


56® — Common Logarithms of Trigonomotric Functions — 56® 
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Table 3 


34^ — Common Logarithms of Trigonometric Functions ■ — 34*^ 


L Tan cd L Ctn 


L Cos d 


Prop. Parts 


9.74 756 ,0 

9.74 776 

9.74 794 

9.74 812 

9.74 831 

9.74 860 

9.74 868 }® 

9.74 887 

9.74 906 

9.74 924 J® 

9.74 943 

9.74 961 

9.74 980 }' 

9.74 999 }2 

9.75 017 

9.76 036 

9.75 054 

9.75 073 }; 

9.75 091 }® 

9.76 110 

9.75 128 ,0 

9.76 147 

9.75 165 

9.75 184 

9.75 202 J® 

9.75 221 

9.75 239 ;® 

9.75 258 

9.75 276 }? 

9.76 294 }® 

9.75 313 

9.75 331 }? 

9.76 350 

9.75 368 }® 

9.76 386 }® 

9.75 406 

9.75 423 }® 

9.75 441 

9.75 459 i® 

9.76 478 

9.75 496 ,0 

9.76 614 }® 

9.76 533 

9.75 561 }? 

9.76 569 J® 

9.76 687 

9.76 606 }® 

9.75 624 

9.76 642 }® 

9.76 660 J® 

9.75 678 

9.76 696 }® 

9.76 714 }® 

9.76 733 

9.75 761 

9.76 769 

9.76 787 *® 

9.76 806 }® 

9.76 823 }® 

9.76 841 }® 

9.76 859 *® 


9.82 899 
9.82 926 
9.82 953 

9.82 980 

9.83 008 

9.83 035 
9.83 062 
9.83 089 
9.83 117 
9.83 144 

9.83 171 
9.83 198 
9.83 225 
9.83 252 
9.83 280 

9.83 307 
9.83 334 
9.83 361 
9.83 388 
9.83 415 

9.83 442 
9.83 470 
9.83 497 
9.83 624 
9.83 551 

9.83 678 
9.83 605 
9.83 632 
9.83 659 
9.83 686 

9.83 713 
9.83 740 
9.83 768 
9.83 795 
9.83 822 

9.83 849 
9.83 876 
9.83 903 
9.83 930 
9.83 967 

9.83 984 

9.84 011 
9.84 038 
9.84 065 
9.84 092 

9.84 119 
9.84 146 
9.84 173 
9.84 200 
9.84 227 

9.84 254 
9.84 280 
9.84 307 
9.84 334 
9.84 361 

9.84 388 
9.84 415 
9.84 442 
9.84 469 
9.84 496 
9.84 523 


0.17 101 
II 0.17 074 
0.17 047 
0.17 020 
J® 0.16 992 

_ 0.16966 
0.16 938 
II 0.16 911 
" 0.16 883 
II 0.16 856 
„ 0.16 829 

II 0.16 802 

II 0.16 775 
II 0.16 748 
I® 0.16 720 

_ 0.16 693 

II 0.16 666 

II 0.16 639 

II 0.16 612 

II 0.16 585 
„ 0.16 558 
0.16 530 
il 0.16 505 
II 0.16 476 
II 0.16 449 
_ 0.16 422 
0.16 395 
II 0.16 368 
II 0.16 341 
II 0.16 314 
0.16 287 

II 0.16 260 

2® 0.16 232 
II 0.16 205 
I' 0.16178 

„ 0.16151 
0.16124 
;; 0.16 097 
0.16 070 
0.16 043 

„ 0.16 016 
0.15 989 
0.15 962 
ll 0.15 935 
J' 0.15 908 

_ 0.15 881 
II 0.15 854 
II 0.15 827 
0.15 800 
2' 0.15 773 

0.15 746 
0.15 720 
;; 0.15 693 
;; 0.15 666 
II 0.15 639 
„ 0.15 612 
0.15 685 
0.15 658 
0.16 631 
S 0.16 604 
^ 0.16 477 


L Cos d L Ctn cd L Tan 


9.91857 ft 

9.91 849 I 

9.91 840 I 
9.91832 ® 
9.91823 I 

9.91815 Q 

9.91 806 I 

9.91 798 ® 

9.91 789 ' 
9.91781 ® 

9.91 772 o 

9.91 763 I 

9.91 756 ® 

9.91 746 I 

9.91 738 ® 

9.91 729 o 

9.91 720 I 

9.91 712 ® 

9.91 703 ' 
9.91695 ® 

9.91 686 o 
9.91677 I 

9.91 669 ® 

9.91 660 I 
9.91651 I 

9.91 643 o 

9.91 634 I 

9.91 625 I 
9.91617 ® 
9.91608 I 

9.91 599 ft 

9.91 691 2 

9.91 682 I 

9.91 673 I 
9.91666 I 

9.91 656 o 

9.91 647 I 

9.91 538 I 

9.91 630 S 
9.91621 I 

9.91612 ft 
9.91604 ® 
9.91495 I 
9.91486 I 
9.91477 I 

9.91469 ft 

9.91 460 I 
9.91451 I 
9.91442 I 
9.91433 I 

9.91425 o 
9.91416 I 
9.91407 I 
9.91398 I 
9.91389 I 

9.91381 o 

9.91 372 I 

9.91 363 I 

9.91 354 I 
9.91345 I 
9.91336 ^ 


LSin d 


28 27 

1 2.8 2.7 

2 6.6 5.4 

3 8.4 8.1 

4 11.2 10.8 

5 14.0 13.6 

6 16.8 16.2 

7 19.6 18.9 

8 22.4 21.6 
8 26.2 24.3 


19 18 

1 1.9 1.8 

2 3.8 3.6 

8 6.7 6.4 

4 7.6 7.2 

5 9.6 9.0 

6 11.4 10.8 

7 13.3 12.6 

8 16.2 14.4 
O 17.1 16.2 


O 8 

1 0.9 0.8 

2 1.8 1.6 

3 2.7 2.4 

4 3.6 3.2 

5 4.6 4.0 

6 6.4 4.8 

7 6.3 6.6 

8 7.2 6.4 

9 8.1 7.2 


Prop. Parts 


55^ Common Logorithms of Trigonometric Functions — 55° 
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35^ ~ Common Logarithms of Trigonometric Functions * 


L Tan cd L Ctn 



9.75 

859 

9.75 

877 

9.75 

895 

9.75 

913 

9.75 

931 

9.75 

949 

9.75 

967 

9.75 

985 

9.76 

003 

9.76 

021 

9.76 

039 

9.76 

057 

9.76 

075 

9.76 

093 

9.76 

111 

9.76 

129 

9.76 

146 

9.76 

164 

9.76 

182 

9.76 

200 

9.76 

218 

9.76 

236 

9.76 

253 

9.76 

271 

9.76 

289 

9.76 

307 

9.76 

324 

9.76 

342 

9.76 

360 

9.76 

378 

9.76 

395 

9.76 

413 

9,76 

431 

9.76 

448 

9.76 

466 

9.76 

484 

9.76 

501 

9.76 

519 

9.76 

537 

9.76 

554 

9.76 

572 

9.76 

590 

9.76 

607 

9.76 

625 

9.76 

642 

9.76 

660 

9.76 

677 

9.76 

695 

9.76 

712 

9.76 

730 

9.76 

747 

9.76 

765 

9.76 

782 

9.76 

800 

9.76 

817 

9.76 

835 

9.76 

852 

9.76 

870 

9.76 

887 

9.76 

904 

9.76 

922 


9.84 623 
9.84 650 
9.84 576 
9.84 603 
9.84 630 

9.84 657 
9.84 684 
9.84 711 
9.84 738 
9.84 764 

9.84 791 
9.84 818 
9.84 845 
9.84 872 
9.84 899 

9.84 925 
9.84 952 

9.84 979 

9.85 006 
9.85 033 

9.85 059 
9.85 086 
9.85 113 
9.85 140 
9.85 166 

9.85 193 
9.85 220 
9.85 247 
9.85 273 
9.85 300 

9.85 327 
9.85 354 
9.85 380 
9.85 407 
9.85 434 

9.85 460 
9.85 487 
9.85 514 
9.85 540 
9.85 567 

9.85 594 
9.85 620 
9.85 647 
9.85 674 
9.85 700 

9.85 727 
9.85 754 
9.85 780 
9.85 807 
9.85 834 

9.85 860 
9.85 887 
9.85 913 

9.85 940 

9.86 967 

9.85 993 

9.86 020 
9.86 046 
9.86 073 
9.86 100 
9.86 126 


^ 0.15 477 
0.15 460 
" 0.15 424 
0.15 397 
0.16 370 

0.15 343 
0.15 316 
;; 0.15 289 
0.15 262 
^ 0.15 236 

0.15 209 
0.15 182 
;; 0.15 155 
0.15128 
II 0.15 101 
0.15 075 
;; 0.15 048 
0.15 021 
;; 0.14 994 
0.14 967 

_ 0.14 941 
0.14 914 
II 0.14 887 
il 0.14 860 
0.14 834 

0.14 807 
;; 0.14 780 
0.14 753 
0.14 727 
0.14 700 

_ 0.14 673 
0.14 646 
0.14 620 
ll 0.14 593 
^ 0.14 666 

0.14 540 
tl 0.14 513 
0.14 486 
0.14 460 
0.14 433 

0.14 406 
0.14 380 
0.14 353 
S 0.14 326 
0.14 300 

0.14 273 
0.14 246 
S 0.14 220 
0.14 193 
0.14 166 

A- 0.14 140 
ll 0.14 113 
2; 0.14 087 
0.14 060 
2' 0.14 033 

0,14 007 
11 0.13 980 
26 0.13 964 
2; 0.13 927 
0.13 900 
26 0.13 874 


9.91 336 
9.91 328 
9.91 319 
9.91 310 
9.91 301 

9.91 292 
9.91 283 
9.91 274 
9.91 266 
9.91 257 

9.91 248 
9.91 239 
9.91 230 
9.91 221 
9.91 212 

9.91 203 
9.91 194 
9.91 185 
9.91 176 
9.91 167 

9.91 158 
9.91 149 
9.91 141 
9.91 132 
9.91 123 

9.91 114 
9.91 105 
9.91 096 
9.91 087 
9.91 078 

9.91 069 
9.91 060 
9.91 051 
9.91 042 
9.91 033 

9.91 023 
9.91 014 
9.91 005 
9.90 996 
9.90 987 

9.90 978 
9.90 969 
9.90 960 
9.90 951 
9.90 942 

9.90 933 
9.90 924 
9.90 915 
9.90 906 
9.90 896 

9.90 887 
9.90 878 
9.90 869 
9.90 860 
9.90 851 

9.90 842 
9.90 832 Q 
9.90 823 I 
9.90 814 I 
9.90 805 I 
9.90 796 ^ 


Prop/ Parts 


27 26 

1 2.7 2.6 

2 6.4 6.2 

8 8.1 7.8 

4 10.8 10.4 

5 13.6 13.0 

6 16.2 16.6 

7 18.9 18.2 

8 21.6 20.8 
e 24.3 23.4 


1 1.8 1.7 

2 3.6 3.4 

8 6.4 6.1 

4 7.2 6.8 

5 9.0 8.6 

6 10.8 10.2 

7 12.6 11.9 

8 14.4 13.6 
8 16.2 16.3 


10 0 

1 1.0 0.9 

2 2.0 1.8 
8 3.0 2.7 

4 4.0 3.6 

5 6.0 4.6 

6 6.0 6.4 

7 7.0 6.3 

8 8.0 7.2 

0 9JQ 8.1 


L Ctn cd L Tan L Sin 


Prop. Parts 


54 ® — Common Logarithms of Trigonometric Functions — 54® 
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36^ — Common Logarithms of Trigonomotric Functions — 36^ 


L Tan cd L Ctn 


9.76 922 

9.76 939 }; 

9.76 967 

9.76 974 }; 

9.76 991 J' 

9.77 009 -- 

9.77 026 

9.77 043 

9.77 061 t; 

9.77 078 

9.77 095 
9.77112 
9.77130 }? 

9.77 147 

9.77 164 J' 

9.77 181 

9.77 199 }2 

9.77 216 }; 

9.77 233 

9.77 260 

9.77 268 

9.77 286 

9.77 302 }; 

9.77 319 }; 

9.77 336 

9.77 363 

9.77 370 

9.77 387 

9.77 406 }5 

9.77 422 J' 

9.77 439 

9.77 466 

9.77 473 

9.77 490 }; 

9.77 607 J' 

9.77 624 

9.77 641 

9.77 668 

9.77 676 

9.77 692 J' 

9.77 609 -- 

9.77 626 }; 

9.77 643 }; 

9.77 660 }; 

9.77 677 J' 

9.77 694 „ 

9.77 711 }; 

9.77 728 }' 

9.77 744 }® 

9.77 761 JJ 

9.77 778 

9.77 795 ;; 

9.77 812 }; 

9.77 829 }; 

9.77 846 

9.77 862 -- 

9.77 879 

9.77 896 

9.77 913 }; 

9.77 930 }' 

9.77 946 


9.86126 5- 

9.86 163 
9.86179 ;; 

9.86 206 5' 

9.86 232 I® 

9.86 269 

9.86 286 

9.86 312 

9.86 338 

9.86 366 

9.86 392 

9.86 418 S 

9.86 446 

9.86 471 I; 

9.86 498 

9.86 624 

9.86 661 

9.86 677 ^ 

9.86 603 

9.86 630 

9.86 666 ^ 

9.86 683 S 

9.86 709 ;; 

9.86 736 

9.86 762 I® 

9.86 789 

9.86 816 ;® 

9.86 842 

9.86 868 ;® 

9.86 894 5® 

9.86 921 _ 

9.86 947 

9.86 974 

9.87 000 ;® 

9.87 027 5' 

9.87 063 

9.87 079 ?® 

9.87 106 

9.87 132 ;® 
9.87168 J® 

9.87185 

9.87 211 ^ 

9.87 238 ^ 

9.87 264 ;® 

9.87 290 I® 

9.87 317 

9.87 343 ;® 

9.87 369 ;® 

9.87 396 

9.87 422 2® 

9.87 448 

9.87 476 

9.87 501 ;® 

9.87 627 S 

9.87 664 ^ 

9.87 680 ^ 

9.87 606 S 

9.87 633 

9.87 659 S 

9.87 685 S 

9.87 711 ^ 


0.13 874 
0.13 847 
0.13 821 
0.13 794 
0.13 768 

0.13 741 
0.13 715 
0.13 688 
0.13 662 
0.13 635 

0.13 608 
0.13 682 
0.13 656 
0.13 629 
0.13 602 

0.13 476 
0.13 449 
0.13 423 
0.13 397 
0.13 370 

0.13 344 
0.13 317 
0.13 291 
0.13 264 
0.13 238 

0.13 211 
0.13 185 
0.13 158 
0.13 132 
0.13 106 

0.13 079 
0.13 053 
0.13 026 
0.13 000 
0.12 973 

0.12 947 
0.12 921 
0.12 894 
0.12 868 
0.12 842 

0.12 815 
0.12 789 
0.12 762 
0.12 736 
0.12 710 

0.12 683 
0.12 657 
0.12 631 
0.12 604 
0.12 678 

0.12 662 
0.12 626 
0.12 499 
0.12 473 
0.12 446 

0.12 420 
0.12 394 
0.12 367 
0.12 341 
0.12 316 
0.12 289 


9.90 796 

9.90 787 

9.90 777 

9.90 768 

9.90 769 

9.90 750 

9.90 741 

9.90 731 

9.90 722 

9.90 713 

9.90 704 

9.90 694 ^ 

9.90 685 2 

9.90 676 I 

9.90 667 ^ 

9.90 657 

9.90 648 

9.90 639 

9.90 630 
. 9.90 620 

9.90 611 

9.90 602 

9.90 592 

9.90 683 

9.90 574 

9.90 565 

9.90 565 o 

9.90 546 I 
9.90 557 ^ 

9.90 627 

9.90 618 

9.90 609 

9.90 499 

9.90 490 

9.90 480 

9.90 471 

9.90 462 

9.90 452 o 

9.90 443 I 

9.90 434 ^ 

9.90 424 o 

9.90 415 ^ 

9.90 406 

9.90 396 

9.90 386 

9.90 377 

9.90 368 

9.90 368 

9.90 349 

9.90 339 

9.90 330 

9.90 320 

9.90 311 

9.90 301 

9.90 292 

9.90 282 o 

9.90 273 ^ 

9.90 263 

9.90 264 

9.90 244 o 

9.90 236 ^ 


Prop. Parts 


27 26 

1 2.7 2.6 

2 6.4 6.2 

8 8.1 7.8 

4 10.8 10.4 

6 13.6 13.0 
6 16.2 16.6 

7 18.9 18.2 

8 21.6 20.8 

9 24.3 23.4 


18 17 

1 1.8 1.7 

2 3.6 3.4 

8 6.4 6.1 

4 7.2 6.8 

5 9.0 8.6 

e 10.8 10.2 

7 12.6 11.9 

8 14.4 13.6 
O 16.2 16.3 


10 0 

1 1.0 0.9 

2 2.0 1.8 
8 3.0 2.7 
4 4.0 3.6 
ft 6.0 4.6 

6 6.0 6.4 

7 7.0 6.3 

8 8.0 7.2 

9 9.0 8.1 


d 

t ctn cd L Tan 

LSin 

iJ 

•I 

Prop. Parts 


53^ — Common Logarithms of Trigonometric Functions — 53^ 
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37^ Common Logarithms of Trigonomotric Functions — 37^ 


L Tan cd L Ctn 


9.77 946 

9.77 963 

9.77 980 

9.77 997 }' 

9.78 013 J® 

9.78 030 

9.78 047 

9.78 063 

9.78 080 

9.78 097 

9.78 113 

9.78 130 

9.78 147 

9.78 163 

9.78 180 

9.78 197 

9.78 213 

9.78 230 

9.78 246 

9.78 263 

9.78 280 

9.78 296 

9.78 313 

9.78 329 

9.78 346 

9.78 362 

9.78 379 

9.78 395 

9.78 412 

9.78 428 

9.78 445 

9.78 461 

9.78 478 

9.78 494 

9.78 510 

9.78 527 

9.78 543 

9.78 560 

9.78 576 

9.78 592 

9.78 609 

9.78 625 

9.78 642 

9.78 658 

9.78 674 

9.78 691 

9.78 707 

9.78 723 

9.78 739 

9.78 756 

9.78 772 

9.78 788 

9.78 805 

9.78 821 

9.78 837 

9.78 853 

9.78 869 

9.78 886 

9.78 902 

9.78 918 

9.78 934 



9.87 711 
9.87 738 
9.87 764 
9.87 790 
9.87 817 

9.87 843 
9.87 869 
9.87 895 
9.87 922 
9.87 948 

9.87 974 

9.88 000 
9.88 027 
9.88 053 
9.88 079 

9.88 105 
9.88 131 
9.88 158 
9.88 184 
9.88 210 

9.88 236 
9.88 262 
9.88 289 
9.88 315 
9.88 341 

9.88 367 
9.88 393 
9.88 420 
9.88 446 
9.88 472 

9.88 498 
9.88 524 
9.88 550 
9.88 577 
9.88 603 

9.88 629 
9.88 655 
9.88 681 
9.88 707 
9.88 733 

9.88 759 
9.88 786 
9.88 812 
9.88 838 
9.88 864 

9.88 890 
9.88 916 
9.88 942 
9.88 968 

9.88 994 

9.89 020 
9.89 046 
9.89 073 
9.89 099 
9.89 125 

9.89 151 
9.89 177 
9.89 203 
9.89 229 
9.89 255 
9.89 281 


2- 0.12 289 
0.12 262 
^ 0.12 236 
^ 0.12 210 
^ 0.12 183 

0.12 157 
0.12 131 
0.12 105 
0.12 078 
I® 0.12 052 

2^ 0.12 026 
2® 0.12 000 
0.11973 
;® 0.11947 
0.11921 

2^ 0.11895 
2® 0.11869 
II 0.11842 
2® 0.11816 
0.11790 

2 ^ 0.11764 
2® 0.11738 
0.11711 
2® 0.11685 
II 0.11659 

2^ 0.11633 
;® 0.11607 
0.11580 
2® 0.11554 
II 0.11528 

2^ 0.11502 
0.11476 
2® 0.11450 
0.11423 
i 0.U397 

2^ 0.11371 
2® 0.11345 
2® 0.11319 
2® 0.11293 
2® 0.11267 

27 0.11241 
0.11214 
2® 0.11 188 
2® 0.11 162 
M " “‘36 

2 . 0.11 110 
2® 0.11084 
J® 0.11058 
‘® 0.11032 
^ 0.11006 

2. 0.10 980 
2® 0.10 954 
0.10 927 
2® 0.10 901 
^ 0.10 875 

2 . 0.10 849 
^ 0.10 823 
2® 0.10 797 
2® 0.10 771 
2® 0.10 745 
2® 0.10 719 



Prop. Parts 


9.90 235 
9.90 225 
9.90 216 
9.90 206 
9.90 197 

9.90 187 
9.90 178 
9.90 168 
9.90 159 
9.90 149 

9.90 139 
9.90 130 
9.90 120 
9.90 111 
9.90 101 

9.90 091 
9.90 082 
9.90 072 
9.90 063 
9.90 053 

9.90 043 
9.90 034 
9.90 024 
9.90 014 
9.90 005 

9.89 995 
9.89 985 
9.89 976 
9.89 966 
9.89 956 

9.89 947 
9.89 937 
9.89 927 
9.89 918 
9.89 908 

9.89 898 
9.89 888 
9.89 879 
9.89 869 
9.89 859 

9.89 849 
9.89 840 
9.89 830 
9.89 820 
9.89 810 

9.89 801 
9.89 791 
9.89 781 
9.89 771 
9.89 761 

9.89 752 
9.89 742 
9.89 732 
9.89 722 
9.89 712 

9.89 702 
9.89 693 
9.89 683 
9.89 673 
9.89 663 
9.89 653 



27 2e 

1 2.7 2.6 

2 5.4 6.2 

8 8.1 7.8 

4 10.8 10.4 

6 13.6 13.0 
6 16.2 16.6 

7 18.9 18.2 

8 21.6 20.8 
0 24.3 23.4 


17 16 

1 1.7 1.6 

2 3.4 3.2 

8 6.1 4.8 

4 6.8 6.4 

5 8.6 8.0 

6 10.2 9.6 

7 11.9 11.2 

8 13.6 12.8 
8 16.3 14.4 


lO O 

1 1.0 0.9 

2 2.0 1.8 
8 3.0 2.7 

4 4.0 3.6 

5 6.0 4.5 

6 6.0 6.4 

7 7.0 6.3 

8 8.0 7.2 

9 9.0 8.1 


L Ctn cd L Tan 


Prop. Parts 


52® — Common Logarithms of Trigonometric Functions — 52^ 
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Table 3 

38^ Common Logarithms of Trigonometric Functions — 38^ 


L Tan cd L Ctn 


9.78 934 

9.78 960 }; 

9.78 967 

9.78 983 

9.78 999 

9.79 016 

9.79 031 }® 

9.79 047 

9.79 063 

9.79 079 

9.79 095 

9.79 111 

9.79 128 }' 

9.79 144 

9.79 160 \l 

9.79 176 

9.79 192 

9.79 208 }; 

9.79 224 

9.79 240 

9.79 266 

9.79 272 }f 

9.79 288 

9.79 304 

9.79 319 J® 

9.79 335 

9.79 351 

9.79 367 ;® 

9.79 383 

9.79 399 J® 

9.79 415 

9.79 431 }® 

9.79 447 }® 

9.79 463 }® 

9.79 478 J® 

9.79 494 

9.79 610 }® 

9.79 526 f® 

9.79 542 J® 

9.79 558 }® 

9.79 673 

9.79 589 }® 

9.79 605 }® 

9.79 621 J® 

9.79 636 J® 

9.79 652 

9.79 668 }® 

9.79 684 J® 

9.79 699 }® 

9.79 716 J® 

9.79 731 -- 

9.79 746 }® 

9.79 762 }® 

9.79 778 i® 

9.79 793 J® 

9.79 809 

9.79 826 }® 

9.79 840 }® 

9.79 866 

9.79 872 f® 

9.79 887 


9.89 281 ^ 

9.89 307 ^ 

9.89 333 ?® 

9.89 369 S 

9.89 386 “ 

9.89 411 

9.89 437 ^ 

9.89 463 ;® 

9.89 489 S 

9.89 616 I® 

9.89 541 ^ 

9.89 567 f® 

9.89 693 ;® 

9.89 619 ?® 

9.89 646 “ 

9.89 671 

9.89 697 ;® 

9.89 723 ;® 

9.89 749 ;® 

9.89 776 ^ 

9.89 801 

9.89 827 5 ® 

9.89 853 ;® 

9.89 879 ;® 

9.89 905 5® 

9.89 931 

9.89 957 ;® 

9.89 983 ;® 

9.90 009 ;® 

9.90 035 I® 

9.90 061 

9.90 086 ;® 

9.90 112 2® 

9.90 138 ;® 
9.90164 I® 

9.90 190 ^ 

9.90 216 ^ 

9.90 242 ^ 

9.90 268 2® 

9.90 294 I® 

9.90 320 ^ 

9.90 346 ff 

9.90 371 ;® 

9.90 397 ;® 

9.90 423 ^ 

9.90 449 

9.90 475 ?® 

9.90 601 ;® 

9.90 627 ;® 

9.90 553 ^ 

9.90 678 

9.90 604 ;® 

9.90 630 “ 

9.90 666 S 
9.90682 ^ 

9.90 708 ^ 

9.90 734 5® 

9.90 769 ;® 

9.90 786 S 

9.90 811 ?® 

9.90 837 ^ 


0.10 719 
0.10 693 
0.10 667 
0.10 641 
0.10 615 

0.10 589 
0.10 663 
0.10 637 
0.10 611 
0.10 486 

0.10 469 
0.10 433 
0.10 407 
0.10 381 
0.10 365 

0.10 329 
0.10 303 
0.10 277 
0.10 251 
0.10 225 

0.10 199 
0.10 173 
0.10 147 
0.10 121 
0.10 095 

0.10 069 
0.10 043 
0.10 017 
0.09 991 
0.09 965 

0.09 939 
0.09 914 
0.09 888 
0.09 862 
0.09 836 

0.09 810 
0.09 784 
0.09 758 
0.09 732 
0.09 706 

0.09 680 
0.09 654 
0.09 629 
0.09 603 
0.09 577 

0.09 651 
0.09 625 
0,09 499 
0.09 473 
0.09 447 

0.09 422 
0.09 396 
0.09 370 
0.09 344 
0.09 318 

0.09 292 
0.09 266 
0.09 241 
0.09 215 
0.09 189 
0.09 163 


9.89 663 

9.89 643 }® 

9.89 633 

9.89 624 ,2 

9.89 614 

9.89 604 

9.89 694 

9.89 684 

9.89 674 

9.89 664 

9.89 664 

9.89 644 

9.89 634 

9.89 524 

9.89 514 

9.89 504 o 

9.89 495 ^ 

9.89 485 

9.89 475 
. 9.89 465 

9.89 455 

9.89 445 

9.89 435 

9.89 425 

9.89 415 

9.89 405 

9.89 395 

9.89 385 

9.89 375 

9.89 364 

9.89 354 

9.89 344 

9.89 334 

9.89 324 

9.89 314 

9.89 304 

9.89 294 

9.89 284 

9.89 274 

9.89 264 

9.89 254 

9.89 244 

9.89 233 

9.89 223 

9.89 213 

9.89 203 

9.89 193 

9.89 183 

9.89 173 

9.89 162 

9.89 152 

9.89 142 

9.89 132 

9.89 122 

9.89 112 

9.89 101 

9.89 091 

9.89 081 

9.89 071 

9.89 060 

9.89 060 


Prop. Parts 


26 25 

1 2.6 2.5 

2 6.2 6.0 

8 7.8 7.6 

4 iO .4 10.0 

5 13.0 12.6 

6 16.6 16.0 

7 18.2 17.6 

8 20.8 20.0 

9 23.4 22.5 


17 16 

1 1.7 1.6 

2 3.4 3.2 

8 6.1 4.8 

4 6.8 6.4 

5 8.6 8.0 

6 10.2 9.6 

7 11.9 11.2 

8 13.6 12.8 

9 16.3 14.4 


11 10 

1 1.1 1.0 
2 2.2 2.0 

8 3.3 3.0 

4 4.4 4.0 

5 6.6 6.0 

6 6.6 6.0 

7 7.7 7.0 

8 8.8 8.0 

9 9.9 9.0 


L Cos d L Ctn cd L Tan 


Prop. Parts 


51 Common Logartthms of Trigonometric Functions — 5V 
















Table 3 


5S1 


39® — Common Logarithms of Trigonomotrle Functions — 39® 


L Tan cd L Ctn 


Prop. Part! 


9.79 887 

9.79 903 

9.79 918 }5 

9.79 934 

9.79 960 \l 

9.79 965 

9.79 981 

9.79 996 

9.80 012 }f 

9.80 027 }® 

9.80 043 

9.80 058 

9.80 074 

9.80 089 }® 

9.80 105 

9.80 120 _ 

9.80 136 

9.80 151 }® 

9.80 166 }“ 

9.80 182 

9.80 197 

9.80 213 }° 

9.80 228 

9.80 244 

9.80 259 

9.80 274 

9.80 290 }? 

9.80 305 }® 

9.80 320 52 

9.80 336 

9.80 351 ,, 

9.80 366 }2 

9.80 382 }S 

9.80 397 

9.80 412 

9.80 428 

9.80 443 }2 

9.80 458 }2 

9.80 473 }2 

9.80 489 

9.80 504 

9.80 519 f ® 

9.80 534 

9.80 660 }r 

9.80 565 

9.80 580 „ 

9.80 595 J ® 

9.80 610 

9.80 625 }2 

9.80 641 }® 

9.80 656 

9.80 671 

9.80 686 {f 

9.80 701 }r 

9.80 716 }® 

9.80 731 

9.80 746 }® 

9.80 762 J ® 

9.80 777 }2 

9.80 792 }2 

9.80 807 


9.90 837 _ 

9.90 863 S 

9.90 889 5® 

9.90 914 " 

9.90 940 ^ 

9.90 966 _ 

9.90 992 5® 
9.91018 

9.91 043 S 

9.91 069 ^ 

9.91095 

9.91 121 26 

9.91 147 26 

9.91 172 ;® 
9.91198 ^ 

9.91 224 

9.91 250 26 

9.91 276 ?? 
9.91301 26 
9.91327 26 

9.91 353 

9.91 379 26 

9.91 404 25 
9.91430 

9.91 456 26 

9.91 482 _ 

9.91 507 

9.91 633 26 

9.91 659 26 
9.91585 26 

9.91610 

9.91 636 26 

9.91 662 26 

9.91 688 26 
9.91713 " 

9.91 739 

9.91 765 26 
9.91791 26 
9.91816 25 

9.91 842 26 

9.91 868 

9.91 893 " 
9.91919 26 

9.91 945 26 
9.91971 26 

9.91 996 

9.92 022 26 

9.92 048 26 

9.92 073 26 

9.92 099 26 

9.92 125 „ 

9.92 150 26 

9.92 176 26 

9.92 202 26 

9.92 227 25 

9.92 253 

9.92 279 26 

9.92 304 " 

9.92 330 ^ 

9.92 356 f . 

9.92 381 26 


0.09 163 
0.09 137 
0.09 111 
0.09 086 
0.09 060 

0.09 034 
0.09 008 
0.09 982 
0.08 957 
0.08 931 

0.08 905 
0.08 879 
0.08 853 
0.08 828 
0.08 802 

0.08 776 
0.08 750 
0.08 724 
0.08 699 
0.08 673 

0.08 647 
0.08 621 
0.08 596 
0.08 570 
0.08 544 

0.08 518 
0.08 493 
0.08 467 
0.08 441 
0.08 415 

0.08 .390 
0.08 364 
0.08 338 
0.08 312 
0.08 287 

0.08 261 
0.08 235 
0.08 209 
0.08 184 
0.08 158 

0.08 132 
0.08 107 
0.08 081 
0.08 055 
0.08 029 

0.08 004 
0.07 978 
0.07 952 
0.07 927 
0.07 901 

0.07 875 
0.07 850 
0.07 824 
0.07 798 
0.07 773 

0.07 747 
0.07 721 
0.07 696 
0.07 670 
0.07 644 
0.07 619 


9.89 050 
9.89 040 
9.89 030 
9.89 020 
9.89 009 

9.88 999 
9.88 989 
9.88 978 
9.88 968 
9.88 958 

9.88 948 
9.88 937 
9.88 927 
9.88 917 
9.88 906 

9.88 896 
9.88 886 
9.88 875 
9.88 865 
9.88 855 

9.88 844 
9.88 834 
9.88 824 
9.88 813 
9.88 803 

9.88 793 
9.88 782 
9.88 772 
9.88 761 
9.88 751 

9.88 741 
9.88 730 
9.88 720 
9.88 709 
9.88 699 

9.88 688 
9.88 678 
9.88 668 
9.88 657 
9.88 647 

9.88 636 
9.88 626 
9.88 615 
9.88 605 
9.88 594 

9.88 584 
9.88 573 
9.88 563 
9.88 552 
9.88 542 

9.88 531 
9.88 521 
9.88 510 
9.88 499 
9.88 489 

9.88 478 
9.88 468 
9.88 457 
9.88 447 
9.88 436 
9.88 425 


26 26 

1 2.6 2.6 
2 6.2 6.0 

8 7.8 7.6 

4 10.4 10.0 

5 13.0 12.6 

6 16.6 16.0 

7 18.2 17.6 

8 20.8 20.0 

9 23.4 22.6 


16 16 

1 1.6 1.6 
2 3.2 3.0 

8 4.8 4.6 

4 6.4 6.0 

6 8.0 7.6 

6 9.6 9.0 

7 11.2 10.6 

8 12.8 12.0 
0 14.4 13.6 


11 10 

1 1.1 1.0 
2 2.2 2.0 
8 3.3 3.0 
4 4.4 4.0 

6 6.5 6.0 
6 6.6 6.0 

7 7.7 7.0 

8 8.8 8.0 
8 9.9 9.0 


L Ctn cd L Tan 


Prop. Parts 


50^ — Common Logarithms of Trigonometric Functions ■ 
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Tab/e 3 


40^ ^Common Logarltiimt of Trigonometric Functions 40^ 


L Tan cd L Ctn 


Prop. Part! 


9.80 807 
9.80 822 
9.80 837 
9.80 852 {" 
9.80 867 

9.80 882 
9.80 897 }® ' 
9.80 912 }| 
9.80 927 }5 
9.80 942 J2 

9.80 967 „ 
9.80 972 }® 

9.80 987 }® 

9.81 002 
9.81017 

9.81 032 
9.81 047 }$ 
9.81061 
9.81 076 
9.81091 \l 

9.81106 
9.81 121 
9.81 136 
9.81161 
9.81166 J® 

9.81 180 
9.81 196 }® 
9.81210 ]% 
9.81 226 
9.81 240 J® 

9.81254 
9.81269 
9.81 284 }® 
9.81299 ;® 
9.81314 J® 

9.81 328 
9.81 343 }® 
9.81358 }® 
9.81 372 
9.81 387 J® 

9.81 402 
9.81417 }? 
9.81431 
9.81446 }® 
9.81461 

9.81475 
9.81 490 ;® 
9.81606 }® 
9.81619 
9.81 634 J® 

9.81649 
9.81 663 ;; 
9.81678 }® 
9.81 692 }; 
9.81 607 J® 

9.81 622 .. 
9.81636 
9.81661 }® 
9.81 666 
9.81 680 {® 
9.81 694 ^ 


9.92 381 

9.92 407 S 

9.92 433 S 

9.92 468 S 
9.92 484 ^ 

9.92 610 „ 
9.92 636 S 
9.92 661 
9.92 687 ;® 
9.92 612 " 

9.92 638 5- 
9.92 663 ;® 
9.92 689 ^ 

9.92 715 S 

9.92 740 " 

9.92 766 ^ 
9.92 792 ^ 
9.92 817 
9.92 843 ;® 
9.92 868 

9.92 894 
9.92 920 ;® 
9.92 946 ;® 
9.92 971 ;® 

9.92 996 ^ 

9.93 022 
9.93 048 ;® 

9.93 073 " 

9.93 099 ;® 

9.93 124 ^ 

9.93 160 
9.93 176 " 

9.93 201 

9.93 227 S 

9.93 252 " 

9.93 278 
9.93 303 f® 
9.93 329 “ 
9.93 354 I® 
9.93 380 ^ 

9.93 406 „ 
9.93 431 ;® 
9.93 467 S 
9.93 482 S 
9.93 608 2 

9.93 633 

9.93 659 S 

9.93 684 f® 
9.93 610 " 
9.93 636 2 

9.93 661 
9.93 687 ^ 
9.93 712 ^ 
9.93 738 ^ 
9.93 763 

9.93 789 
9.93 814 S 
9.93 840 S 
9.93 866 1® 
9.93 891 S 
9.93 916 ^ 


0.07 619 
0.07 693 
0.07 667 
0.07 642 
0.07 616 

0.07 490 
0.07 466 
0.07 439 
0.07 413 
0.07 388 

0.07 362 
0.07 337 
0.07 311 
0.07 285 
0.07 260 

0.07 234 
0.07 208 
0.07 183 
0.07 167 
0.07 132 

0.07 106 
0.07 080 
0.07 055 
0.07 029 
0.07 004 

0.06978 
0.06 962 
0.06 927 
0.06 901 
0.06876 

0.06 850 
0.06 826 
0.06 799 
0.06 773 
0.06 748 

0.06 722 
0.06697 
0.06 671 
0.06 646 
0.06 620 

0.06 594 
0.06 669 
0.06 643 
0.06 618 
0.06492 

0.06467 
0.06 441 
0.06 416 
0.06 390 
0.06364 

0.06 339 
0.06 313 
0.06 288 
0.06 262 
0.06 237 

0.06211 
0.06 186 
0.06160 
0.06 136 
0.06 109^ 
0.06084 


9.88 426 
9.88 415 
9.88 404 
9.88 394 
9.88 383 

9.88 372 
9.88 362 
9.88 361 
9.88 340 
9.88 330 

9.88 319 
9.88 308 
9.88 298 
9.88 287 
9.88 276 

9.88 266 
9.88 255 
9.88 244 
9.88 234 
9.88 223 

9.88 212 
9.88 201 
9.88 191 
9.88 180 
9.88 169 

9.88 158 
9.88 148 
9.88 137 
9.88 126 
9.88 116 

9.88 106 
9.88 094 
9.88 083 
9.88 072 
9.88 061 

9.88 061 
9.88 040 
9.88 029 
9.88 018 
9.88 007 

9.87 996 
9.87 986 
9.87 976 
9.87 964 
9.87 963 

9.87 942 
9.87 931 
9.87 920 
9.87 909 
9.87 898 

9.87 887 
9.87 877 
9.87 866 
9.87 866 
9.87 844 

9.87 833 
9.87 822 
9.87 811 
9.87 800 
9.87 789 
9.87 778 


20 25 

1 2.6 2.6 

2 5.2 5.0 

8 7.8 7.6 

4 10.4 10.0 
0 13.0 12.5 
6 16.6 16.0 

7 18.2 17.6 

8 20.8 20.0 
8 23.4 22.6 



15 

14 

1 

1.6 

1.4 

2 

3.0 

2.8 

8 

4.6 

4.2 

4 

6.0 

6.6 

5 

7.6 

7.0 

6 

9.0 

8.4 

7 

10.6 

9.8 

8 

12.0 

11.2 

8 

13.6 

12.6 


L Cos d L Ctn cd L Tan 



11 10 
fl 1.1 1.0 
2 2.2 2.0 
8 3.3 3.0 

4 4.4 4.0 

5 6.6 6.0 

6 6.6 6.0 

7 7.7 7.0 

8 8.8 8.0 

8 9.9 9.0 


Prop. Parts 


49° — G>mmon Logarithms of Trigonometric Functions — 49° 
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Tables 


'Common Logarithms of Trigonometric Functions — 41^ 


d 

L Tan cd L Ctn 

L Cos 

- 


Prop. Parts 


9.81 694 
9.81 709 
9.81 723 
9.81 738 
9.81 752 

9.81 767 
9.81 781 
9.81 796 
9.81 810 
9.81 825 

9.81 839 
9.81 854 
9.81 868 
9.81 882 
9.81 897 

9.81 911 
9.81 926 
9.81 940 
9.81 955 
9.81 969 

9.81 983 

9.81 998 

9.82 012 
9.82 026 
9.82 041 

9.82 055 
9.82 069 
9.82 084 
9.82 098 
9.82 112 

9.82 126 
9.82 141 
9.82 155 
9.82 169 
9.82 184 

9.82 198 
9.82 212 
9.82 226 
9.82 240 
9.82 255 

9.82 269 
9.82 283 
9.82 297 
9.82 311 
9.82 326 

9.82 340 
9.82 354 
9.82 368 
9.82 382 
9.82 396 

9.82 410 
9.82 424 
9.82 439 
9.82 453 
9.82 467 

9.82 481 
9.82 495 
9.82 509 
9.82 523 
9.82 537 
9.82 551 


9.93 916 
9.93 942 
9.93 967 

9.93 993 

9.94 018 ^ 

9.94 044 
9.94 069 " 
9.94 095 
9.94 120 
9.94 146 ^ 

9.94 171 _ 
9.94 197 
9.94 222 " 
9.94 248 
9.94 273 " 

9.94 299 _ 
9.94 324 
9.94 360 
9.94 375 
9.94 401 ^ 

9.94 426 
9.94 452 if 
9.94 477 
9.94 503 
9.94 528 26 
9.94 554 
9.94 679 
9.94 604 

9.94 630 i? 

9.94 655 ^ 

9.94 681 
9.94 706 
9.94 732 
9.94 757 
9.94 783 

9.94 808 
9.94 834 ;? 
9.94 859 
9.94 884 
9.94 910 26 
9.94 935 
9.94 961 

9.94 986 II 
9.96 012 if 
9.96 037 

9.95 062 
9.95 088 if 
9.95 113 if 

9.95 139 ^ 

9.96 164 " 

9.96 190 

9.95 215 

9.96 240 if 

9.95 266 

9.96 291 " 

9.96 317 -e 
9.96 342 
9.96 368 

9.95 393 

9.96 418 " 
9.95 444 


0.06 084 
0.06 058 
0.06033 
0.06 007 
0.05 982 

0.05 966 
0.05 931 
0.05 905 
0.05 880 
0.05 854 

0.05 829 
0.05 803 
0.05 778 
0.05 752 
0.05 727 

0.05 701 
0.05 676 
0.05 650 
0.05 625 
0.05 599 

0.05 574 
0.05 548 
0.05 523 
0.05 497 
0.05 472 

0.05 446 
0.05 421 
0.05 396 
0.05 370 
0.05 345 

0.05 319 
0.05 294 
0.06 268 
0.05 243 
0.05 217 

0.05 192 
0.05 166 
0.05 141 
0.05 116 
0.05 090 

0.05 065 
0.05 039 
0.05 014 
0.04 988 
0.04 963 

0.04 938 
0.04 912 
0.04 887 
0.04 861 
0.04 836 

0.04 810 
0.04 785 
0.04 760 
0.04 734 
0,04 709 

0.04 683 
0.04 658 
0.04 632 
0.04 607 
0.04 582 
0.04 556 


9.87 778 
9.87 767 
9.87 756 
9.87 745 
9.87 734 

9.87 723 
9.87 712 
9.87 701 
9.87 690 
9.87 679 

9.87 668 
9.87 657 
9.87 646 
9.87 635 
9.87 624 

9.87 613 
9.87 601 
9.87 590 
9.87 579 
9.87 568 

9.87 557 
9.87 546 
9.87 535 
9.87 524 
9.87 513 

9.87 501 
9.87 490 
9.87 479 
9.87 468 
9.87 457 

9.87 446 
9.87 434 
9.87 423 
9.87 412 
9.87 401 

9.87 390 
9.87 378 
9.87 367 
9.87 356 
9.87 345 

9.87 334 
9.87 322 
9.87 311 
9.87 300 
9.87 288 

9.87 277 
9.87 266 
9.87 255 
9.87 243 
9.87 232 

9.87 221 
9.87 209 
9.87 198 
9.87 187 
9.87 175 

9.87 164 
9.87 153 
9.87 141 
9.87 130 
9.87 119 
9.87 107 


26 25 

1 2.6 2.6 
2 6.2 6.0 
8 7.8 7.6 

4 10.4 10.0 

5 13.0 12.6 

6 15.6 15.0 

7 18.2 17.6 

8 20.8 20.0 

8 23.4 22.6 


15 14 

1 1.5 1.4 

2 3.0 2.8 

8 4.5 4.2 

4 6.0 5.6 

5 7.5 7.0 

6 9.0 8.4 

7 10.5 9.8 

8 12.0 11.2 

8 13.5 12.6 


12 11 

1 1.2 1.1 

2 2.4 2.2 

8 3.6 3.3 

4 4.8 4.4 

5 6.0 5.5 

6 7.2 6.6 

7 8.4 7.7 

8 9.6 8.8 

8 10.8 9.9 


d 

L Ctn cd L Tan 

LSin 

an 


Prop. Parts 


48° — Common Logarithms of Trigonometric Functions — 48° 
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Tsbie 3 


42^ — Common Logarithms of Trigonomotric Functions — 42^ 


L Tsn cd L Ctn 


Prop. Parts 


9.82 661 

9.82 666 

9.82 679 }1 
9.82 693 

9.82 607 

9.96 444 0.04 556 

9.95 469 " 0.04 631 

9.96 496 0.04 606 

9.95 520 " 0.04 480 
9.95 645 ^ 0.04 455 

9.87 107 „ 
9.87 096 }} 
9.87 085 

9.87 073 }f 
9.87 062 “ 

9.82 621 

9.82 636 " 
9.82 649 }T 
9.82 663 

9.82 677 

9.96 571 0.04 429 

9.95 596 0.04 404 

9.95 622 0.04 378 

9.95 647 " 0.04 353 

9.96 672 2 0.04 328 

9.87 050 „ 
9.87 039 }} 
9.87 028 

9.87 016 if 
9.87 005 J 2 

9.82 691 

9.82 706 }; 
9.82 719 }1 
9.82 733 

9.82 747 

9.96 698 0.04 302 

9.95 723 0.04 277 

9.95 748 ^ 0.04 252 
9.95 774 ^ 0.04 226 
9.95 799 26 0.04 201 

9.86 993 „ 
9.86 982 fi 
9.86 970 if 
9.86 959 ii 
9.86 947 Jf 

9.82 761 

9.82 776 

9.82 788 }? 
9.82 802 }t 
9.82 816 

9.95 825 0.04 175 

9.96 850 0.04 150 

9.95 875 0.04 125 

9.95 901 0.04 099 

9.95 926 26 0.04 074 

9.86 9.36 

9.86 924 if 
9.86 913 ii 
9.86 902 ii 
9.86 890 ll 

9.82 830 

9.82 844 " 
9.82 868 

9.82 872 

9.82 886 

9.95 952 oc 0.04 048 

9.96 977 0.04 023 

9.96 002 S 0.03 998 
9.96 028 0.03 972 

9.96 053 “ 0.03 947 

9.86 879 

9.86 867 i; 
9.86 855 if 
9.86 844 i; 
9.86 832 

9.82 899 

9.82 913 

9.82 927 

9.82 941 }} 
9.82 966 

9.96 078 0.03 922 

9.96 104 0.03 896 

9.96129 0.03 871 

9.96 165 it 0.03 845 
9.96180 ^ 0.03 820 

9.86 821 

9.86 809 if 
9.86 798 iJ 
9.86 786 if 
9.86 775 

9.82 968 

9.82 982 

9.82 996 

9.83 010 

9.83 023 

9.96 205 0.03 795 

9.96 231 it 0.03 769 
9.96 256 0.03 744 

9.96 281 0.03 719 

9.96 307 ^ 0.03 693 

9.86 763 „ 
9.86 752 ii 
9.86 740 ii 
9.86 728 if 
9.86 717 “ 

9.83 037 

9.83 051 " 
9.83 065 it 
9.83 078 

9.83 092 

9.96 332 0.03 668 

9.96 357 0.03 643 

9.96 383 0.03 617 

9.96 408 it 0.03 592 
9.96 433 2 0.03 567 

9.86 705 „ 
9.86 694 ii 
9.86 682 ii 
9.86 670 if 
9.86 659 “ 

9.83 106 

9.83 120 

9.83 133 il 
9.83 147 

9.83 161 

9.96 469 0.03 541 

9.96 484 0.03 516 

9.96 510 0.03 490 

9.96 535 0.03 465 

9.96 660 " 0.03 440 

9.86 647 „ 
9.86 635 if 
9.86 624 ii 
9.86 612 i; 
9.86 600 

9.83 174 

9.83 188 

9.83 202 it 
9.83 216 

9.83 229 

9.96 686 0.03 414 

9.96 611 it 0.03 389 
9.96 636 0.03 364 

9.96 662 0.03 338 

9.96 687 " 0.03 313 

9.86 589 „ 
9.86 577 if 
9.86 565 if 
9.86 554 ii 
9.86 542 

9.83 242 

9.83 266 }; 
9.83 270 }} 
9.83 283 il 
9.83 297 

9.96 712 0.03 288 

9.96 738 0.03 262 

9.96 763 “ 0.03 237 
9.96 788 0.03 212 

9.96 814 ^ 0.03 186 

9.86 530 

9.86 518 if 
9.86 507 ii 
9.86 495 {; 
9.86 483 

9.83 310 

9.83 324 

9.83 338 it 
9.83 361 H 
9.83 366 

9.83 378 

9.96 839 0.03 161 

9.96 864 it 0.03 136 
9.96 890 S 0.03 110 
9.96 915 0.03 085 

I 9.96 940 “ 0.03 060 
9.96 966 ^ 0.03 034 

9.86 472 „ 
9.86 460 if 
9.86 448 if 
9.86 436 if 
9.86 425 ii 
9.86 413 


26 25 

1 2.6 2.6 
2 6.2 6.0 
8 7.8 7.6 

4 10.4 10.0 

5 13.0 12.5 

6 15.6 15.0 

7 18.2 17.5 

8 20.8 20.0 
B 23.4 22.6 


14 13 

1 1.4 1.3 

2 2.8 2.6 

3 4.2 3.9 

4 6.6 6.2 

5 7.0 6.6 

6 8.4 7.8 

7 9.8 9.1 

8 11.2 10.4 
B 12.6 11.7 


2 2.4 2.2 

3 3.6 3.3 

4 4.8 4.4 

5 6.0 6.6 

6 7.2 6.6 

7 8.4 7.7 

8 9.6 8.8 

B 10.8 9.9 
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L Tan cd L Ctn 


9.83 378 
9.83 392 
9.83 405 }? 
9.83 419 
9.83 432 

9.83 446 ,, 
9.83 469 
9.83 473 {! 
9.83 486 
9.83 500 " 

9.83 513 
9.83 627 
9.83 640 
9.83 554 
9.83 567 

9.83 581 
9.83 594 
9.83 608 
9.83 621 
9.83 634 

9.83 648 
9.83 661 
9.83 674 
9.83 688 
9.83 701 

9.83 715 
9.83 728 
9.83 741 
9.83 755 
9.83 768 

9.83 781 
9.83 795 
9.83 808 
9.83 821 
9.83 834 

9.83 848 
9.83 861 
9.83 874 
9.83 887 
9.83 901 

9.83 914 
9.83 927 
9.83 940 
9.83 954 
9.83 967 

9.83 980 

9.83 993 

9.84 006 
9.84 020 
9.84 033 

9.84 046 
9.84 059 
9.84 072 
9.84 085 
9.84 098 

9.84 112 
9.84 125 
9.84 138 
9.84 151 
9.84 164 
9.84 177 


Prop. Parts 


9.96 966 

9.96 991 

9.97 016 
9.97 042 
9.97 067 

9.97 092 
9.97 118 
9.97 143 
9.97 168 
9.97 193 

9.97 219 
9.97 244 
9.97 269 
9.97 295 
9.97 320 

9.97 345 
9.97 371 
9.97 396 
9.97 421 
9.97 447 

9.97 472 
9.97 497 
9.97 523 
9.97 548 
9.97 573 

9.97 598 
9.97 624 
9.97 649 
9.97 674 
9.97 700 

9.97 725 
9.97 750 
9.97 776 
9.97 801 
9.97 826 

9.97 851 
9.97 877 
9.97 902 
9.97 927 
9.97 953 

9.97 978 

9.98 003 
9.98 029 
9.98 054 
9.98 079 

9.98 104 
9.98 130 
9.98 155 
9.98 180 
9.98 206 

9.98 231 
9.98 256 
9.98 281 
9.98 307 
9.98 332 

9.98 357 
9.98 383 
9.98 408 
9.98 433 
9.98 458 
9.98 484 


0.03 034 
S 0.03 009 
0.02 984 
0.02 958 
^ 0.02 933 

0.02 908 
0.02 882 
0.02 857 
fr 0.02 832 
52 0.02 807 

0.02 781 
0.02 756 
0.02 731 
^ 0.02 705 
^ 0.02 680 

0.02 655 
0.02 629 
0.02 604 
0.02 579 
52 0.02 553 
0.02 528 
0.02 503 
0.02 477 
0.02 452 
52 0.02 427 
0.02 402 
0.02 376 
0.02 351 
0.02 326 
25 0.02 300 
0.02 275 
0.02 250 
il 0.02 224 
0.02 199 
0.02 174 


0.02 149 
0.02 123 
0.02 098 
0.02 073 
52 0.02 047 
-- 0.02 022 
0.01997 
0.01971 
0.01946 
52 0.01921 
0.01896 
0.01870 
0.01845 
0.01820 
II 0.01794 
0.01769 
0.01744 
5“ 0.01 719 
0.01693 
0.01668 

0.01643 
0.01617 
0.01592 
%% 0.01567 
5® 0.01542 
0.01516 


9.86 413 
9.86 401 
9.86 389 
9.86 377 
9.86 366 

9.86 354 
9.86 342 
9.86 330 
9.86 318 
9.86 306 

9.86 295 
9.86 283 
9.86 271 
9.86 259 
9.86 247 

9.86 235 
9.86 223 
9.86 211 
9.86 200 
9.86 188 

9.86 176 
9.86 164 
9.86 152 
9.86 140 
9.86 128 

9.86 116 
9.86 104 
9.86 092 
9.86 080 
9.86 068 

9.86 056 
9.86 044 
9.86 032 
9.86 020 
9.86 008 

9.85 996 
9.85 984 
9.85 972 
9.85 960 
9.85 948 

9.85 936 
9.85 924 
9.85 912 
9.85 900 
9.85 888 

9.85 876 
9.85 864 
9.85 851 
9.85 839 
9.85 827 

9.85 815 
9.85 803 
9.85 791 
9.85 779 
9.85 766 

9.85 754 
9.85 742 
9.85 730 
9.85 718 
9.85 706 
9.85 693 


26 25 

1 2.6 2.6 
2 6.2 6.0 

8 7.8 7.6 

4 10.4 10.0 

5 13.0 12.6 

6 16.6 16.0 

7 18.2 17.6 

8 20.8 20.0 

9 23.4 22.6 


14 13 

1 1.4 1.3 

2 2.8 2.6 

3 4.2 3.9 

4 5.6 6.2 

5 7.0 6.6 

6 8.4 7.8 

7 9.8 9.1 

8 11.2 10.4 
8 12.6 11.7 


12 11 

1 1.2 1.1 

2 2.4 2.2 

3 3.6 3.3 

4 4.8 4.4 

5 6.0 6.6 

6 7.2 6.6 

7 8.4 7.7 

8 9.6 8.8 

9 10.8 9.9 
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Prop. Parts 


Tab/e 3 

44^ •— Common Logoritkmt of Trigonometric Functions — 44^ 


9.84 177 
9.84 190 ]% 
9.84 203 
9.84 216 
9.84 229 

9.84 242 
9.84 265 }; 
9.84 269 \Z 
9.84 282 
9.84 296 If 

9.84 308 I, 

I 9.84 321 
9.84 334 }“ 
9.84 347 
9.84 360 

9.84 373 
9.84 386 
9.84 398 \l 
9.84 411 
9.84 424 \l 

20 1 9.84 437 „ 


20 9.84 437 

21 9.84 450 

22 9.84 463 

23 9.84 476 

24 9.84 489 

25 9.84 602 

26 9.84 515 ]% 

27 9.84 528 }; 

28 9.84 540 

29 9.84 663 

30 9.84 566 ,, 

31 9.84 679 

32 9.84 692 

33 9.84 605 

34] 9.84 618 

9.84 630 
9.84 643 
9.84 656 
9.84 669 
9.84 682 

9.84 694 
9.84 707 ]% 
9.84 720 }? 
9.84 733 
9.84 745 

9.84 768 
9.84 771 ]% 
9.84 784 
9.84 796 
9.84 809 

9.84 822 
9.84 836 
9.84 847 
9.84 860 
9.84 873 

9.84 885 ,, 
9.84 898 
9.84 911 }; 
9.84 923 }; 
9.84 936 
9.84 949 


9.98 484 
9.98 509 
9.98 534 
9.98 560 
9.98 585 

9.98 610 
9.98 636 
9.98 661 
9.98 686 
9.98 711 

9.98 737 
9.98 762 
9.98 787 
9.98 812 
9.98 838 

9.98 863 
9.98 888 
9.98 913 
9.98 939 
9.98 964 

9.98 989 

9.99 015 
9.99 040 
9.99 065 
9.99 090 

9.99 116 
9.99 141 
9.99 166 
9.99 191 
9.99 217 

9.99 242 
9.99 267 
9.99 293 
9.99 318 
9.99 343 

9.99 368 
9.99 394 
9.99 419 
9.99 444 
9.99 469 

9.99 495 
9.99 620 
9.99 545 
9.99 670 
9.99 596 

9.99 621 
9.99 646 
9.99 672 
9.99 697 
9.99 722 

9.99 747 
9.99 773 
9.99 798 
9.99 823 
9.99 848 

9.99 874 
9.99 899 
9.99 924 
9.99 949 
9.99 975 
0.00 000 


,, 0.01616 
" 0.01491 
" 0,01466 
0.01440 
“ 0.01416 

« 0.01390 
" 0.01366 
S 0.01339 
“ 0.01314 
5® 0.01289 

0.01263 
0.01238 
" 0.01213 
5® 0.01 188 
^ 0.01 162 

0.01 137 
" 0.01 112 
;® 0.01087 
0.01061 
“ 0.01036 

0.01011 
0.00 985 
" 0.00 960 
rj 0.00 935 
^ 0.00 910 

0.00 884 
?® 0.00 869 
f® 0.00 834 
;® 0.00 809 
5® 0.00 783 

0.00 768 
•® 0.00 733 
0.00 707 
;® 0.00 682 
J® 0.00 667 

0.00 632 
0.00 606 
;® 0.00 681 
;® 0.00 556 
" 0.00 631 

0.00 605 
;® 0.00 480 
;® 0.00 455 
;® 0.00 430 
J® 0.00 404 

0.00 379 
;® 0.00 354 
0.00 328 
0.00 303 
J® 0.00 278 

0.00 253 
5® 0.00 227 
0.00 202 
;® 0.00177 
J® 0.00152 

0.00126 
;® 0.00101 
0.00 076 

S 0.00 061 

0.00 025 

" 0.00 000 


9.85 693 1, 

9.85 681 

9.85 669 

9.86 667 i; 

9.85 645 

9.85 632 

9.86 620 

9.85 608 

9.85 596 w 

9.85 683 

9.85 671 

9.85 669 

9.85 647 }; 

9.85 634 

9.86 522 

9.85 610 

9.86 497 

9.85 485 }; 

9.85 473 Jr 

9.85 460 J® 

9.85 448 

9.85 436 J; 

9.85 423 J® 

9.86 411 Jr 

9.86 399 

9.85 386 

9.85 374 J; 

9.86 361 J; 

9.85 349 J; 

9.86 337 Jj 

9.85 324 ,, 

9.85 312 J; 

9.85 299 J® 

9.86 287 J; 

9.85 274 }® 

9.85 262 

9.86 250 J“ 

9.85 237 J® 

9.85 225 J, 

9.85 212 

9.85 200 

9.85 187 J® 

9.85 176 Jr 

9.85 162 J® 

9.85 150 

9.85 137 „ 

9.86 125 J; 

9.86 112 J® 

9.86 100 J“ 

9.85 087 }® 

9.85 074 

9.85 062 J; 

9.85 049 J® 

9.85 037 J; 

9.86 024 J® 

9.86 012 ,, 

9.84 999 J® 

9.84 986 J® 

9.84 974 J; 

9.84 961 J® 

9.84 949 


. 26 25 

1 2.6 2.5 

2 6.2 5.0 

8 7.8 7.6 

4 10.4 10.0 

5 13.0 12.6 
0 16.6 16.0 

7 18.2 17.5 

8 20.8 20.0 
e 23.4 22.6 



18 

12 

1 

1.3 

1.2 

2 

2.6 

2.4 

8 

3.9 

3.6 

4 

6.2 

4.8 

5 

6.6 

6.0 

6 

7.8 

7.2 

7 

9.1 

8.4 

8 

10.4 

9.6 

0 

11.7 

10.8 
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Table 4 


50 — Powers, Roots, Reciprocals —-100 



7.07 

107 

22.36 

07 

7.14 

143 

22.58 

32 

7.21 

no 

22.80 

35 

7.28 

on 

23.02 

17 

7.34 

847 

23.23 

79 

7.41 

620 

23.45 

21 

7.48 

331 

23.66 

43 

7.64 

983 

23.87 

47 

7.61 

677 

24.08 

32 

7.68 

115 

24.28 

99 

7.74 

697 

24.49 

49 

7.81 

025 

24.69 

82 

7.87 

401 

24.89 

98 

7.93 

725 

25.09 

98 

8.00 

000 

25.29 

82 

8.06 

226 

25.49 

51 

8.12 

404 

25.69 

05 

8.18 

535 

25.88 

44 

8.24 

621 

26.07 

68 

8.30 

662 

26.26 

79 

8.36 

660 

26.45 

75 

8.42 

615 

26.64 

58 

8.48 

528 

26.83 

28 

8.54 

400 

27.01 

85 

8.60 

233 

27.20 

29 

8.66 

025 

27.38 

61 

8.71 

780 

27.56 

81 

8.77 

496 

27.74 

89 

8.83 

176 

27.92 

85 

8.88 

819 

28.10 

69 

8.94 

427 

28.28 

43 

9.00 

000 

28.46 

05 

9.05 

639 

28.63 

56 

9.11 

043 

28.80 

97 

9.16 

515 

28.98 

28 

9.21 

954 

29.15 

48 

9.27 

362 

29.32 

58 

9.32 

738 

29.49 

58 

9.38 

083 

29.66 

48 

9.43 

398 

29.83 

29 

9.48 

683 

30.00 

00 

9.53 

939 

30.16 

62 

9.59 

166 

30.33 

15 

9.64 

365 

30.49 

59 

9.69 

536 

30.65 

94 

9.74 

679 

30.82 

21 

9.79 

796 

30.98 

39 

9.84 

886 

31.14 

48 

9.89 

949 

31.30 

50 

9.94 

987 

31.46 

43 

10.00 

000 

31.62 

28 
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ANSWERS TO ODD-NUMBERED PROBLEMS 


BOOK I 


Exercises Page 4 
6. Sir; I/V2; Vli; X + 7; Vi 

Exercises 2, Page 6 

1. -3x; -Vi; -1; 0; Vi; 2; x; 

8. (o)9, 3; (6)6, 2,0, 6; (c) 1; (d) 2, 0, 0, 0, 4; (e) 5 
6. (a) 15.641; 15.638; 15.645; 15.635 
(b) 15.635 — 15.645, inclusive 


3. 221/216 
9. 5 

16. 314.16 


Exercises 3, Page 7 

6.f| 

11. 3H 

17. 12.65 


7. 12 

13. -255/32 
19. 7.48 


1, X - 
3. « = 

6. r * 

7. d - 
9. R « 

11. L = 
13. X a 

16. M 

17. I - 
19. 8t 
21. i2i 

23. P « 


Exercises 4, Page 1 2 

w + » — y; 2/ = t 4 + t> — x; w = x + 2/ — v; v ^ x-^y 
nV2ly,y = -^ ;z = -^ 

div -dif) 2d 2d 

I ; di * -jj- + 02, 02 =* oi — 

. fiVP; ” V^ 

32.2«* 

' (6.28)® 


. (d® + 4 - v)*: J/ = d® + 4 - Vi; d = Vy - 4 + Vx 
El „ MR ^ MB „ El 

X®B/ „ PI r PI 

— : ^ “ X®/ ’ x®£ 

7Wd;So . o <S<(p — d) ^ Stp 
* p — d ^ * wid ^ m6’c + <S>t 

- R, - ; B, - (B( - Bi)(^) ; 

M JKi — 


ATaCPt - Pi) 


i2, 


Afi 


45 


J + 9(l/<i)’ 
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At«wats TO ODD-NU/MERED PROBLEMS 


(1+ 4p 

1. o‘ - c* - 6* 

6. At/ A, - iVz/9 
0. 16.1987 ft 
18. 41.67 ou ft 
17. 3280 ou ft 


1 


EsctreiMs 5, Pag* 14 

3. leV^sqin. 

7. 67.2 ft 
11. 22.6 sq ft 
16. 1.96 cu yd 


1 . 

6. - 16/y* 

9. x® - 2«y + y* - a* 

1. (a;-2)(* + 2) 

6 . (6y - 3x) (5x - 3y) 

9. (4® + 3y - 12«)(4a; -h 3y + 122 ) 


ExMcItM 6, Page 17 

8. 9a;® - 49y® 

7. - 26c - c® 

Exerefsat 7, Page 18 

3. (46 - 2a) (46 + 2a) 

7. (a — 6 -* c) (a + 6 + c) 


1. 4a;® - 1201^ + 2y® 
6. a® - 06 + 6®/4 


Exardtet 8, Paga 1 8 

3. 4s® - 208i + 25i® 
7. 16t + 48t + s®/4 


Exarcltai 9, Page 19 

1. (x*+4*)* 8. (4-3x)* 

6 . (3 — 2*)* ~ 

9. (*+29)* 

ExMdM* 10, Pog. 19 

1. (x* - 2» + 4) (x* + 2x + 4) 8. (x* - 2xj/ + 49 ®) (x® +2xy + 4y®) 

6. (9 - 3x + x®)(9 + 3x + **) T. (x - y)(x + y)(» - 4y)(x + 4y) 

9. (3t® - 3rt + 6»®)(3t® + 3«« + 6«®) 


EK.iel»«» 11, Po9» 80 j 

1 . x»+6x*t/ + 12x»®+8»» 8. 9® + f xy® + ^ 

. V* 4 .!!!E+E!+i! 7. 64 - 48x + 12x® - x» 

'• 8 4 ^ 6 ^27 

9. a* + i«®b +¥<**+¥*»* 

Exarciiaf 12, Paga 20 

1. (2a; -f y)(4af® - 2a;y + y®) 3a;y)(l + 3a;y + 9a;®y®) 

6 . (a* - 2)(o® + 2o* + 4) 7. (x®y - l)(x® 9 * + »*9 + 1) 

9. (x — a®y®) (x^ + 

ExarclMf 13, Poga 20 


1. a;* + 4y® -h «® + 4a5y + 2a» + 4y« 

3. »® + 4y® -h 9jj® + 4»y + 65W8 + I2y« 
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ANSWERS TO OM-NUMBERED PROBLEMS 

6. 16 + + 2/® — + 82/ — 2xy 

7. 9a;* + y* + 48* - 6x2/ - 12x8 + ^yz 


1. (x-6)(x + 2) 
6. (x - 10)(x + 3) 
9. (x — a)(x — b) 


1. (5x + l)(2x-3) 
5. (6x H-2)(3x - 1) 
0. (3x - 62/) (x - 42/) 


Exeiciies 14, Page 21 

8. (* - 3)(* - Vs) 
7. (x — o) (a: + 2a) 
11. (x - 3)» 

EmkIim 15, Pag* 21 

3. (15x-2)(x + 6) 
7. (6-x)(2+x) 


ExMcbM 16, Pag* 21 

1. (a - 6)(o + 6)(x + y) 3. (i - l)(x + l)(x - 3g) 

6. (l-x)(l+x») 


Eiimeim 17, Pag* 22 


1. (x — 4)(x — 3) 

6. (x + 7)(x-3) 

9. 4(j/ + 9)(v + l) 

18. (3x + 2)(3x-4) 

17. 2(3v + 2)(y + 3) 

21. - (c - d)^ 

26. (x — 4j/)(x + 4j/)(x — v)(* + y) 

29. (2x — y + 3z) (2x + y — Se) 

33. (3x* - 6y* + Zxy)(Zxy - 3x^ + 5y*) 
86. (x — 2y) (x — 2j/ — 3a) 


3. (x - y)(i -2y) 

7. (x - 6)(x +2) 

U. {5y +4)(y + 2) 

16. (3x +2y)* 

19. (2x - l)(2x + l)(4x’ +3) 
23. oHo + l)(o - l)(o - 1) 
27. (ox + 6y)(o®x — 3y) 

31. 2(4 + 3x)(16 - 12x + 9x*) 


ExeieitM 18, Pag* 23 

1. x^ + 8x*j/ + 24xy + 32xy’ + 16y* 

3. 81o* + 640o*6 + 1350o’6* + 1500o6* + 6256^ 

2~ ' 12~ ' 27 '’729 
7. y» + 16y’x + 112y V + 448y®x’ + n20y*x* + 1792y»x‘ + 1792y*x* 

+ 1024yx' + 26Sx* 


, 729 , 243 135 . ,5 , 5 . x» ^ x' 

64 ^ 16 16 ^ ^ 5?7 ^ 72Q 


Ex*rciMi 19, Pag* 24 

8. HCF: none LCD: o(o + 6)*(x - y)(o® + aft + ft*) 

6. HCF: X - 1 LCD: (x - l)(x + l)(x* + l)(x< + 1) 

7. HCF: X -3 LCD: 42(x-3)*(x + l)(x+3) 


Ex*rdMt 20, Pag* 27 



a(2x + 3o) 
x(x — a) 

3x* -)■ 6xy + 3v* — X — 8y 

(x + y)* 


3. X + y 

3x* - 8x - 19 
(x + l)(x-l)(x + 3) 
^ 6x* - 21x - 5 


(X -2)(x -3) 
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(g - by 

a* + 


17. 




21 . 

26. 


29. 


1 

1-0 
-4 
a + x 

-8x-h 8 

2x2 (x _ 2)2 


15. 


y -g 


19. 


23. 


27. 


31. 


0-6 
0 + 6 

(oy ~ 3y + o - 8)(y — 1) 
(2y + l)(y - 4) 

24 (y2 - lOxy + gg) 

(y - 6x)* 

40^x2 

( 2 x - 0)2 


Exercitet 81, Page 30 

1. /(O) - 6; /(I) - 9; /(-I) * 3; /(a + 6) » (o + 6)2 + 3(0 + 6) + 6 
3. F(l) - 4; F(2) - 13; F(o) - o* + 2o + 1; - 1) - to* - 3^2 + 6u> - 2 

Exercitet 88, Page 38 

3. Center is (0, 0) and r « 5 


1 . ( 2 , 0 ) 

7. (^,0) 

1. y « |x + 1 
7. y « » 


1. X - 411.4 

6. X ei 5 


9. X a 6 


13. X » 
17. X « 


?1 

10 


1. 83 

6. 3900 at 8i% 
$1400 at 5i% 

9. 10 ft from end 
13. 3^ gal 
17. 31200 at 5% 
32000 at 6% 


1. to - 17i 
6. 0.048 


Exercitet 83, Page 35 

3. (0,0) 

9. (fO) 

Exeicitet 84, Page 38 

3. y fx + i 

9. y « -2x + 7 


5 . ( 0 , 0 ) 
U. (i,0) 


6. y = |x 
11. 28 square units 


Exercitet 85, Page 41 

3. X « 26i 


7. X 

11. X 

15. X 
19. X 


a 

6 + c 
ban — 6c2 


3c -6 


g(a + 1) 
0 — 1 


(a^l) 


2 


Exeicitet 86, Page 43 

3. 5 hr 

7. Mother; 3864 
Each daughter: 3288 
Each son: 3144 
11. 42 men 
15. 3hr 
19. 2705 ft 


Exefclies 87, Page 48 

3. 7.9 sec 
7. 8 lb per sq in. 
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9. 6001b 

11. 5.9 in. 

18. i 

16. 33% 

Exeielset 28, Page 54 

1. re « 6, y - 12 

3. X *» 7, y a* 3 
. in{k + m) 

6. ® ■* 4, 2/ * 16 

® „ V 

k{k ~ m) 
k{k -h Tn) 

^ m{k — m) 

9. a: * 60, 2 / *s 40 

11. X = 2, 2/ * —2 

13. X * 4, 2/ » 2, 2 * -3 

16. x*ff 2/» -Hi 

17. 7i hr up; 4^ hr down 

21. $60,000 at 5% 

19. A: $10; B: $6 

Exercises 30, Page 57 

1. X * 1^; 2/ “ 7 A; 

3. X = 0; 2/ = 

con^stent and independent 

consistent and independent 

5. X = 12; 2/ * 31; 

consistent and independent 

7. Consistent and dependent 

9. X *» 6; y 0; 

11. * = 1; y = 

consistent and independent 

consistent and independent 

18. 13 in., 6i in., 19^ in., or 

16. A: 20 days; B: 30 days; 

16j in., 13 in., 9f in. 

C: 60 days 

17. A: 6.30 yd per second 

19. 67.91 oz of 18.22% bar, 

B: 5.94 yd per second 

21. 24 miles; 9 miles uphill 

42.09 oz of 10.67% bar 

Exercises 32, Page 65 

1. X * 7, 2/ = 6, z «4 

3. X = 5, 2/ =* 1, z * 3 

8. x-H.v = H.* = H 

9. ri « 18 ohms 
r 2 * 9 ohms 

Tz « 12 ohms 

7. X = W. 2/ = - - W 


Exercitei 33, Page 69 


6. -600 

9. * - i, or I 

1 . bVb 


*• “TTsr 

11. a; = 6, y * -3, « « 4, w - 


Exercises 34, Page 74 
3. \ 


18. V 

_ a* + 2a+3 


5(a;-2) 

>r3 
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M. -i 

98.-^ 


97 

”'27a 

(6 - D* 

<** 

29* « ,4 

a* — b* 

81. ■^ + Va-V«5-6 

38. m* + -f — 

n‘ 

ExeicisM 35, Pag* 78 

1 . sVS 


K 2-^ 

7 ^ 


9. 2\/2 

11. (x - 3)V^ 

13. (a* — 6*) V a* — 6* 

16 . -n/io > ■'1^, ^ > Vs, 

17. -^Vl 

19. (6 - c - J)Vo - b 

M. 2 V& 

33. Vio-6 

S6. 6 - 2 V 6 

27. 9 - 2 V 8 + 3 Vis - 2 V 6 

99. - 21^10 + 1^28 

81. Yes 

88. 4 V 5 .+ 8 

27 - 7 V 5 

22 

_ a~Va^ 

—06 

X 

’ X + Vo* + X* 

41. -4.832 


Extreiies 36, Page 80 

1 . S + ( 2 V 3 - 4V^)i 

6 . 14 - 6-N/3 - ( 7 V 6 + 2\/i5)i 

8. 6 - 21 Vo + sVsi 

0 

■ a* — y/be a(,\/b + •n/c)< 

®‘ a* + 6 0* + 6 


Exereiies 37, Page 84 

8. (0) r(^, -V'); minimum y - 


(b) F(i, -^y, minimum y - 
(«) ^(i. —■ ^); maximum y — — ^ 
(<J) F(-i, ^); maximum y - ^ 

(«) 7(0, —3); minimum y — —3 
(J) 7(|-, — J); minimum y — — § 


6 . X - 15 ft 7 . -V 

9 .i 

Exeidief 38, Page 88 

1. X "i 3, 4 

8. X “ J, J 

6. X B f, — 1 

7 . X - -i, -i 
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1 

1 

11. X - 1 > 2a 

,* « 2» 

18. X •‘—i — 

2p p 

26 26 
lo. X a , 

a a 

17. 1 ± 


21. 1 and ^ 

„ 6±\/i7 

8 

26 

^ -p ± Vp* - 4? 

V 

‘ 2 

29. 4.431 and 0.903 

81. -4 and -2 

83. 8.140 and 2.660 

__ 17 ± \/ 455i 

12 

87» 6aiid-j|^ 

89. and -J 

41. -i 

Exercises 39, Page 92 

1. a; «6 

8. X a 0 and 4 

6. X -3 

« 25o 

<2 a* 

a— 1 

11. X « 9 

18. X «= 49 

15. X - 37 

17. X « and |- 

19. X = ± |\/io 

21. X a 1 and 4 

28. X a 3 and — §• 

26. X a -grj^ and 16 

29. 266. 

27. X a 1 and 4" 


Exercises 40, Page 92 

1. 37.26 acres 

8. A: 6.26 mph; B: 4.26 mph 

40.26 acres 


6. 14, 6 or 

7. 4 ft border; 20 ft side of square 

9. Train: 40 mph; plane 120 mph 11. 4^ hr 


Exercises 41, Page 95 

6. 9-1 

7. Real and equal: ^ — db 6; 

not real: — 6 < g < 6 

9. *1 + ** - ii *i®s - -i 

Exercises 42, Page 98 

1. (2,6), (-4,-1) 

3. (1, 2), fj, ft 

6. (8, 16), (-3, t) 

9. (4, -3), 

7. (3, 1), (-tV, 


Exercises 43, Page 100 

1. (2.4), (-2, -4), {iVw,iVw), (-iVlo. -iVw) 
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(4*6), (-i -6), (3\/3, Vi), {-8V% -Vi) 

(6. 2) , (-6* -2), (4i, -3i), (-4i, 3i) 

(2, -3), (-2,3), (MviiHvii). (-HV^. -HVm) 

(5.1) , (-6, -i), (ivii, J^Vif), (-fVii, -J^vit) 

Exticiset 44, Page 102 

-V -X / W + viw 13-V39i\ /- 18 -Viw -13+viw> 

(9. 3) , (3, 9), ( ^ , ^ 

(if). (i.i) 

,o «x / « + vi« 7 - viit\ /7 - viii 7 + ViiiN 

(2, -6), (-6,2),(— -T-} ' —T-) 

/ -49 - rVHi -49 + 7V4li\ 

V 4 ’ 4 y 

,» „X , » -X /9 + VE 9 - V65\ /9 - Vis 9 + V66\ 

(7, -3), (-3,7),(^-^ {—^> —^) 

ExMciMt 45, Pag* 104 

(1.2) , (2,1) 3. (9,3), (-9, -3) 

(2, -3), (6, -1) 

/evii 2 Vm\ /-evii -2Vi5\ ,.x 

(i Viii, ^ijfV^) 

(4,1), (2,2) 

/5i -17i\ /-5» 17t\ 

U’ 6 ,)’ V 2 ’ 6/ 

ExwcbM 46, PAg* 104 

(4,5), (-4, -6), (-19, 6), (19, -5) 

(0,0), (4,2), (-4, -2) 

/ft / 2i 9t \ / 2i 9z \ 

' ^ ^ ^ Vii’ Vii)’ (vi5’ Vii) 

. (-4.999, -0.1262), (1.279, -4.834) approxiinately 
. (1.300, 2.280), (1.300, —2.280) approximately 
, (2o, o), (-2a, a), (2V2oi, -2o), (-2V2ai, —2a) 

. (3, -4), (4, 3) 

. (2,3) 

. 1.65 in. and 30.35 in. 

• 92.5 mph and 112.5 mph 
. 25 lots at $192 each 
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Exeidtes 48, Page 114 


1. Ellipse 

3. Ellipse 


6. Hyperbola 

7. Hyperbola 


9. Hyperbola 

11. Ellipse 


13. Hyperbola 

16. Hyperbola 



Exereiset 50, Page 118 


1. /(I) « 3; /(2) » 5; /(3) = 

: 11; /(-I) = 11; m - -1 


3. /(-I) - -15; /(2) = 114; /(6) - 13,455; /(lO) - 462,810 

6. /(2) - 53; /(-I) - -13; /(3) = 231; /(-3) - -567 



Exercifet 51 , Page 1 20 


8. -1 

7. -28 


11. (x + l)(x+2)(a: - 1) 

13. (a;-4)(x-2)(a:-3)(» 

-1) 


Exercifet 52, Page 126 


1, 2, 3, -4 

3. 1, -1,7,3 


5. -3,1,2 

7. 1, 1, 1, -4 


9. -i, -1, -i 

11. 2, -*2, 2 


13. 1 , 1 , -1 

„ Q 1 rb 


lo- 2 


17. -1,5,1 

19. f, ±\/2 


21. 28 ft, 21 ft 

Exercises 53, Page 1 29 


1. 4.23 

3. -2.43 


6. 0.409, -1.11,2.20 

7. 1.75, -0.331 


9. 2.38 

Exercises 54, Page 1 33 


1. 0.27, 3.36, -1.63 

3. 0.28, 0.69, -0.97 


5. 1.77 

7. 19.34 in. or 3.36 in. 


9. r = 3.69 in.; h ^ 5.61 in.; 

or r = 6.75 in., h = 1.56 in. 


11. 0.32 ft 

Exercises 55, Page 135 


1. (a)log 2 8«3; (6) log6 25 

= 2; (c) log, 1 = — 1; (d) log* 1=0; 

(e) logg4 = 1 

3. (a) 6; (b) 2; (c) -4; (d) 

-1 


7. (a) 3; (6)3; (c) 625; (d) 

TITS' 



Exercises 59, Page 139 


1. 0.66680 

3. 2.31027 


6. 1.94929 

7. 0.48897 - 2 


9. 0.02284 

11. 1.73030 


13. 0.99564 - 3 

16. 0.77830 - 6 


17. 0.84510 - 1 

19. 3,79000 


21. 322.1 

23. 9570. 


26. 5.9204 

29. 9.991 

27. 0.00303 
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1. 1.10497 
5. 2.90203 
9. 70148. 
18. 60.473 


ExtfdtM 60, Pag* 143 

8. 2.07392 
7. 7.12209 - 10 
11. 45.503 
16. 0.029182 


1. 0.11203 
6. 3.006 
9. 1.554 
18. 1.0092 
17. 0.48474 
21. 12.29 
26. 11.23 
29. 1.286 X 10“ 
88. 4.578 


1. -1.9554 
6. -0.015218 

1. 2.7604 
6. 0.1 or 3.162 
9. 100 or 0.001 
13. 11.923 
17. 2.4012 
21. 0.049 


ExoiciMt 61, Page 145 

8. 37.816 
7. 15.78 
11. -0.9788 
16. 5.39078 
19. 1.7094 
23. 34.885 
27. $2,513 
31. 0.608 


Exerciiet 62, Page 147 

3. -0.00002493 

7. 3.2314 

Exerciiet 63, Page 149 

8. -3.170 
7. 1.442 

11. 0.1704 
16. 4.5913 
19. -0.18551 
23. 0.042 


Exerciiet 64, Page 1 50 

3. 50 

6. 4.3731 - 10; 9.0837 - 10; 2.3322; 8.6907 - 10; 1; 1.9149; 6.951; 2.26593 

7. (a) 3.2188 
(6) 5.52147 

(c) 7.82406 

(d) 8.61370 - 10 

(e) 6.31111 - 10 
(/) 1.83258 

Exerciiet 66, Page 1 54 

8. aio *■ 35; «io » 740 6. 112} 

7. 0. - 22 + Vi; «» - I 2 V 2 + 132 ». n - 9; a, - 477 

U. 14) 18. $139 

16. 2,300ft 17. 

SI- A: A 


1 . ai 


J-L. 


n 


EmkIim 68, Pag. 157 

, .logon -logo /'OnV^""® 
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8, aq - — 8q - -Hi 

6* On ■■ y J’ff’J ®n *■ 31^'5'j^ 



7. $2412.10 

9. $3306.80 

11. 0.34866to; 37 strokes 

IS. 1.8447 X 10^® 

Exereiset 69, Pogs 160 


1. 2 

8-f 


6. 9 

A 



11. 120® 


13. 1/x 

Exercitsf 71, Page 168 


1. 15 

3. 150 


6. 486,486,000 

7. 144 


9. 0 

Exercises 72, Page 1 70 


1. 1680 

3. 720 


5. 840 

7. 96 


9. 126 

Exercises 73, Page 1 71 


1. 120 

3. 3(27^8) « 6,660,225 


6. 637 

7. 28 


9. 75,287,520 

' 11. 62 C 13 



Exercises 74, Page 1 71 


1. 600 

3. 455 


6. 455 

7. 1225 


9. 120 

11. 190 


13. 151,100 

16. (|12)2 


17. OjlO 

Exorcises 75, Page 1 74 


1.* 

^ _ 723 . 91,914 

92,637 ' ^ ^ 92,637 


«• * 

7. 1 



Exercises 76, Page 1 75 


1 1 
^“^28,661' ^"^27,025 

3. (a)iM; Wlift 


6. 0.568; 0.185 



9. 

13. -At 

11* (tt) tVj (^) A 
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ExmcIms 77, Page 177 

3. 30.75; $1.50; 13.76 


1. |0.06f 
6. 34805 

ExeictiM 78, Pag# 177 

1. (a) A; WA; WM 

8-tt 

5. (a) 0.94; (6)0.44; (e) 0.06; (<2)0.14 

7 ±. _i_. JL 

" 17 ’ 2662 ’ 221 
9. 90.059 

ExmcIm* 79, Pag* 18S 


® :+■ ^ 


X — 1 X — 2 X — 3 
6 5 


3(x - D* 9(x - 1) ^9(x-f 2) 
29 


^ X — ■ 2 j 

6(** + 1) Hx + 2) 

7. 8x + 29 + ^ 

3 


9 . 


X — 2 X — 1 
1 

6(x + 1) ^ 5(3x - 2) 

89 32 


11. 3x + 16 + 


13- A + 


X — 3 X — 2 
4x-3 


16. 


4x* 4(x* + 4) 

35 7 


35x - 14 


16(x - 1) 4(x - 1)2 16 (x 2 + a; + 2) 


17. 


19. 


1 


1 2 

- 1 (to - 1)* (u> - 1)» 

2x X 


(X* + D* ^ X* + 1 


1. X > 1 

6. X < 1; X > 3 

9. — 3 < X < 2, X > 7 

IS. X <1 

17. X > 1; X < 0 


ExweltM 81, Pag. 187 

3. V<| 

7. -f < X < 1 

11. X < -3, X > 0 

^Z-Vn ^ 3 + 
15. X < r > X > 


19. X < 0 

Exerciiei 82, Page 188 


1. 0.989 


8. n • 


Cf 


■ ; r - ■ 


liE 


iE~ 


Cr(n + 1) 


B-Cr’’ C(n + 1)‘ n 

6. x*^ — -V**!/ + -^x'^j/* — + • • • ; ninth term is ■Hf***V* 
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7. 

9 . 

11 . 

13. 

16. 


17. X 


a; « -6; y « 14; « 6 

142f miles 

lOiVSi 


3 


19. (a) K » =hV^; (b) anything but =fcV^ 
21. a; - 0 

23. 6x^jr^ - 2a;"^ - 

26. a; > 7 and x < —-I 

27. 

33. (o) yes; (b) yes 

36. -3, -4, 1 ± 

37. 2a:* - llx* - 23a:* + 14x - 0 
39. 2.756; 6.190; -1.912 


41. 3 
43. 19.61 
47. 32.015 
49. 31591.8 
61. 273,700 
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ExereiMS 1, Pog* 197 

1. 90“; 60*; 16®; 38®ll'60"; 85®66'37" 

8. 0.6698; 1.2613; 2.208; 1.6132; 2.483; 0.8269 

6. 12.67 ft 

7. 6.094 in. 

9. 9.48 in. J 

ExeicliM 2, Page 198 

1. y- 150 ft; r- 212.18ft 

o oVs 

T ; _ 

2 ’ 2 

6. 12.69 ft 


ExgieiMt 3, Pag* S04 


1. 

sin A 

COS A 

tan A 

CSC A 

sec A 

cot A 

(a) 

iV2 

iVi 

■■ 

Vi 


1 

(b) 

IV 2 

-jVi 

BB 

Vi 

-v^ 

-1 

(e) 

Vi 

2 

i 

B 

2 V 3 

3 

2 

8 


8. 2.2802 


Exercises 4, Pag* 206 

6. X « 2.75 


Ex*rcit*t 6, Pag* 210 



sin A 

COS A 

tan A 

CSC A 

sec A 

cot A 

‘ 1 

A 

±il 

=tA 

¥ 

±H 


8 

-# 


-i 

-f 


-i 

6 


±7^ 


sVri 

7V7i 

74 

i 


7. (a) 5.7683; (6) 1.799 

». (o) 4.7669; (6) ^ 

144 

Ex*icls*f 10, Pag* 226 

sin ^ e ~2 g +2 sin* 8 -fBin^ g — 1 
sin* 0(1 — sin* 0) 

1 + cos A ■“ cos* A — cos* A 
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1. 0.46866 
6. 0.66666 
9. 1.0844 
18. 61°60'22" 
17. 89°39'46" 


^WERS TO ODD-NUMBERB) PROBLEMS 
ExwdiM 11, Pag* 233 

8. 0.73010 
7. 0.13710 
11. 24'>16' 

16. 39°36'25" 

19. 33‘'53'46" 


Ex*kI<m 12, Pag* 233 

The general solutions are obtained by adding n ■ OeO**, where n — 0, 1, 2, 3, • • • , to 
the values given. 

1. (o) 30'; 160' 

(6) No solution 

(c) 80'32'16"; 260'32'l6" 

3. 46'; 225' 

5. 80'32'16"; 260'32'l6" 

7. 36“62'12" 

9. 60'; 120' 

11. O'; 180'; 46'; 226' 

. 32'37'; 147'23'; 327'23'; 212'37' 

. 60'; 180'; 300' 

17. 90'; 60'; 300' 

19. 72'24'49"; 220'12'28" 

21. (•\/i3, tan”* ^), 9 in first quadrant; (—'\/ii3, tan”* •§•), Sin tlurd quadrant 
83. (9.30075, 98'2'22" ± n • 360'); (9.30075, 261'57'38" ± « • 360') 

26. r - ± ViO; 0 - tan”* (-2); fl = ^ 2n»- 

4 


1* sin (A + B) 

cos (A -H B) 

tan (A + B) 
5. COB B 


Exercises 1 3 , Page 236 


4V5 +6 

15 

2V5 - 10 

15 

9 + 5 V 5 
8 


sin (A — B) 
cos (A — B) 
tan (A — B) 


4 Vs -6 

15 

-2V5 - 10 

15 

9 - sVs 
8 


Exercises 14, Page 238 


1. sin2A 

8* tan 2A 

6. cos3A 

7. sm-. 


2 ' 

2 tan A 


' ; cos 2A 


— tan 2A 


1 — tan® A 
4 cos® A — 3 cos A 



- -Vi 


VE 
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ExMcbM 16, Pag* 841 

In each of the following answers n ~ 0, 1, 2, 3, • • • . 

1. 30* ± n • 180* 

160* ± n • 180* 

3. n-360*±45* 

«. 90* + n-360*; 18* + n-360*; 162* + n-360*; 234* + n • 360*; 306* + n • 360* 

_ X 2nx X _ 

270®dbn-360® 

=bn l80®; 46*dhn*180®;90®dbn*180® 

180® =t n * 360®; 60® ± n - 360®; 300® =fc n • 360® 
in • 180®; n • 180® db 60® 


9a 
11 . 

13. 

16. 

17. 161®33'54" + n • 180® 

19. r - 4.3149; e - 22®l'27"; r - -4.3149; $ - 167®58'33" 


21. 

23. 

26. 


— 4.SL „ 1 

4^9 


— 2ay* ■■ 0 

2^ 


re* 


27. »* + 2ox - 2o* 

29. 9 - 121*17'10" 

31. 9 « 44*37'24" 

1. » » ^ Vs 

Exeiciias 17, Page 244 

. 

3. X * 

2 

14 

6. s «■ 0; a; *■ il 

7. a; — 0, x =» 

i 

1. 9.52421 - 10 

Exereisei 19, Page 247 

3. 0.50040 

6. 0.38694 

7. 9.88095 - ; 

9. 0.32389 

11. 22®29' 

13. 64*12' 

16. 35®38'32" 

17. 40*37'3l" 

19. 22®45'30". 

1. 4 - 62*4'68"; B 

Exerelset 20, Pgge 249 

- 27®56'2"; c - 303.29 

9. A- 60*14'4l"; B 

- 29®45'19"; a - 313.86 

6. A - 70*43'22"; 6 

- 161.37; c - 488.78 

7. 7.6537 in.; area ■> 

282.84 sq in. 

9. 15.867 in. 

11. 43.333 sq in. 

13. 6 in.: 10.10 ou ft 

^36 in.: 128.0 cuff^ 

12 in.: 27.94 cu ft 

*42 in.: 146.8 cu ft 

18 in.: 49.53 cu ft 

48 in.: 168.4 cu ft 

24 in.: 73.32 cu ft 

54 in.: 186.2 cu ft 

30 in.: 08.15 cu ft 

60 in.: 196.3 cu ft 



ANSWERS TO ODD-NUMBERED PROBLEMS ! 


54S 


18. 168.06ft 

17. B - 68W' 

B' - 121*69'62" 

C - 80'22'27" 

O' - 16“22'43" 

e- 563.68 

e' - 168.33 

19. B - 63*61'34"; 

C - 6r40'61"; c - 876.84 

*L A - 16"46'36"; 

C - 24*46'33"; 6 > 636.79 

1. A - 56°19'; b 

ExMdtM 91, Pag. 957 

-838.0; e- 786.7 


8. A - 47^'; C - 80”»'; e - 614.2 
S. No solution 


ExorcItM 22, Pago 260 

I. A - 61“29'36"; B - 89n3'24"; e - 291.28 

8. A - 32°28'17": C - 57”3l'43"; b - 66.19 

6. 777.68 miles; 425.62 miles from other road 

7. 135.8 miles apart 

9. 64°44'6" 

ExsiclMt 93, Page 968 

1. C - 66®39'24"; b - 592.74; e - 680.11 

8. A - 34"32'6"; a - 0.1426; c = 0.2510 

6. A - 72"41'24"; B = 62'’9'56"; C = 55°8'42" 

7. A - 40°29'; B = 59-6'; c = 1113 

9. A - 46'’52'10"; C - Hl‘’53'25"; c - 883.65 
A' = 133'7'60"; C’ - 25‘’37'45"; c' - 411.92 

U. B - 23'’18'2l"; C - 141"8'57"; c - 241.57 
B' = 156°41'39"; C' = 7°45'39"; c' = 52.006 
13. A = 66°22'42"; C - 72“20'0"; b = 0.69757 
16. 263.5 miles 

II. 385.9 rods 
19. 10.7 in. 


Exercitef 24, Page 271 

1. B « 46n2'45"; C « 51’^9'5l"; a « 527.44; area » 79.300* 

8. A « 86°45'15"; h - 700.67; c = 792.42; area =* 277160 

6. A - 29‘*46'49"; B = 87®57'36"; h « 921.96; area » 186,940 

7. 0.82042 

9. 76.41; 179.9 

11. 113°1'37"; 66‘’58'23"; area = 137.58 sq ft 

13. One diagonal » 165.5; other » 409.2; area » 29,677 

16. 5800.7 ft 

17. 1584.4 ft 

19. 538 sin 31^27' > .237. BC is too short 
21. AB - 536.76 ft 
28. AB - 405.6 ft 

26. AABD - 139®47'23"; BD = 897.16 ft 
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ANSWEnS TO ODD-NUMBERED PROBLEMS 


27. 279.5 ft ■■ horizontal distance; 6859.7 ft ■■ height of cliff 
29. 4000.5 miles; 178.94 miles 
61. 674.5 sq ft 
68. 5.82 in. 

85. 262 miles 

87. 122.7; 148.2; fi2^9'54"; 63n'30" 

39. 14.72 ft 


Eii.reitM 25, Pag. 278 

1. (a) 2(co9 60“ + 1 rin 60“) (ft) 2(oo8 330“ + f sin 330“) 

(C) 2V^(cos 225“ + i rin 225“) (d) 2 (cob 90* + 1 mn 90°) 

(e) 3(008 0“ + 1 sin 0“) (/) (cos 270“ + 1 sin 270“) 

(ff) (cos 9 + 1 an fl), (A) V^(cos 316“ + i sin 316“) 

where 0 — ( — -$-) in the 4th quadrant 

8. (a)3+i (ft)l-7i 


(c)14+6i 

ExmcIm* 26, Pag. 282 

1. 6(co8 60“+isin60“) 

». ii 

7. 4 + 4V^ 

9. 2V2(cos 345“ + i sin 346“) 

11. (a) ±1; (6) (e) ±1, =bt 


1. 4-< 

9 - —A + 


Exeiciies 27, Page 284 

8. -3 - lit 

^ 1 =b Vl5< 

7. « « 


11. 5Vl3(cos 70®33'39" + 1 sin 70®33'39") 

15. ^ (ods 330* + < sin 330®); ^ ^ (cos 45® + i sin 45®) 

5 25 25 10 

17. '\/6(oo8 16“ + f ^n 15“) and 'n/6(cos 196“ + * an 195“) ; 2 + * and 

Vio(eos 22*30' - t sin 22“30') and Vlj0(cos 167“30' + i sin 167“30') 


-2 


»: 


19. db2i 

21. 1.697(008 148“49'32"); 1.697(co8 328“49'32") 

28. 2(eoB60“ +fsin60“); 2(ooe 180“ + isin 180“); 2 (cos 300° + i an 300“) 

25. -^(ooB 4r42'36" + i an 4r42'36"); -^(cos 167“42'38" + 1 sin 16r42'36"); 
•❖^(eoB28r42'36" + i sin 287“42'36") 

27. 2(ooBfl“ + » sin 0“); 2(cos 72“ + f an 72“); 2(co8 144“ + f an 144“); 2(cos 216“ 
+«aiA2ie*);2(coB288“ +f 8in288“). 

31. si - V^Coos 69'2'0" + f sin 69“2'9"); h - Vl3(oo8 303“4l'24" 

+ i sina08“4l'24"); s - V29(co8 21“48'6" + <Bin21“48'6") 

86. in aeries 4371'(oaa 334°3' + * sin 834°3'); in parallel 1.718(cos 334*49' + i sin 
884*49') 



ANSWERS TO ODD4^UMBERB> PROUIMS 
IUvi«w ExmcIms S8, Pag* 286 


S4T 


5. 4.59 ft 
7. 616.6 ft 

15. (o) « - 30*; 160*; 135“; 316* 

(6) 0 - 48*36'26"; 131“24'36"; 194*28'39"; 345*3l'2l" 

« • 220 m 119 . A V26 

16. an U + B) - — ; coe U - B) - — ; COB 2A - — ; am - - — 


17. (e) 


COS 4^ + 4 COS 20 + 3 


±26 VS + 48 


28. (o) 120*, 160*, 300*, 330* 

(6) 0, 90*, 180*, 270“ 

86 . If* - 4a:*(l - x*) 

89. Vi7(co8 99*21'27" + i sin 99*2l'27"); Vl7(cai 219*2l'27" + i sin 219*2l'27"); 
Vi7(co8 339*21'27" + i an 219?2l'27") 



BOOKItt 


ExMdMt 1, Pog* S98 

5. AB ■> 9; BC m \/iio; AC ■■ V^; altitude -t 9; aiaa » ^ 

9. - 4y + 13 - 0 

Exeidiei 9, Page 994 

1. (i -#) 

3. (-*. -6); (-t -4) 

6. (a) AB - sViO; BC - V^; AC - Vis 
(6) to BC - iv^; to AC - iVvi-, to AB - 
(e) iVa 

W) (*. -¥) 

Exerdtet 3, Page 995 

!• 12 5. ^ units 

7. Qt) eO; (e) 15, 

(d) 2^/S9; (fi) 


Exereitet 4 , Page 997 

5. C2.e0*); (V2,46«); (V^ 284*27'46") 

6. r » 5 7. X* + »* - y - 0 

•.]/*- 4(x + 1) U. 6.33 


ExMdM* 8, Pag* 311 


1. (4*8) 

6. (I, -6) 

8. (2,10); (10,2) 

U. (0,0); (2,4) 
17.(lOV^,j) 


8. (2,4); (60,-20) 

7. (2,2V3): (2, -iVs) 

11 . ( 0 , 2 ); ( 0 , - 2 ) 

18. (1,0); (!,») 


21. (1,0); (0,0) 

®* \2’ V' V2’ 8,/’ VS’ 3 y \2’ 6 /’ \2' 6 /’ VS’ 8 )' W a/ \2* 6 / 


EmkIm* 9, Pag* 814 

1. 2x - 12y -.20 « 0 

8. x* + y* — 2x — 5y»25 
0. y* - 8x - 10 

7. x*-4x-6y + 18-0 

8. iex*-18xy + eey*-6(te-460y + 176-0 

548 
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U. 44x* - lOOv* - 276 
tt. 8s*+4y*-4Qs-(-JiOOaO 
18» r ■» 10 ooB 

17. r*-8roo8^«-0-M 

EimcbM 10, Pdg* 319 

l*y“-8 3. 2x+3y-10-0 

0. 2« + 5y — 10 ai 0 7. — j/ — 3 — 2 V 3 0 

». X + y - 2 - 0 11. X + Viy - 6 - 0 

16. (a) 2x + y - 6 - 0; X - 6y - 10 - 0; 6x - 3y - 7 - 0 
(6) Ox - y - 17 ■ 0; 3x + 7y + 0 0; 3x - 4y - 13 » 0 

(c) 26 
W 11 


ExMcbM 11, Pag* 323 

1. y •• -fx — f; y intercept — — ^ 

8. ■fx + (—• J)y “ 2; distance — 2 

6. Altitudes: to AB — 7; to BC » to dC — — ; axes — 17j 

7. 63*26'4" 

9. 123"41'24" 


11* 3a; + 2y — 28 


13. 


7Vm 

194 


0 


ExbicIim 1 1, Pag# 386 

3. (-f -4)(-|, -6) 

5. 90* 

7. (o) AB - 6; BC - 6; AC - Vio 

(6) y — 0; 3x + 4y — 16 — 0; 3x — y ■■ 0 

(c) 3; 3; fVlO 

(d) 71*33'64"; 71*33'64"; 36*62'l2" 

(e) » -» 1; 4a; — 3y ■■ 0; * + 3y — 6 ■■ 0 

(/) (1.4) 

(y) 2x + y — 6*0; x — 2y — 0; x + 3y — 6^0 
(h) 74 

9* 05 + 2y + 6 ■■ 0 

22\/i7.22\/29. llVlO 
17 * 29 ’ 10 

19. 205 + y ± 6 Vs - 0 


1. 

3. 

3. 


7. 


ExbicImi 13, PogB 330 

a5* + y* — 4a; + 6y — 28— 0 
«^ + y* + 0* — 8y«0 

05* + y* — lOy - 0 

1105* + lly* - 2105 - 47y + 10 - 0; r - — — ; 



22 
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». »* + »*-18* + 8y + 9- 0 
U. 80s* + 89v* + 1246s - 356v - 324 - 0 
13. s* + y* 16 

16. 2s* + 2»* -2(a + c)s-2(6+d)y + o> + 6*+c>+<l*-fc-0 

17. 296s* + 296y* - 1440s - 31y - 8676 - 0. 

19. 2Vra 


ExmcIm* 14, Pag* 338 

1. r •• 10 006 4 
8. r* + lOr mn 9 — 75 
6. (o) C(0,0); r-7 
(6) C(3,0); r-3 

(c) <7(6, x/2): f-6 

(d) C(2, t/ 4): r - 2 

(e) C(i w/6): r - i 
(/) C(6,0); r-6 

(g) C(f,oos *1); r - f 


s* « 

‘•5 + 5-* 

64 ^ 39 


Ex«rcis6t 15, Pag* 339 

aj® 2/* 

3. ~ -LiL 

36 ^20 

7, j. SL , 
6^8 


- , . ■'/s „ /7 isVH 

0. (o) « “• — ^^(±2'V6, 0); s ” ± — g— 

(6) « - 1; /^(O, ±4); y - 

, , 2V5 /-, sVl 

(c) « - -g— ; FiO, ±2V6); y - ±-y- 


ll. Length of side « 

BOirVi 


IbVu 

17 


17. .4 - 


3 


1 

1 


ExwciiM 16, Pago 342 


(s-5)» . (y + 3)* 

36 27 

. (s - 2)* , (y - 9)* , 

^a.__ + __-i 

„ 4(s - 3)* (y - 4)* 

®Tir"+~2r^ ^ 


0. <7(0, 1); « - 6; 6 - Vs; F(±2\/6, 1); s - if-s/s 
11. C(3, -1); a - 6\/2; 6 - 6;' F0 ± 6, — 1); s - 3 ± 10 

18. C(0,3); a - 4VS; 6 - li; Fifi.ZdoWly, y - 8 iOv'S 



ANSWERS TO ODD-NUMBEW) PROBLEMS 


W 


16. (a) r - 

17. r 


6 


2 — cos^ 
ek 


; (&) r - 


6 


2 - cos ^ 


; (c) r 


6 


2 + sm^ 


1 — e cos ^ 

Vu 


Exercises M, Page 347 


1. e - ; Fi±\/u, 0); I ± I - 0 


8* 6 ' 


vs 




5. c « iVe; ^’(d=2V^, 0); -4= =t 2/ * 0 
V2 


7. — - — « 1 

ft 16 

9. ^ « 1 

5 20 


11 . V2 


13. -tT - ^ * 1 
9 18 


Exercises 1 8, Page 351 


qVS 


(* — 2)* (v + 3)* /— 

1. (o) - g - - 1; C(2, -3); F(2 ± V34. -3); ® - 2 ± 


6® — 3y « 19; 5x -f 3y = 1 


25V34 


(y 4- 3)® (x — 1)^ /— 

(f>) - g = 1; C(l, -6); Fd, -6 ± V34); j/ - -6 ± 

6x - 3j/ - 23 = 0; 5x + 3j/ + 13 = 0 
(c) Two straight lines: 5x — 3j/ + 13 — 0; 6x + 3j/ — 23 = 0 
, „ (X - 3)* (y - 3)* , . Viio 

(tt) ■ 


^ 102 
2a;— y — 3«0; 2a;+y — 9=0 


1; C(3, 3); ^^3 s); x = 3 d= 


51 


Vmo ’ 


(e) - 1; C(-l, 3); F(-l ± VIs, 3); * - -1 ± ^ ; 

x-v+4-0; x + y — 2=0 
8. 9x® - 3j>® - 3ete + 24y - 16 - 0- 

_ ek 

5. r = 

1 + ecosfl 

7. 86x® - 26!/* - 168® - 224 = 0 

(X - D" (y + 2)" 

16 20 “ 

11. 6®(x — k)^ — o*(y — A;)^ = 0 : , 

Exercises 19, Page 355 


8. 4p 

6. y^ - 24x 



m TO OOD-MJMBERED mOflUEMS 


7. (a) F(8,0); f(6,0): »-l 

(6) 7(^ -2); F(8, -2); « - 2 
(e) r(l,0); F(l,|); 2» + »-0 

2. X* ~ 20y 

11. V* -6»-fte+27 -0 
IS. t^-10x + 46m0 
17. 

ExweiiM SO, Pas* 861 

1. Sx' + 7»' - 6V^ - 0 

8. (8 - 6V^)*' - (6 - 3V^)»' - 14 - 0 

6. x'* + »'* - 86 

7. *'* - y'* - 12; « - 



11. 2v'* + 8V'2x' - 8V2y' - 0 


EswebM SI, POg* 868 


1. x'* - y'* - 14; 6 - 45* 




y'* 


••T+2 

5. M — 4y'; B ■■ taif"^ 4 

T. (y' + “ -ft; ® “ tan-'l 






86 ^ 10 


ExticitM 82, Pag* 366 

1* (« — y + 2)(2* — y + 3) *■ 0 
3. Not factorable 
3. (« -y4*l)(® + 7) -0 
7* (» - y + 2)* - 0 
3. (x — 7)(2* + y) * 0 

Exefdiei 23, Page 378 

t («)t; («)!; W -2 

5. (tt)x-y-l-0: (6)x + y- 8- 0 

7. (tt)8x + 8y -26 - 0: (6) 25x - 16y - 27 - 0 
U. 10xd;Oy-48-0 
18.x-y-2-0;x + y+2-i0 

ExMidiM S4, Pos* I'M 

1.2X-V + 1-0 

8. V -2x -6 

6 . ( 6 ^ 6 ) 



893 
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7 ^ 125 =f wVsi 

9. y ■ fflx db 2V —mk 

11. y - -I* ± Vt 

EmciMi 36, Rag* 380 

1. 10x+3v + l -lO 

8. y - 20(2«) 

8. » “ + 1** 

7. (o)y-|-|* (b)y-_|+| 

(c) Cannot be done (d) Cannot be done 

(a) Not a unique answer 

9 . y - (■'^001)* 


ExmcIsm 27, Page 385 

1. 5 - 72.9 + 0.727< 8. P - 2.36 + 0.121F 

5. P - 0.76 + 0.19P 7. T - -17.6 + 4.32/ 

ExweitM 28, Pog# 388 

1. y ■■ 8 — + -f ** 

3. y - f + + Jx* 

6. y - 1.214 - 0.672X + 0.213x^ 


!• y 


84 M 
8 “"8» 


ExerdfM 29, Page 390 

8. y - -3 + - 

X 


ExeieltM 34, Page 409 

6« y » 2x — 1 

9. About 66” 

11. (a) *y - 12 (6) 05* - y* + 4 - 0 

(c) y* - 16* - 805* + »• (d) y « 1 - 2x* 

(a) y* - * + 1 (/) y - 3* + 1 

(g) 6x •> 10 + 2y (^) y - 2** 

ExeicitM 36, Page 418 

1. \/84, V77, Vra 

8. ilBC - 86*28'87"; BCA - 4in7'2l"; BilC - 88*UV' 

6 

7. x» + y» + «*-4«-10y+2» + 5-0 
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ANSWERS TO ODD-NUMBERED PROBLEMS 
EKercItet 37, Pag# 4SSt 


. » , aw , vTI , 

2 3 6 

7. 64'44'10" 

9. 235 -f 6 y + 32 = 98 
11. —3® + 2y + 62 « 14 
18. 2® — y + 92 — 10 


Exeiclw 38, Page 424 


8. (5, -1,2) 

6. 4* + 3w - 13, VU* - 3« - 15 + VTi 

n f \ 1 , 8 5 

7. (o) oos a » — 7= a cos /3 a — ;= > cos 7 « — = 

3V10 3V10 3V10 

/..N 2^1 17 

(0) cos a «■ — 7=; f cos /3 7= > cos 7 7= 

7V6 7V6 7V6 

9. 0 - 21^*39' 


Exercises 39, Page 427 

y® 4. a® M 6®; » 36(®* 4- 2*) 


+ 


9 


1 ; 


9 




Exercises 41 , Page 433 

1. (o) r « 2; (6) r* 4- 2 * — 4 

8. (o) r sin* /3 *» 2a cos /3; (6) r* » 2a2 



Index 

(The numbers refer to pages.) 


Abscissa, 32 

Absolute inequalities, 183 
Abstract numbers, 8 
Accuracy of tables, 232 
Algebra, fundamental theorem of, 120 
review of, 188 
Algebraic fractions, 25 
Angles, 195 

definition of, 195 
of depression, 271 
of elevation, 271 
initial line of, 195 
magnitude of, 196 
principal, 210 
of rotation of axes, 358 
terminal line of, 195 
trigonometric functions of, 202 
between two lines, 417 
between two planes, 420 
Answers, 529 

Arithmetical progression, 152 
Asymptotes, 301 
Axes, rotation of, 358 

Binomial theorem, 18 

for positive integer, 165 
special case, 22 

Cartesian system, 32 
Circle, 106, 328 

equation of, 107, 331 
involute of, 410 
parametric equations of, 406 
Combinations, 170 
Complex numbers, 79, 276 
absolute value of, 276 
amplitude of, 276 
conjugate, 277 

graphical representations of, 282 
powers of, 279 
products of, 279 
quotients of, 279 


Complex numbers 

rectangular form of, 276 
roots of, 279 
theorems on, 277 
trigonometric form of, 276 
Conditional equations, 227 
Conditional inequalities, 186 
Conicoid, 427 
Consistent equations, 56 
Constants, 29 

Coordinates, cylindrical, 431 

of point of division of line segment, 293 
polar, 296, 306, 331 
rectangular, 412 

relation between rectangular and 
polar, 296 
spherical, 431 
Cosines, direction, 416 
law of, 257 
Curve fitting, 375 
Curves, asymptotes of, 299 

from experimental data, 381 
through given points, 378 
graphs of, 299 
intercepts of, 305 
intersections of, 309 
symmetry of, 304 
tangent to, 366 
Cycloid, 406 

Cylindrical coordinates, 431 

Decimal notation, of irrational number, 5 
of rational number, 4 
DeMoivre’s theorem, 279 
Denominate numbers, 8 
Descartes’s rule of signs, 123 
Determinants, 59 
elements of, 66 

evaluation of second order, 60 
evaluation of third order, 62 
minors of, 67 
of nth order, 67 
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Detenninants (eonttnuei) 
properties of, 65 
second order, 59 
solution of equations by, 60 
third order, 62 
Dimensions, 8 
Direction cosines, 416 
Distance, between line and point, 821 
from plane to point, 420 
between two points, 415 
Division, synthetio, 118 
by sero, 7 

£mpse,334 

equation of, 340 
properties of, 337 
Equations, 39 

of circle, 107, 331 
conditional, 39, 227 
of conicoids, 427 
curve fitting, types used in, 876 
of ellipse, 840 
equivalent, 39 
exponential, 147 
firk degreei 39, 50, 319 
graph from experimental data, 381 
of graph by least square formula, 
383 

graphical representation of, 55, 105, 
299 

of graphs through given points, 378 
homogeneous, 99 
of hyperbola, 110, 343 
identical, 17 

involving inverse functions, 242 

irrational, 89 

linear, 36, 55, 92 

of linm, 413 

of loci, 312 

logarithmic, 147 

of normal to curve, 371 

of nth degree, 122 

of parabola, 105 

parametric representation of, 406 
of a plane, 412 
polar coordinate, 306 
quadratic, 85, 92, 340, 847 
roots of, 39 

rotation of axes, effect of, 361 
•eoond degree, 361 
of surface, 413 
of surfaces of revolution, 425 
symmetrical, 101 


Equations 

of tangent line, 869, 878 
trigonometric, 240 
trigonometric conditional, 227 
Exponential equations, 147 
Exponents, 71 
fractional, 72 
irrational, 73 
laws of, 71 
negative, 72 
positive integral, 71 
sero, 71 

Factor, 16 

highest common, 24 
Factor theorem, 119 
Factorial product, 22 
Formulas, transformation of, 10 
from geometry, 13 
Fractions, 25 
algebraic, 25 
partial, 178 
Functions, 29 
fiirst degree, 35 

graphical representation of, 34, 81 
integral, 30 
integral, rational, 117 
inverse, 242 
.linear, 35 

maximum of quadratic, 83 
minimum of quadratic, 83 
multivalued, 219 
quadratic, 81 
rational, ^ 
rational integral, 117 
single valued, 220 
trigonometric, 199 
vertex of qua^tio, 82 

Qeometrical progression, 155 
infinite, 158 

Geometry, analytic, 291 

formulas from, 13 
synthetic, 291 
theorems from, 13 
solid anal 3 rtic, 412 

Graphical method of solving tribai^, 245 
Graphical representation, 29 
of complex numbers, 282 
of equations from experimental data» 
381 

of linear equations, 55 

of polar coordinate equationSi 806 
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Oiaphioal representalioii (continued) 
of quadratic equations, 105 
of trigonometric functions, 213, 218 
Graphical solution of equation systems, 115 
Graphs, of certain equations, 299 

equations through given points, 378 

Highest common factor, 24 
Homer’s method, 129 
Hyperbola, 110, 343 
equation of, 110, 343 
properties of, 340 

Identities, 39 

trigonometric, 222 
Inconsistent equations, 56 
Induction, mathematical, 162 
Inequalities, 183 
absolute, 184 
conditional, 186 
Integer, positive, 2, 165 
Integral exponents, 71 
Integral function, 30 
Integral rational function, 117 
Intercepts, of a curve, 305 
of a plane, 421 
Interpolation, 141 
Intersections, of curves, 309 
of lines, 55 
of planes, 422 
of surfaces, 427 

Inverse trigonometric functions, 218 
Involute of a circle, 410 
Irrational equations, 89 
Irrational number, 7 
Irrational roots, 126 

Law of cosines, 257 

Law of sines, 251 

Law of tangent of half angles, 261 

Law of tangents, 260 

Least-square formula for 'Tbest” line, 383 

line segment, 291 

coordinates of point of division, 293 
directed, 195 
length of, 291 
projection of, 291 

Line values of trigonometric functions, 211 
Linear equations, 36, 55, 92 
lines, angle between, 417 
directed segment of, 195 
direction cosines of, 416 
equations of, 413 


lines 

experimental data on, 881 
least-square formula of approximate^ 
383 

parallel, 824 
perpendicular, 325 
straight, 316, 422 
Literal number symbols, 7 
Locus, equation of, 312 
Logarithmic equations, 147 
Logarithmic paper, 392, 397 
Logarithmic solution of triangles, 263 
Logarithms, 135 

characteristic of, 137 
computation by means of, 143 
definition of, 135 
interpolation in, 141 
laws of, 136 
mantissa of, 137 
natural, 149 
tables of, 139 

of trigonometric functions, 240 
ways of writing, 140 
Lowest common miUtiple, 24 

Mathematical induction, 162 
Measurement, 1 
Mollweide’s formulas, 253 
Multiple, lowest common, 24 

Negative numbers, 6 
nth roots, 280 
Numbers, 1 
abstract, 8 
approximate, 5 
complex, 79, 276 
decimal notation of, 4 
denominate, 8 
equal, axioms of, 10 
irrational, 3 
literal, 7 
negative, 6, 146 
prime, 16 
rational, 2 
real, 6 

scientific notation of, 187 

Ordinate, 32 

Parabola, 105, 352 
equation of, 105 
fitting to empirical data, 886 
Parallel lines, 324 



Parameter, 400 

elimination of, 408 

PMme^o representation of equations, 
406 

Partial fractions, 178 
Permutations, 167 

of n things all different, 169 
of n things some alike, 169 
Perpendicular lines, 325 
Planes, 419 

angle between, 420 
distance to a point, 420 
equations of, 412, 421 
in terms of intercepts, 421 
Polar coordinates, 296, 331 

distance between two points in, 297 
equations involving, 306 
relation between rectangular and, 296 
Polynomial, 23, 121 
Positive integer, 2 

binomial theorem for, 165 
Power law, 376 
Prime number, 16 
Probability, 172 

dependent events, 175 
exclusive events, 173 
independent events, 174 
value of expectation, 176 
Progressions, 151 
arithmetical, 152 
geometrical, 155 
infinite geometrical, 158 
Pythagorean theorem, 13 

Quadrant, 199 

. Quadratic equations, 85, 92, 340, 347 
roots of, 93 
solution of, 86 
Quadratic functions, 81 
maximum value of, 83 
minimum value of, 83 
vertex of, 82 

Radian, 196 
Radicals, 75 

addition of, 76 
multiplication of, 77 
rationalization of, 78 
simplification of, 75 
subtraction of, 76 

Rational approximation of irrational roots, 
126 

Rational function, 30 


Rational integ^l function^ 117 
Rational number, 2 
Real numbers, 6 
magiiitude of , 6 

Rectangular coordinates, 412 
relation between polar and, 296 
Remainder theorem, 119 
Revolution, surfaces of, 425 
Roots, approximation of irrational, 126 
of equation, 39 

of integral rational equation^ 121 
nth, 280 

of quadratic equation, 93 
sum and product of, 95 
Rotation of axes, 358 
Rule of signs, Descartes’s, 123 

Scientific notation, 137 
Semilogarithmic paper, 392 
Significant figures, 5 
Signs, Descartes’s rule of, 123 
Sines, law of, 251 
Spherical coordinates, 431 
Straight line, 316, 422 

equation of, 36, 55, 92, 423 
Substitution, method of, 51 
Surfaces, conicoid, 427 
equation of, 413 
intersections of, 427 
of revolution, 425 
Symbols, algebraic, 7 
Symmetry of a curve, 304 
Synthetic division, 118 

Tangent, to a curve, 366 

of half angles, law of, 261 
Tangents, law of, 260 
Theorem, fundamental, of algebra, 119 
remainder, 119 
Theorems from geometry, 13 
Transformation of simple formulas, 10 
Triangles, 245 

area of, 269, 294 

radius of inscribed circle, 270 

solution of, 245 

Trigonometric conditional equations, 
227 

Trigonometric equations, 240 
Trigonometric functions, 199 
of angles, 202 
computation of, 209 
graphs of, 213 
inverse, 218 
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Trigonometric functions (continued) 
line values of, 211 
logarithms of, 246 
of sum of sines or cosines, 238 
Trigonometric identities, 222 
Trigonometry, 195 
Trinomial, 18 


Variables, 29, 46 
Variation, direct, 46 
inverse, 46 
joint, 47 

Zero, division by, 7 
significant, 5 





